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Abstract: With respect to multiple attribute decision mak-
ing problems with interval-valued intuitionistic fuzzy information,
some operational laws of interval-valued intuitionistic fuzzy num-
bers, score function and accuracy function of interval-valued intu-
itionistic fuzzy numbers are introduced. A combined optimization
model based on the deviation method, by which the attribute weights
can be determined, is established. For special situations, in which in-
formation about attribute weights is completely unknown, we estab-
lish another combined optimization model. By solving this model,
we get a simple and exact formula, which can be used to determine
the attribute weights. We utilize the interval-valued intuitionistic
fuzzy weighted averaging (IIFWA) operator to aggregate the intu-
itionistic fuzzy information corresponding to each alternative, and
then rank the alternatives and select the most desirable one(s) ac-
cording to the score and accuracy functions. Finally, an illustrative
example is given to verify the developed approach and to demon-
strate its practicality and effectiveness.

Keywords: multiple attribute decision making; interval-valued
intuitionistic fuzzy number; interval-valued intuitionistic fuzzy wei-
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1. Introduction

Multiple attribute decision making (MADM) problems are very frequent in real
life decision situations (Cholewa, 1985; Herrera, et al. 1997, 1998; Dubois
and Prade, 1985, 1986; Wei, 2009a,b, 2010c, 2011a,b; Wei, et al., 2011a-e).
A MADM problem is to find a most desirable alternative from all feasible al-
ternatives assessed on multiple attributes, both quantitative and qualitative. In
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order to deal with the qualitative attribute effectively, Atanassov (1986, 1989)
introduced the concept of intuitionistic fuzzy set (IFS), which is a generaliza-
tion of the concept of fuzzy set (Zadeh, 1965). The intuitionistic fuzzy set
has been given increasing attention since its appearance (Lin, 2007; Liu, 2007;
Ye, 2009a, b; Li, 2008, 2009, 2010; Liu, 2009; Zhang and Liu, 2010). Xu
and Yager (2006) developed geometric aggregation operators with intuitionis-
tic fuzzy information. Xu (2007a) further developed some arithmetic aggrega-
tion operators with intuitionistic fuzzy information. Wei (2008a) utilized the
maximizing deviation method for intuitionistic fuzzy multiple attribute decision
making with incomplete weight information. Wei (2010b) developed the GRA
method for intuitionistic fuzzy multiple attribute decision making with incom-
plete weight information. Later, Atanassov and Gargov (1989) introduced the
interval-valued intuitionistic fuzzy set (IVIFS), a generalization of the IFS. The
fundamental characteristic of the IVIFS is that the values of membership and
non-membership functions are intervals rather than exact numbers. Xu (2007b)
and Xu and Chen (2007) developed some aggregation operators with interval-
valued intuitionistic fuzzy information. Xu (2008) and Wei (2009a) proposed
some aggregation functions for dynamic multiple attribute decision making in
intuitionistic fuzzy setting or interval-valued intuitionistic fuzzy setting. Wei
(2010a) developed some induced geometric aggregation operators with intu-
itionistic fuzzy information or interval-valued intuitionistic fuzzy information.
Li (2010) proposed linear programming method for MADM with interval-valued
intuitionistic fuzzy sets. Wei, Wang & Lin (2011) developed correlation coeffi-
cient for interval-valued intuitionistic fuzzy multiple attribute decision making
with incomplete weight information.

In the process of MADM with interval-valued intuitionistic fuzzy informa-
tion, sometimes, the attribute values take the form of interval-valued intuitionis-
tic fuzzy numbers, and the information about attribute weights is incompletely
known or completely unknown because of time pressure, lack of knowledge or
data, and the expert’s limited knowledge of the problem domain. All of the
above methods, however, will be unsuitable for dealing with such situations.
Therefore, it is necessary to pay attention to this issue. Xu (2007c) inves-
tigated the interval-valued intuitionistic fuzzy MADM with attribute weights
incompletely known or completely unknown, and a method based on the ideal
solution was proposed. The aim of this paper is to develop another combined
method based on the deviation method, to overcome this limitation.

