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Abstract: There are several fuzzy critical path methods for
solving fuzzy critical path problems in which ranking approaches
are used for comparing fuzzy numbers. In this paper, it is shown
that if the existing ranking approaches are used for solving such
fuzzy critical path problems in which duration times of activities are
represented by LR flat fuzzy numbers, then more than one fuzzy
numbers, representing the fuzzy project completion time, are ob-
tained and a new ranking approach for comparing LR flat fuzzy
numbers is proposed. Also, it is proved that if the proposed rank-
ing approach is used for solving fuzzy critical path problems then
a unique fuzzy number, representing the fuzzy project completion
time, is obtained.
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1. Introduction

The theory of fuzzy sets was first introduced by Zadeh (1965). Since then, the
theory of fuzzy sets has been applied in many fields such as pattern recognition,
control theory, management sciences, picture processing etc. In many applica-
tions of fuzzy set theory to decision making, there is need to select that one
from a collection of possible solution which is the best.

In the selection process a need arises of comparing fuzzy numbers. Since
fuzzy numbers are represented by possibility distributions, they can overlap
with each other, and so it is difficult to determine clearly whether one fuzzy
number is larger or smaller than the other.

To the task of comparing fuzzy numbers, many authors (Jain, 1976; Yager,
1978; Murakami, Maeda and Imamura, 1983; Liou and Wang, 1992; Choobineh
and Li, 1993; Cheng, 1998; Kwang and Lee, 1999; Yao and Wu, 2000; Modarres
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and Nezhad, 2001; Chu and Tsao, 2002; Abbasbandy and Asady, 2006; Wang,
Yang, Xu and Chin, 2006; Asady and Zendehnam, 2007; Wang and Lee, 2008;
Zhao and Liu, 2008; Abbasbandy and Hajjari, 2009; Ramli and Mohamad, 2009;
Farhadinia, 2009; Kumar, Singh, Kaur and Kaur, 2011a; Kumar, Singh, Kaur
and Kaur, 2011b) have proposed ranking approaches. Until now, no unified
ranking approach has arisen for comparing fuzzy numbers.

Several authors (Nasution, 1994; Yao and Lin, 2000; Chanas and Zielinski,
2001; Chen and Chang, 2001; Lin, 2001, 2002; Lin and Yao, 2003; Liu, 2003;
Liang and Han, 2004; Han, Chung and Liang, 2006; Chen, 2007; Chen and
Hsueh, 2008; Shankar, Sireesha and Rao, 2010) have proposed fuzzy critical
path methods based on different ranking approaches.

This paper is organized as follows: in Section 2, some basic definitions and
arithmetic operations on LR flat fuzzy numbers are presented. In Section 3,
some existing ranking approaches for comparing fuzzy numbers are presented.
Shortcomings of existing ranking approaches are discussed in Section 4. In
Section 5, a new ranking approach, obtained by modifying an existing ranking
approach, is proposed for comparing LR flat fuzzy numbers. The validity of the
proposed ranking approach is discussed in Section 6. Advantages of proposed
ranking approach over existing ranking approaches are discussed in Section 7.
In Section 8, conclusion and future work are presented.

2. Preliminaries

In the literature (Dubois, 1980) it is pointed out that the computational ef-
forts required to solve a fuzzy linear programming problem can be reduced, if
decision makers express their data using LR flat fuzzy numbers. So, LR flat
fuzzy numbers are frequently used to increase computational efficiency without
limiting the generality beyond the acceptable limits and to facilitate the ease of
acquisition of data to solve real life problems.

In this section, some basic definitions and arithmetic operations between two
LR flat fuzzy numbers are presented.