The remainder of this paper is set out as follows. In the next section, we
introduce some basic concepts related to interval-valued intuitionistic fuzzy sets.
In Section 3 we introduce the MADM problem with interval-valued intuition-
istic fuzzy information, in which the information about attribute weights is
incompletely known, and the attribute values take the form of interval-valued
intuitionistic fuzzy numbers. To determine the attribute weights, a combined
optimization model based on the deviation method, by which the attribute
weights can be determined, is established. For situations, in which information
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about attribute weights is completely unknown, we establish another combined
optimization model. By solving this model, we get a simple and exact formula,
which can be used to determine the attribute weights. We utilize the interval-
valued intuitionistic fuzzy weighted averaging (IIFWA) operator to aggregate
the interval-valued intuitionistic fuzzy information corresponding to each al-
ternative, and then rank the alternatives and select the most desirable one(s)
according to the score function and accuracy function. In Section 4, an illus-
trative example is shown. In Section 5 we conclude the paper and give some
remarks.

2. Preliminaries

In the following, we introduce some basic concepts related to intuitionistic fuzzy
sets and interval-valued intuitionistic fuzzy sets.

Definition 1 (Zadeh, 1965). Let X be a universe of discourse, a fuzzy set is
defined as:

A = {〈x, µA (x)〉 |x ∈ X } (1)

and is characterized by a membership function µA : X → [0, 1], where µA (x)
denotes the degree of membership of the element xto the set A.

Atanassov (1986) extended the fuzzy set to the IFS, as follows:

Definition 2 (Atanassov, 1986). An IFS A in X is given by

A = {〈x, µA (x) , νA (x)〉 |x ∈ X } (2)

where µA : X → [0, 1] and νA : X → [0, 1], with the condition

0 6 µA (x) + νA (x) 6 1, ∀ x ∈ X.

The numbers µA (x) and νA (x) represent, respectively, the membership and non-
membership degrees of the elementxto the set A.

Definition 3 (Atanassov, 1986). For each IFS A in X, if

πA (x) = 1− µA (x)− νA (x) , ∀ x ∈ X, (3)

then πA (x) is called the degree of indeterminacy of x to A.

Definition 4 (Atanassov and Gargov, 1989). Let X be a universe of discourse,
an IVIFS Ã over X is an object having the form:

Ã = {〈x, µ̃A (x) , ν̃A (x)〉 |x ∈ X } (4)

where µ̃A (x) ⊂ [0, 1] and ν̃A (x) ⊂ [0, 1] are interval numbers, and

0 6 sup (µ̃A (x)) + sup (ν̃A (x)) 6 1, ∀ x ∈ X

For convenience, let µ̃A (x) = [a, b],ν̃A (x) = [c, d], so Ã = ([a, b] , [c, d]).
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Definition 5 (Xu, 2007b). Let ã = ([a, b] , [c, d]) be an interval-valued intu-
itionistic fuzzy number, a score function S of an interval-valued intuitionistic
fuzzy value can be represented as follows:

S (ã) =
a− c+ b− d

2
, S (ã) ∈ [−1, 1] . (5)

Definition 6 (Xu, 2007ba). Let ã = ([a, b] , [c, d]) be an interval-valued intu-
itionistic fuzzy number, an accuracy function Hof an interval-valued intuition-
istic fuzzy value can be represented as follows:

H (ã) ∈ [0, 1] , H (ã) =
a+ b+ c+ d

2
(6)

to evaluate the degree of accuracy of the interval-valued intuitionistic fuzzy
value ã = ([a, b] , [c, d]). The larger the value of H (ã), the higher the degree of
accuracy of the interval-valued intuitionistic fuzzy value ã.