2.1. Basic definitions

In this section, some basic definitions are presented (Dubois, 1980).

definition 2.1 A function L : [0,∞) → [0, 1] (or R : [0,∞) → [0, 1]) is said to
be reference function of fuzzy number iff

(i) L(x) = L(−x)(orR(x) = R(−x))

(ii) L(0) = 1(orR(0) = 1)

(iii) L(orR) is non− increasing [0,∞).
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definition 2.2 A fuzzy number Ã defined on the universal set of real numbers
R, denoted as (m,α, β)LR, is said to be an LR fuzzy number if its membership
function µ

Ã
(x) is given by

µ
Ã
(x) =

{
L(m−x

α
), for x ≤ m, α > 0

R(x−m
β

), for x ≥ m, β > 0.

definition 2.3 A fuzzy number Ã defined on the universal set of real num-
bers R, denoted as (m,n, α, β)LR, is said to be an LR flat fuzzy number if its
membership function µ

Ã
(x) is given by

µ
Ã
(x) =





L(m−x
α

), for x ≤ m, α > 0
R(x−n

β
), for x ≥ n, β > 0

1, otherwise

.

definition 2.4 Let Ã = (m,n, α, β)LR be an LR flat fuzzy number and λ be a
real number in the interval [0, 1]. Then, the crisp set Aλ = {x ∈ X : µ

Ã
(x) ≥

λ} = [m− αL−1(λ), n+ βR−1(λ)], is said to be λ-cut of Ã.

definition 2.5 Let Ã be an LR or LR flat fuzzy number. Then, the crisp set
Supp(Ã) = {x ∈ R : µ

Ã
(x) > 0} is said to be the support of Ã.

definition 2.6 Two LR flat fuzzy numbers Ã1 = (m1, n1, α1, β1)LR and Ã2 =

(m2, n2, α2, β2)LR are said to be equal i.e., Ã1 = Ã2, iff m1 = m2, n1 = n2, α1 =
α2 and β1 = β2

2.2. Arithmetic operations

In this section, some arithmetic operations between two LR flat fuzzy numbers
are presented (Dubois, 1980).

Let Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR be two LR flat fuzzy
numbers. Then,

(i) Ã1 ⊕ Ã2 = (m1 +m2, n1 + n2, α1 + α2, β1 + β2)LR

(ii) λÃ1 =

{
(λm1, λn1, λα1, λβ1)LR λ ≥ 0
(λn1, λm1,−λβ1,−λα1)RL λ ≤ 0

.

Remark 1 The arithmetic operations, presented in Section 2.2, can also be
used for LR fuzzy numbers by putting m1 = n1 and m2 = n2.
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3. Comparison of fuzzy numbers

An efficient approach for comparing the fuzzy numbers is by the use of a ranking
function ℜ : F (R) → R, where F (R) is a set of fuzzy numbers defined on set of
real numbers, which maps each fuzzy number into the real line, where a natural
order exists.
Let Ã and B̃ be two fuzzy numbers. Then,

(i)Ã ≻ B̃ if ℜ(Ã) > ℜ(B̃)

(ii)Ã ≈ B̃ if ℜ(Ã) = ℜ(B̃)

(iii)Ã � B̃ if ℜ(Ã) ≥ ℜ(B̃).

3.1. Some ranking formulae for comparing fuzzy numbers

Ranking formulae used in some existing ranking approaches (Yager, 1978; Mu-
rakami, Maeda and Imamura, 1983; Liou and Wang, 1992; Cheng, 1998; Yao
and Wu, 2000; Chu and Tsao, 2002; Asady and Zendehnam, 2007; Zhao and
Liu, 2008; Abbasbandy and Hajjari, 2009) for comparing LR fuzzy numbers
and LR flat fuzzy numbers are shown in Table 1.

3.2. The Wang and Lee ranking approach

In this section, ranking approach of Wang and Lee (2008) for comparing LR flat

fuzzy numbers is presented. Let Ã = (m1, n1, α1, β1)LR and B̃ =
(m2, n2, α2, β2)LR be two LR flat fuzzy numbers. Then, use the following steps

to compare Ã and B̃:

Step 1 Find x
Ã

=

∫m1
m1−α1

xL(
m1−x

α1
)dx+

∫
n1
m1

xdx+
∫

n1+β1
n1

xR(
x−n1
β1

)dx
∫ m1
m1−α1

L(
m1−x

α1
)dx+

∫
n1
m1

dx+
∫

n1+β1
n1

R(
x−n1
β1

)dx
and

x
B̃

=

∫ m2
m2−α2

xL(
m2−x

α2
)dx+

∫
n2
m2

xdx+
∫

n2+β2
n2

xR(
x−n2
β2

)dx
∫m2
m2−α2

L(
m2−x

α2
)dx+

∫
n2
m2

dx+
∫

n2+β2
n2

R(
x−n2
β2

)dx
.

Case (i) If x
Ã
> x

B̃
, then Ã ≻ B̃ i.e.,

maximum {Ã, B̃} = Ã and minimum {Ã, B̃} = B̃

Case (ii) If x
Ã
< x

B̃
, then Ã ≺ B̃ i.e.,

maximum {Ã, B̃} = B̃ and minimum {Ã, B̃} = Ã

Case (iii) If x
Ã
= x

B̃
, then go to Step 2.

Step 2 Find y
Ã

=
∫ 1
0
(y(m1−α1L

−1(y)))dy+
∫ 1
0
(y(n1+β1R

−1(y)))dy∫ 1
0
(m1−α1L−1(y))dy+

∫ 1
0
(n1+β1R−1(y))dy

and

y
B̃

=
∫

1
0
(y(m2−α2L

−1(y)))dy+
∫

1
0
(y(n2+β2R

−1(y)))dy∫
1
0
(m2−α2L−1(y))dy+

∫
1
0
(n2+β2R−1(y))dy

.

Case (i) If y
Ã
> y

B̃
, then Ã ≻ B̃ i.e.,

maximum {Ã, B̃} = Ã and minimum {Ã, B̃} = B̃
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Table 1: Ranking formulae used in some existing ranking approaches
Ranking approaches Ranking formulae for an LR Ranking formulae for an LR flat

fuzzy number Ã = (m,α, β)LR fuzzy number Ã = (m, n,α, β)LR

Yager (1978) ℜ(Ã) =

∫m
m−α xL(

m−x
α

)dx+
∫m+β
m xR(

x−m
β

)dx

∫m
m−α

L( m−x
α

)dx+
∫m+β
m R(x−m

β
)dx

ℜ(Ã) =

∫m
m−α xL(

m−x
α

)dx+
∫n
m xdx+

∫n+β
n xR(

x−n
β

)dx

∫m
m−α

L(m−x
α

)dx+
∫
n
m dx+

∫n+β
n R( x−n

β
)dx

Murakami, Maeda and ℜ(Ã) = x
Ã

or y
Ã

ℜ(Ã) = x
Ã

or y
Ã

Imamura (1983) where, x
Ã

=

∫m
m−α xL(m−x

α
)dx+

∫m+β
m xR(x−m

β
)dx

∫
m
m−α

L(
m−x

α
)dx+

∫m+β
m R(

x−m
β

)dx
, where, x

Ã
=

∫m
m−α xL(m−x

α
)dx+

∫n
m xdx+

∫n+β
n xR(x−n

β
)dx

∫
m
m−α

L(
m−x

α
)dx+

∫
n
m dx+

∫n+β
n R(

x−n
β

)dx
,

y
Ã

=

∫ 1
0 (y(m−αL−1(y)))dy+

∫ 1
0 (y(m+βR−1(y)))dy

∫ 1
0
(m−αL−1(y))dy+

∫ 1
0

(m+βR−1(y))dy
y
Ã

=

∫ 1
0 (y(m−αL−1(y)))dy+

∫ 1
0 (y(n+βR−1(y)))dy

∫ 1
0

(m−αL−1(y))dy+
∫ 1
0
(n+βR−1(y))dy

Liou and Wang (1992) ℜ(Ã) = 1
2
[
∫ 1
0 (m − αL−1(y))dy +

∫ 1
0 (m + βR−1(y))dy] ℜ(Ã) = 1

2
[
∫ 1
0 (m − αL−1(y))dy +

∫ 1
0 (n + βR−1(y))dy]