As presented above, the score function Sand the accuracy function Hare, re-
spectively, defined as the difference and the sum of the functions of membership
µ̃A (x)and non-membership ν̃A (x). Xu showed that relation between the score
function Sand the accuracy function H is similar to the relation between mean
and variance in statistics. Based on the score and the accuracy functions, Xu
(2007b) gave an order relation between two interval-valued intuitionistic fuzzy
values, defined as follows:

Definition 7 (Xu, 2007b). Let ã1 = ([a1, b1] , [c1, d1]) and ã2 = ([a2, b2] ,
[c2, d2]) be two interval-valued intuitionistic fuzzy values, S (ã1) and S (ã2) be
the scores of ã1 and ã2, respectively, and let H (ã1) and H (ã2) be the accuracy
degrees of ã1 and ã2, respectively, if S (ã1) < S (ã2), then ã1 is smaller than ã2,
denoted by ã1 < ã2; if S (ã1) = S (ã2), then

(1) if H (ã1) = H (ã2), then ã1 and ã2 represent the same information,
denoted by ã1 = ã2;

(2) if H (ã1) < H (ã2), then ã1 is smaller than ã2, denoted by ã1 < ã2.

Definition 8 (Xu, 2007b). Let ãj = ([aj , bj] , [cj , dj ]) (j = 1, 2, · · · , n) be a
collection of interval-valued intuitionistic fuzzy values, and let IIFWA

IIFWAω (ã1, ã2, · · · , ãn) =
n
∑

j=1

ωj ãj

=

([

1−
n
∏

j=1

(1− aj)
ωj , 1−

n
∏

j=1

(1− bj)
ωj

]

,

[

n
∏

j=1

c
ωj

j ,
n
∏

j=1

d
ωj

j

]) (7)

where w = (w1, w2, · · · , wn)
T

be the weight vector of ãj (j = 1, 2, · · · , n), and

wj > 0,
n
∑

j=1

wj = 1, the IIFWAA is called the interval-valued intuitionistic fuzzy

weighted arithmetic aggregation (IIFWA) operator.
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Definition 9 (Xu, 2007c). Let ã1 = ([a1, b1] , [c1, d1]) and ã2 = ([a2, b2] ,
[c2, d2]) be two interval-valued intuitionistic fuzzy values, the normalized Ham-
ming distance d (ã1, ã2) between ã1 = ([a1, b1] , [c1, d1]) and ã2 = ([a2, b2] ,
[c2, d2]) is defined as follows:

d (ã1, ã2) =
1
4 (|a1 − a2|+ |b1 − b2|+ |c1 − c2|+ |d1 − d2|) ,

d (ã1, ã2) ∈ [0, 1]
(8)

3. A method for interval-valued intuitionistic fuzzy mul-

tiple attribute decision making with combined weight

information

The following assumptions or notations are used to represent the interval-valued
intuitionistic fuzzy MADM problems with incomplete weight information:

(1) The alternatives are known. Let A = {A1, A2, · · · , Am} be a discrete set
of alternatives;

(2) The attributes are known. Let G = {G1, G2, · · · , Gn} be a set of at-
tributes;

(3) The information about attribute weights is incompletely known. Let
w = (w1, w2, · · · , wn) ∈ H be the weight vector of attributes, where wj > 0,j =
1, 2, · · · , n,

∑n

j=1 wj = 1, H is a set of the known weight information, which can
be constructed by the following forms (Alonso et al., 2009, 2010; Cabrerizo et
al., 2010; Herrera-Viedma et al., 2007; Porcel and Herrera-Viedma, 2010; Park
and Kim, 1997; Kim and Choi, 1999; Kim and Ahn, 1999), for i 6= j: Form 1.

A weak ranking: wi > wj ; Form 2. A strict ranking: wi − wj > αi, αi > 0;
Form 3. A ranking of differences: wi − wj > wk − wl, for j 6= k 6= l; Form 4.

A ranking with multiples: wi > βiwj , 0 6 βi 6 1; Form 5. An interval form:
αi 6 wi 6 αi + εi, 0 6 αi < αi + εi 6 1.