Cheng (1998) ℜ(Ã) =

√
x2
Ã

+ y2
Ã

ℜ(Ã) =

√
x2
Ã

+ y2
Ã

where, x
Ã

=

∫m
m−α xL(m−x

α
)dx+

∫m+β
m xR(x−m

β
)dx

∫m
m−α

L(m−x
α

)dx+
∫m+β
m R(x−m

β
)dx

, where, x
Ã

=

∫m
m−α xL(m−x

α
)dx+

∫n
m xdx+

∫n+β
n xR(x−n

β
)dx

∫m
m−α

L(m−x
α

)dx+
∫
n
m dx+

∫n+β
n R(x−n

β
)dx

,

y
Ã

=

∫ 1
0 (y(m−αL−1(y)))dy+

∫ 1
0 (y(m+βR−1(y)))dy

∫ 1
0
(m−αL−1(y))dy+

∫ 1
0

(m+βR−1(y))dy
y
Ã

=

∫ 1
0 (y(m−αL−1(y)))dy+

∫ 1
0 (y(n+βR−1(y)))dy

∫ 1
0

(m−αL−1(y))dy+
∫ 1
0
(n+βR−1(y))dy

Yao and Wu (2000) ℜ(Ã) = 1
2

∫ 1
0 [DL(y) + DR(y)]dy, ℜ(Ã) = 1

2

∫ 1
0 [DL(y) + DR(y)]dy,

where, DL(y) = m − αL−1(y) and DR(y) = m + βR−1(y) where, DL(y) = m − αL−1(y) and DR(y) = n + βR−1(y)

Chu and Tsao (2002) ℜ(Ã) = x
Ã

.y
Ã

ℜ(Ã) = x
Ã

.y
Ã

where, x
Ã

=

∫m
m−α xL(m−x

α
)dx+

∫m+β
m xR(x−m

β
)dx

∫m
m−α

L(m−x
α

)dx+
∫m+β
m R(x−m

β
)dx

, where, x
Ã

=

∫m
m−α xL(m−x

α
)dx+

∫n
m xdx+

∫n+β
n xR(x−n

β
)dx

∫m
m−α

L(m−x
α

)dx+
∫
n
m dx+

∫n+β
n R(x−n

β
)dx

,

y
Ã

=

∫ 1
0 (y(m−αL−1(y)))dy+

∫ 1
0 (y(m+βR−1(y)))dy

∫ 1
0
(m−αL−1(y))dy+

∫ 1
0

(m+βR−1(y))dy
y
Ã

=

∫ 1
0 (y(m−αL−1(y)))dy+

∫ 1
0 (y(n+βR−1(y)))dy

∫ 1
0

(m−αL−1(y))dy+
∫ 1
0
(n+βR−1(y))dy

Asady and Zendehnam (2007) ℜ(Ã) = 1
2

∫ 1
0 (A(r) + A(r))dr, ℜ(Ã) = 1

2

∫ 1
0 (A(r) + A(r))dr,

where, A(r) = m − αL−1(r) and A(r) = m + βR−1(r) where, A(r) = m − αL−1(r) and A(r) = n + βR−1(r)

Zhao and Liu (2008) ℜ(Ã) = 1
2
µ
Ã

(x)[|x
Ã

| + |y
Ã

| + |x
Ã

.y
Ã

|] ℜ(Ã) = 1
2
µ
Ã

(x)[|x
Ã

| + |y
Ã

| + |x
Ã

.y
Ã

|]

where, x
Ã

=

∫m
m−α xL(

m−x
α

)dx+
∫m+β
m xR(

x−m
β

)dx

∫
m
m−α

L(m−x
α

)dx+
∫m+β
m R(x−m

β
)dx

, where, x
Ã

=

∫m
m−α xL(

m−x
α

)dx+
∫n
m xdx+

∫n+β
n xR(

x−n
β

)dx

∫
m
m−α

L(m−x
α

)dx+
∫
n
m dx+

∫n+β
n R(x−n

β
)dx

,

y
Ã

=

∫ 1
0 y[(m+βR−1(y))−(m−αL−1(y))]dy
∫ 1
0 [(m+βR−1(y))−(m−αL−1(y))]dy

, y
Ã

=

∫ 1
0 y[(n+βR−1(y))−(m−αL−1(y))]dy
∫ 1
0 [(n+βR−1(y))−(m−αL−1(y))]dy

,

µ
Ã

(x) =

{
1 x ≥ 0
−1 x < 0

µ
Ã

(x) =

{
1 x ≥ 0
−1 x < 0

Abbasbandy and Hajjari (2009) ℜ(Ã) = 1
2
[
∫ 1
0 ((m − αL−1(y)) + (m + βR−1(y)) + 2m)dy] ℜ(Ã) = 1

2
[
∫1
0 ((m − αL−1(y)) + (n + βR−1(y)) + m + n)dy]



176 P. KAUR, A. KUMAR

Case (ii) If y
Ã
< y

B̃
, then Ã ≺ B̃ i.e.,

maximum {Ã, B̃} = B̃ and minimum {Ã, B̃} = Ã

Case (iii) If y
Ã
= y

B̃
then Ã = B̃.

3.3. The Farhadinia ranking approach

In this section, the ranking approach of Farhadinia (2009) for comparing LR

flat fuzzy numbers is presented.
Let Ã = (m1, n1, α1, β1)LR and B̃ = (m2, n2, α2, β2)LR be two LR flat fuzzy

numbers. Then, use the following steps to compare Ã and B̃:

Step 1 Find C(Ã)= inf{x ∈ Supp(Ã) : µ
Ã
(x) = 1} = m1 and

C(B̃) = inf{x ∈ Supp(B̃) : µ
B̃
(x) = 1} = m2

Case (i) If C(Ã) > C(B̃) then Ã ≻ B̃ i.e.,

maximum {Ã, B̃} = Ã and minimum {Ã, B̃} = B̃

Case (ii) If C(Ã) < C(B̃) then Ã ≺ B̃ i.e.,

maximum {Ã, B̃} = B̃ and minimum {Ã, B̃} = Ã

Case (iii) If C(Ã) = C(B̃) then go to Step 2.

Step 2 Find L(Ã) = inf Supp(Ã) = m1 − α1 and

L(B̃) = inf Supp(B̃) = m2 − α2

Case (i) If L(Ã) > L(B̃) then Ã ≻ B̃ i.e.,

maximum {Ã, B̃} = Ã and minimum {Ã, B̃} = B̃

Case (ii) If L(Ã) < L(B̃) then Ã ≺ B̃ i.e.,

maximum {Ã, B̃} = B̃ and minimum {Ã, B̃} = Ã

Case (iii) If L(Ã) = L(B̃) then go to Step 3.

Step 3 Find W (Ã) = |Supp(Ã)| = n1 −m1 + α1 + β1 and

W (B̃) = |Supp(B̃)| = n2 −m2 + α2 + β2

Case (i) If W (Ã) > W (B̃) then Ã ≻ B̃ i.e.,

maximum {Ã, B̃} = Ã and minimum {Ã, B̃} = B̃

Case (ii) If W (Ã) < W (B̃) then Ã ≺ B̃ i.e.,

maximum {Ã, B̃} = B̃ and minimum {Ã, B̃} = Ã

Case (iii) If W (Ã) = W (B̃) then go to Step 4.

Step 4 Find S(Ã) =
∫
µ
Ã
(x)dx = n1−m1 +α1

∫ 1

0 L−1(λ)dλ+β1

∫ 1

0 R−1(λ)dλ

and S(B̃) =
∫
µ
B̃
(x)dx = n2−m2+α2

∫ 1

0
L−1(λ)dλ+β2

∫ 1

0
R−1(λ)dλ

Case (i) If S(Ã) > S(B̃) then Ã ≻ B̃ i.e.,

maximum {Ã, B̃} = Ã and minimum {Ã, B̃} = B̃

Case (ii) If S(Ã) < S(B̃) then Ã ≺ B̃ i.e.,
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maximum {Ã, B̃} = B̃ and minimum {Ã, B̃} = Ã

Case (iii) If S(Ã) = S(B̃) then Ã = B̃.