Suppose that R̃ = (r̃ij)m×n
= ([aij , bij ] , [cij , dij ])m×n

is the interval-valued
intuitionistic fuzzy decision matrix, where [aij ,bij ] indicates the degree to which
the alternative Ai satisfies the attribute Gj given by the decision maker, [cij ,dij ]
indicates the degree to which the alternative Ai does not satisfy the attribute
Gj given by the decision maker, [aij , bij ] ⊂ [0, 1], [cij , dij ] ⊂ [0, 1] , bij +dij 6 1,
i = 1, 2, · · · ,m, j = 1, 2, · · · , n.

Definition 10 Let R̃ = (r̃ij)m×n
= ([aij , bij ] , [cij , dij ])m×n

be an interval-
valued intuitionistic fuzzy decision matrix, (r̃i1, r̃i2, · · · , r̃in) be the vector of at-
tribute values corresponding to the alternative Ai (i = 1, 2, · · · ,m), we call

r̃i = ([ai, bi] , [ci, di]) = IIFWAw (r̃i1, r̃i2, · · · , r̃in)

=

([

1−
n
∏

j=1

(1− aij)
wj , 1−

n
∏

j=1

(1− bij)
wj

]

,

[

n
∏

j=1

c
wj

ij ,
n
∏

j=1

d
wj

ij

])

i = 1, 2, · · · ,m,

(9)



102 G. WEI, X. ZHAO

the overall value of the alternative Ai, where w = (w1, w2, · · · , wn)
T is the weight

vector of attributes.

In the situation when the information about attribute weights is completely
known, i.e., each attribute weight can be provided by the expert with crisp
numerical value, we can weight each attribute value and aggregate all the
weighted attribute values corresponding to each alternative into an overall one
by using Eq. (6). Based on the overall attribute values r̃i of the alternatives
Ai (i = 1, 2, · · · ,m), we can rank all these alternatives and then select the most
desirable one(s). The greaterr̃i, the better the alternative Ai will be.

The maximizing deviation method was proposed by Wang (1998) and Wei
(2008a) to deal with MADM problems with numerical information and intuition-
istic fuzzy information. For a MADM problem, we need to compare the collec-
tive preference values to rank the alternatives, the larger the ranking valuer̃i, the
better the corresponding alternative Ai. If the performance values of each al-
ternative have little differences under an attribute, then such an attribute plays
a small role in the priority procedure. If, however, some attribute implies obvi-
ous differences in the performance values among the alternatives, this attribute
plays an important role in choosing the best alternative. So, if one attribute has
similar values across alternatives, it should be assigned a small weight, while
the attribute, entailing larger deviations should be assigned a bigger weight, in
spite of the degree of its own importance. Especially, if all available alternatives
score about equally with respect to a given attribute, then such an attribute will
be judged unimportant by most decision makers, and it should be assigned a
very small weight. Wang (1998) and Wei (2008a) suggest that zero be assigned
to the attribute of this kind.

The deviation method is selected here to compute the differences of the
performance values of each alternative. For the attribute Gj .∈ G, the deviation
of alternative Ai with respect to all the other alternatives can be defined as
follows:

Dij (w) =

m
∑

k=1

d (r̃ij , r̃kj)wj , i = 1, 2, · · · ,m, j = 1, 2, · · · , n.

Let Dj (w) =
m
∑

i=1

Dij (w) =
m
∑

i=1

m
∑

k=1

d (r̃ij , r̃kj)wj , j = 1, 2, · · · , n.

Then, Dj(w) represent the deviation values of all alternatives relative to
other alternatives for the attribute Gj ∈ G, d (r̃ij , r̃kj) =
1
4 (|aij − akj |+ |bij − bkj |+ |cij − ckj |+ |dij − dkj |).

Similarly, Sj(w), Vj(w) represent the standard deviation value and average
deviation value of all alternatives to other alternatives for the attribute Gj ∈ G,
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respectively.