Remark 2 For an LR flat fuzzy number Ã = (m,n, α, β)LR

S(Ã) =
∫
µ
Ã
(x)dx =

∫m

m−α
L(m−x

α
)dx +

∫ n

m
dx +

∫ n+β

n
R(x−n

β
)dx = n − m +

α
∫ 1

0 L−1(λ)dλ + β
∫ 1

0 R−1(λ)dλ.

4. Shortcomings of existing ranking approaches

There are several fuzzy critical path methods in which ranking approaches are
used for comparing fuzzy numbers. In this section, it is shown that the results
of fuzzy critical path problem, chosen in Example 4.1, obtained by using the
different existing fuzzy critical path methods (Nasution, 1994; Yao and Lin,
2000; Chanas and Zielinski, 2001; Chen and Chang, 2001; Lin, 2001, 2002;
Lin and Yao, 2003; Liu, 2003; Liang and Han, 2004; Han, Chung and Liang,
2006; Chen, 2007; Chen and Hsueh, 2008; Shankar, Sireesha and Rao, 2010)
with different existing ranking approaches (Yager, 1978; Murakami, Maeda and
Imamura, 1983; Liou and Wang, 1992; Cheng, 1998; Yao and Wu, 2000; Chu
and Tsao, 2002; Asady and Zendehnam, 2007; Wang and Lee, 2008; Zhao and
Liu, 2008; Abbasbandy and Hajjari, 2009) are not appropriate.

example 4.1 Find the fuzzy critical path and maximum total fuzzy completion
time of the project, shown in Fig. 1, in which the fuzzy duration of activity (i, j)
is represented by LR fuzzy number t̃ij with L(x) = R(x) = max{0, 1 − x} as
follows:
t̃12 = (1, 0.5, 0.5)LR, t̃23 = (1, 1, 1)LR, t̃24 = (2, 0.5, 0.5)LR, t̃34 = (1, 0.5, 0.5)LR.

Figure 1. Project network of Example 4.1
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Table 2: Results of Example 4.1 obtained by using existing fuzzy critical path
methods with existing ranking approaches

Results of fuzzy critical path problem obtained by using

different existing fuzzy critical path methods (Nasution, 1994;

Yao and Lin, 2000; Chanas and Zielinski, 2001; Chen and

Chang, 2001; Lin, 2001, 2002; Lin and Yao, 2003; Liu,

2003; Liang and Han, 2004; Han, Chung and Liang, 2006;

Existing ranking approaches Chen, 2007; Chen and Hsueh, 2008; Shankar, Sireesha

and Rao, 2010)

Example 4.1

Fuzzy critical path Maximum total fuzzy project

completion time (T̃ )

Yager (1978) 1 ⇒ 2 ⇒ 3 ⇒ 4 (3, 2, 2)LR , ℜ(T̃ ) = 3
1 ⇒ 2 ⇒ 4 (3, 1, 1)LR , ℜ(T̃ ) = 3

Murakami, Maeda and 1 ⇒ 2 ⇒ 3 ⇒ 4 (3, 2, 2)LR, x
T̃

= 3, y
T̃

= 0.5
Imamura (1983) 1 ⇒ 2 ⇒ 4 (3, 1, 1)LR, x

T̃
= 3, y

T̃
= 0.5

Liou and Wang (1992) 1 ⇒ 2 ⇒ 3 ⇒ 4 (3, 2, 2)LR , ℜ(T̃ ) = 3
1 ⇒ 3 (31, 1)LR, ℜ(T̃ ) = 3

Cheng (1998) 1 ⇒ 2 ⇒ 3 ⇒ 4 (3, 2, 2)LR, ℜ(T̃ ) = 3.041
1 ⇒ 2 ⇒ 4 (3, 1, 1)LR, ℜ(T̃ ) = 3.041

Yao and Wu (2000) 1 ⇒ 2 ⇒ 3 ⇒ 4 (3, 2, 2)LR , ℜ(T̃ ) = 3
1 ⇒ 2 ⇒ 4 (3, 1, 1)LR , ℜ(T̃ ) = 3

Chu and Tsao (2002) 1 ⇒ 2 ⇒ 3 ⇒ 4 (3, 2, 2)LR, ℜ(T̃ ) = 1.5
1 ⇒ 2 ⇒ 4 (3, 1, 1)LR, ℜ(T̃ ) = 1.5

Asady and Zendehnam 1 ⇒ 2 ⇒ 3 ⇒ 4 (3, 2, 2)LR , ℜ(T̃ ) = 3
(2007) 1 ⇒ 2 ⇒ 4 (3, 1, 1)LR , ℜ(T̃ ) = 3

Wang and Lee (2008) 1 ⇒ 2 ⇒ 3 ⇒ 4 (3, 2, 2)LR, x
T̃

= 3, y
T̃

= 0.5
1 ⇒ 2 ⇒ 4 (3, 1, 1)LR, x

T̃
= 3, y

T̃
= 0.5

Zhao and Liu (2008) 1 ⇒ 2 ⇒ 3 ⇒ 4 (3, 2, 2)LR, ℜ(T̃ ) = 2.167
1 ⇒ 2 ⇒ 4 (3, 1, 1)LR, ℜ(T̃ ) = 2.167

Abbasbandy and Hajjari (2009) 1 ⇒ 2 ⇒ 3 ⇒ 4 (3, 2, 2)LR , ℜ(T̃ ) = 6
1 ⇒ 2 ⇒ 4 (3, 1, 1)LR , ℜ(T̃ ) = 6

Farhadinia (2009) 1 ⇒ 2 ⇒ 4 (3, 1, 1)LR, L(T̃ ) = 2

4.1. Results for the chosen problem

The results for the fuzzy critical path problem of Example 4.1, obtained by
using different existing fuzzy critical path methods (Nasution, 1994; Yao and
Lin, 2000; Chanas and Zielinski, 2001; Chen and Chang, 2001; Lin, 2001, 2002;
Lin and Yao, 2003; Liu, 2003; Liang and Han, 2004; Han, Chung and Liang,
2006; Chen, 2007; Chen and Hsueh, 2008; Shankar, Sireesha and Rao, 2010)
with different existing ranking approaches (Yager, 1978; Murakami, Maeda and
Imamura, 1983; Liou and Wang, 1992; Cheng, 1998; Yao and Wu, 2000; Chu
and Tsao, 2002; Asady and Zendehnam, 2007; Wang and Lee, 2008; Zhao and
Liu, 2008; Abbasbandy and Hajjari, 2009; Farhadinia, 2009) are shown in Table
2.

It is obvious from the results, shown in Table 2, that on solving the fuzzy
critical path problem, chosen in Example 4.1, by applying the different existing
fuzzy critical path methods with existing ranking approaches more than one
fuzzy critical paths are obtained and the maximum total fuzzy project comple-
tion times, corresponding to different fuzzy critical paths are different so their
physical interpretation will also be different. But, in the literature (Taha, 2003)
it is pointed out that if on solving project network problem there exist more
than one critical path then the maximum total completion time of the project
should be same corresponding to all the critical paths. So, the results obtained
by using existing fuzzy critical path methods here referred to, with existing
ranking approaches shown in Table 2, are not appropriate.
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Although the results of the fuzzy critical path problem, chosen in Example
4.1, obtained by using the existing fuzzy critical path methods, here quoted,
with the existing ranking approach of Farhadinia (2009) are appropriate, but
on the basis of numerical example it is not possible to say that the results of
all fuzzy critical path problems, obtained by using existing fuzzy critical path
methods with this ranking approach will always be appropriate. So, in the next
section general proofs are introduced to show that if existing fuzzy critical path
methods with the ranking approach of Farhadinia (2009) are used to solve such
fuzzy critical path problems in which the parameters are represented by LR