Sj (w) =

√

1
m

m
∑

i=1

d2
(

r̃ijwj ,
1
m

m
∑

k=1

r̃kjwj

)

= wj

√

1
m

m
∑

i=1

d2
(

r̃ij , r̃
∗

j

)

, j = 1, 2, · · · , n,

(10)

Vj (w) =
1
m

m
∑

i=1

d

(

r̃ijwj ,
1
m

m
∑

k=1

r̃kjwj

)

=
wj

m

m
∑

i=1

d
(

r̃ij , r̃
∗

j

)

, j = 1, 2, · · · , n,
(11)

where r̃∗j denotes the average value of r̃ij (i = 1, 2, · · · ,m), and r̃∗j

=

([

m
∑

i=1

aij

/

m,

m
∑

i=1

bij

/

m

]

,

[

m
∑

i=1

cij

/

m,

m
∑

i=1

dij

/

m

])

.
Based on the above analysis, we have to choose the weight vector w to

maximize all combined deviation values for all the attributes. To do so, a
combined optimization model (M-1) is established as follows:



























max C (w) =
n
∑

j=1

(Dj (w) + Sj (w) + Vj (w))

=
n
∑

j=1

wj

[

m
∑

i=1

m
∑

k=1

d (r̃ij , r̃kj) +

√

1
m

m
∑

i=1

d2
(

r̃ij , r̃
∗

j

)

+ 1
m

m
∑

i=1

d
(

r̃ij , r̃
∗

j

)

]

Subject to w ∈ H,
∑n

j=1 wj = 1, wj > 0, j = 1, 2, · · · , n

By solving the model (M-1), we get the optimal solution w = (w1, w2, · · · , wn),
which can be used as the weight vector of attributes.

If the information about attribute weights is completely unknown, we can
establish another combined programming model (M-2):



















max C (w) =
n
∑

j=1

wj

[

m
∑

i=1

m
∑

k=1

d (r̃ij , r̃kj) +

√

1
m

m
∑

i=1

d2
(

r̃ij , r̃
∗

j

)

+ 1
m

m
∑

i=1

d
(

r̃ij , r̃
∗

j

)

]

s.t.
∑n

j=1 w
2
j = 1, wj > 0, j = 1, 2, · · · , n

In order to solve this model, we construct the Lagrange function:

L (w, λ) = C (w) +
λ

2

(

∑n

j=1
w2

j − 1
)

(12)

where λis the Lagrange multiplier.
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Differentiating (10) with respect to wj = (j = 1, 2, · · · , n) and λ, and setting
the partial derivatives to zero, the following set of equations is obtained:






















∂L(w,λ)
∂wj

=
[

m
∑

i=1

m
∑

k=1

d (r̃ij , r̃kj) +

√

1
m

m
∑

i=1

d2
(

r̃ij , r̃
∗

j

)

+ 1
m

m
∑

i=1

d
(

r̃ij , r̃
∗

j

)

]

+ λwj = 0

∂L(w,λ)
∂λ

=
∑n

j=1 w
2
j − 1 = 0

(13)

By solving the model (11), we get a simple and exact formula for determining
the attribute weights as follows:

w∗

j =

m
∑

i=1

m
∑

k=1

d (r̃ij , r̃kj) +

√

1
m

m
∑

i=1

d2
(

r̃ij , r̃
∗

j

)

+ 1
m

m
∑

i=1

d
(

r̃ij , r̃
∗

j

)

√

√

√

√

n
∑

j=1

[

m
∑

i=1

m
∑

k=1

d (r̃ij , r̃kj) +

√

1
m

m
∑

i=1

d2
(

r̃ij , r̃
∗

j

)

+ 1
m

m
∑

i=1

d
(

r̃ij , r̃
∗

j

)

]2
(14)

By normalizing w∗

j (j = 1, 2, · · · , n) by a unit, we have

wj =

m
∑

i=1

m
∑

k=1

d (r̃ij , r̃kj) +

√

1
m

m
∑

i=1

d2
(

r̃ij , r̃
∗

j

)

+ 1
m

m
∑

i=1

d
(

r̃ij , r̃
∗

j

)

n
∑

j=1

[

m
∑

i=1

m
∑

k=1

d (r̃ij , r̃kj) +

√

1
m

m
∑

i=1

d2
(

r̃ij , r̃
∗

j

)

+ 1
m

m
∑

i=1

d
(

r̃ij , r̃
∗

j

)

](15)

Based on the above models, we develop a practical method for solving the
MADM problems, in which the information about attribute weights is incom-
pletely known or completely unknown, and the attribute values take the form
of interval-valued intuitionistic fuzzy information. The method involves the
following steps:

Step 1. Let R̃ = (r̃ij)m×n
be an interval-valued intuitionistic fuzzy decision

matrix, where r̃ij = ([aij , bij ] , [cij , dij ]), which is an attribute value, given by
an expert, for the alternative Ai.∈ A with respect to the attribute Gj .∈ G,
w = (w1, w2, · · · , wn) be the weight vector of attributes, where wj ∈ [0, 1],
j = 1, 2, · · · , n, H is a set of the known weight information, which can be
constructed by the forms 1-5.

Step 2. If the information about the attribute weights is partly known, then
we solve the model (M-1) to obtain the attribute weights. If the information
about the attribute weights is completely unknown, then we can obtain the
attribute weights by using Eq. (13).

Step 3. Utilize the weight vector w = (w1, w2, · · · , wn) and by Eq. (7)
obtain the overall values r̃i of the alternative Ai (i = 1, 2, · · · ,m).

Step 4. Calculate the scores S (r̃i) of the overall interval-valued intuition-
istic fuzzy preference value r̃i (i = 1, 2, · · · ,m)to rank all the alternatives Ai
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(i = 1, 2,. . . ,m) and then to select the best one(s) (if there is no difference
between two scores S (r̃i) and S (r̃j), then we need to calculate the accuracy
degrees H (r̃i) and H (r̃j) of the overall interval-valued intuitionistic fuzzy pref-
erence value r̃i and r̃j , respectively, and then rank the alternatives Ai and Aj

in accordance with the accuracy degrees H (r̃i) and H (r̃j)).
Step 5. Rank all the alternatives Ai (i = 1, 2,. . . ,m) and select the best

one(s) in accordance with S (r̃i) andH (r̃i) (i = 1, 2, · · · ,m).
Step 6. End.

4. Illustrative example

Suppose there is an investment company, which wants to invest a sum of money
in the best option (adapted from Herrera and Herrera-Viedma, 2000). There is
a panel with five possible alternatives to invest the money: A1 is a car company;
A2 is a food company; A3 is a computer company; A4 is an arms company; A5 is
a TV company. The investment company must take a decision according to the
following four attributes: G1 is the risk analysis; G2 is the growth analysis; G3

is the social-political impact analysis; G4 is the environmental impact analysis.
The five alternatives Ai (i = 1, 2, 3, 4, 5) are to be evaluated using the
interval-valued intuitionistic fuzzy information by the decision maker under the
above four attributes, as listed in the following matrix.

R̃ =













([0.4, 0.5] , [0.3, 0.4]) ([0.4, 0.6] , [0.2, 0.4])
([0.6, 0.7] , [0.2, 0.3]) ([0.6, 0.7] , [0.2, 0.3])
([0.3, 0.6] , [0.3, 0.4]) ([0.5, 0.6] , [0.3, 0.4])
([0.7, 0.8] , [0.1, 0.2]) ([0.6, 0.7] , [0.1, 0.3])
([0.3, 0.4] , [0.2, 0.3]) ([0.3, 0.5] , [0.1, 0.3])

([0.1, 0.3] , [0.5, 0.6]) ([0.3, 0.4] , [0.3, 0.5])
([0.4, 0.7] , [0.1, 0.2]) ([0.5, 0.6] , [0.1, 0.3])
([0.5, 0.6] , [0.1, 0.3]) ([0.4, 0.5] , [0.2, 0.4])
([0.3, 0.4] , [0.1, 0.2]) ([0.3, 0.7] , [0.1, 0.2])
([0.2, 0.5] , [0.4, 0.5]) ([0.3, 0.4] , [0.5, 0.6])













Then, we utilize the approach developed to get the most desirable alternative(s).
Case 1: Information about the attribute weights is partly known and is

given as follows:

0.20 6 w1 6 0.25, 0.16 6 w2 6 0.18, 0.30 6 w3 6 0.35, 0.22 6 w4 6 0.28,

and H =
{

wj > 0, j = 1, 2, 3, 4,
∑4

j=1 wj = 1
}

.

Step 1 Utilize the model (M-1) to establish the following single-objective
programming model:














max C (w) = 2.785w1 + 1.821w2 + 3.740w3 + 2.794w4

s.t.

0.20 6 w1 6 0.25, 0.16 6 w2 6 0.18, 0.30 6 w3 6 0.35, 0.22 6 w4 6 0.28
w ∈ H
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By solving this model, we get the weight vector of attributes: w =(0.21 0.16
0.35 0.28)T .

Step 2 Utilize the weight vector w = (w1, w2, · · · , wn) and by Eq. (7) obtain
the overall values r̃i of the alternatives Ai (i = 1, 2, · · · ,m).

r̃1 = ([0.3548, 0.3780] , [0.3764, 0.4591])
r̃2 = ([0.5178, 0.5871] , [0.1889, 0.2035])
r̃3 = ([0.3801, 0.5409] , [0.2951, 0.2456])
r̃4 = ([0.5012, 0.6307] , [0.1859, 0.1668])
r̃5 = ([0.3482, 0.3569] , [0.3166, 0.4014])

Step 3 Calculate the scores S (r̃i) of the overall interval-valued intuitionistic
fuzzy preference values r̃i (i = 1, 2, · · · ,m)

S (r̃1) = −0.0513, S (r̃2) = 0.3562, S (r̃3) = 0.1902, S (r̃4)
= 0.3896, S (r̃5) = −0.0065

Step 4 Rank all the alternatives Ai (i = 1, 2, 3, 4, 5) in accordance with the
scoresS (r̃i) (i = 1, 2, · · · , 5)of the overall interval-valued intuitionistic fuzzy
preference values r̃i (i = 1, 2, · · · ,m): A4 ≻ A2 ≻ A3 ≻ A5 ≻ A1, and thus the
most desirable alternative is A4.

Case 2: If the information about the attribute weights is completely un-
known, we utilize another approach developed to get the most desirable alter-
native(s).

Step 1 Utilize Eq. (13) to get the attribute weight vector w =(0.250 0.163
0.336 0.251)T .

Step 2 Utilize the weight vector w = (w1, w2, · · · , wn) and, by Eq. (7),
obtain the overall values r̃i of the alternatives Ai (i = 1, 2, · · · ,m).

r̃1 = ([0.3623, 0.3851] , [0.3733, 0.4560])
r̃2 = ([0.5270, 0.5930] , [0.1926, 0.2074])
r̃3 = ([0.3810, 0.5440] , [0.2985, 0.2511])
r̃4 = ([0.5210, 0.6396] , [0.1826, 0.1693])
r̃5 = ([0.3515, 0.3585] , [0.3059, 0.3932])

Step 3 Calculate the scores S (r̃i) (i = 1, 2, · · · ,m)of the overall interval-valued
intuitionistic fuzzy preference values r̃i (i = 1, 2, · · · ,m),

S (r̃1) = −0.0410, S (r̃2) = 0.3600, S (r̃3) = 0.1878, S (r̃4)
= 0.4044, S (r̃5) = 0.0054.

Step 4 Rank all the alternatives Ai (i = 1, 2, 3, 4, 5) in accordance with the
scoresS (r̃i): A4 ≻ A2 ≻ A3 ≻ A5 ≻ A1, and thus the most desirable alternative
is A4.

Now, in the following, we utilize Xu’s approach (Xu, 2007c) to get the most
desirable alternative(s).
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Case 1: Information about the attribute weights is partly known and given
as follows:

0.20 6 w1 6 0.25, 0.16 6 w2 6 0.18, 0.30 6 w3 6 0.35, 0.22 6 w4 6 0.28,

and H =
{

wj > 0, j = 1, 2, 3, 4,
∑4

j=1 wj = 1
}

.

Step 1 Utilize the model (M-7) from Xu (2007c) to establish the following
single-objective programming model:














min f̄ (w) = 1.850w1 + 1.775w2 + 2.250w3 + 2.200w4

s.t.

0.20 6 w1 6 0.25, 0.16 6 w2 6 0.18, 0.30 6 w3 6 0.35, 0.22 6 w4 6 0.28
w ∈ H

By solving this model, we get the weight vector of attributes: w = (0.20 0.16

0.30 0.22)
T
.

Step 2 Then, by formula (21) from Xu (2007c), we have

ḋ (A1, A
+) = 0.472, ḋ (A2, A

+) = 0.270, ḋ (A3, A
+) = 0.345

ḋ (A4, A
+) = 0.276, ḋ (A5, A

+) = 0.451
.

Since ḋ (A2, A
+) ≺ ḋ (A4, A

+) ≺ ḋ (A3, A
+) ≺ ḋ (A5, A

+) ≺ ḋ (A1, A
+),

then A2 ≻ A4 ≻ A3 ≻ A5 ≻ A1, hence, the most desirable alternative is A2.
Case 2: If the information about the attribute weights is completely un-

known, we utilize another approach, developed to obtain the most desirable
alternative(s).

Step 1 Utilize Eq. (24) from Xu (2007c) to get the following weight vector

of attributes: w = (0.287 0.322 0.185 0.206)
T
.

Step 2 Then, by (23), again from Xu (2007c), we get

ḋ (A1, A
+) = 0.2556, ḋ (A2, A

+) = 0.1654, ḋ (A3, A
+) = 0.2204

ḋ (A4, A
+) = 0.1648, ḋ (A5, A

+) = 0.2619.

Since ḋ (A4, A
+) ≺ ḋ (A2, A

+) ≺ ḋ (A3, A
+) ≺ ḋ (A5, A

+) ≺ ḋ (A1, A
+),

then A4 ≻ A2 ≻ A3 ≻ A5 ≻ A1, hence, the most desirable alternative is A4.
In the above example the rankings of the five alternatives derived by the

two approaches are slightly different. For instance, the alternative A1 is ranked
last, and the rankings of the other four alternatives are reversed. This is mainly
because the approach from Xu (2007c) derives the weight information and selects
the most desirable alternative based on the intuitionistic fuzzy ideal solution
(IFIS). However, our approach derives the weight information and selects the
most desirable alternative based on the deviation value of all alternatives with
respect to other alternatives. So, different approaches to deriving the weight
information may result in different rankings.



108 G. WEI, X. ZHAO

5. Conclusions

In this paper, we have investigated the problem of MADM with incompletely
known information on attribute weights, for which the attribute values are given
in terms of interval-valued intuitionistic fuzzy numbers. To determine the at-
tribute weights, a combined optimization model, based on the deviation method,
by which the attribute weights can be determined, is established. For the situa-
tions, in which the information about attribute weights is completely unknown,
we establish another combined optimization model. By solving this model, we
get a simple and exact formula, which can be used to determine the attribute
weights. We utilize the interval-valued intuitionistic fuzzy weighted averaging
(IIFWA) operator to aggregate the interval-valued intuitionistic fuzzy informa-
tion corresponding to each alternative, and then rank the alternatives and select
the most desirable one(s) according to the score function and accuracy function.
The proposed method is also compared to the existing methods to show com-
mon advantages and effectiveness. Finally, an illustrative example is given. In
the future, we shall continue working in the application of the interval-valued
intuitionistic fuzzy multiple attribute decision-making to other domains.
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