fuzzy numbers, then always a unique fuzzy number, representing the maximum
total fuzzy project completion time, will be obtained, but if the existing fuzzy
critical path methods are used with the ranking approach of Farhadinia (2009)
to find fuzzy optimal solution of such fuzzy critical path problems in which the
parameters are represented by LR flat fuzzy numbers, then more than one fuzzy
number, representing the maximum total fuzzy completion time for the same
project, may be obtained, which is not appropriate.

4.2. The shortcomings of the Farhadinia ranking approach

Although in the ranking approach of Farhadinia (2009) it is claimed that if Ã

and B̃ are two LR flat fuzzy numbers such that (i) C(Ã) = C(B̃), (ii) L(Ã) =

L(B̃), (iii) W (Ã) = W (B̃), (iv) S(Ã) = S(B̃) then Ã = B̃, but in Proposition

4.1 it is shown that if Ã and B̃ are two LR fuzzy numbers such that (i) C(Ã)

= C(B̃), (ii) L(Ã) = L(B̃), (iii) W (Ã) = W (B̃), (iv) S(Ã) = S(B̃) then Ã =

B̃, and in Proposition 4.2 it is shown that if Ã and B̃ are two LR flat fuzzy
numbers such that (i) C(Ã) = C(B̃), (ii) L(Ã) = L(B̃), (iii) W (Ã) = W (B̃),

(iv) S(Ã) = S(B̃) then Ã 6= B̃ i.e., if Ã and B̃ are two LR fuzzy numbers

such that Ã 6= B̃ then by using the ranking approach of Farhadinia (2009) it

can be checked that Ã ≻ B̃ or Ã ≺ B̃ but if Ã and B̃ are two LR flat fuzzy
numbers such that Ã 6= B̃ then by using the same ranking approach it can not
be checked that Ã ≻ B̃ or Ã ≺ B̃ and hence the existing fuzzy critical path
methods, considered here, can be used with the ranking approach of Farhadinia
(2009) to find the appropriate results of such fuzzy critical path problems in
which all the parameters are represented by LR fuzzy numbers, but can not be
used for finding the results of such fuzzy critical path problems in which all the
parameters are represented by LR flat fuzzy numbers.

proposition 4.1 Let Ã = (m1, α1, β1)LR and B̃ = (m2, α2, β2)LR be two LR

fuzzy numbers such that
(i) C(Ã) = C(B̃) (ii) L(Ã) = L(B̃) (iii) W (Ã) = W (B̃) (iv) S(Ã) =

S(B̃).

Then, Ã = B̃.
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Proof.

(i)(Ã) = C(B̃)

⇒ m1 = m2 (1)

(ii)L(Ã) = L(B̃)

⇒ m1 − α1 = m2 − α2 (2)

(iii)W (Ã) = W (B̃)

⇒ α1 + β1 = α2 + β2 (3)

On solving (1), (2) and (3)
m1 = m2α1 = α2andβ1 = β2

i.e., Ã = B̃.

proposition 4.2 Let Ã = (m1, n1, α1, β1)LR and B̃ = (m2, n2, α2, β2)LR be
two LR flat fuzzy numbers such that
(i) C(Ã) = C(B̃) (ii) L(Ã) = L(B̃) (iii) W (Ã) = W (B̃) (iv) S(Ã) =

S(B̃).

Then, Ã 6= B̃.

Proof.

(i)C(Ã) = C(B̃)

⇒ m1 = m2 (4)

(ii)L(Ã) = L(B̃)

⇒ m1 − α1 = m2 − α2 (5)

(iii)W (Ã) = W (B̃)

⇒ n1 −m1 + α1 + β1 = n2 −m2 + α2 + β2

(iv)S(Ã) = S(B̃) (6)

⇒ n1 −m1 + α1

∫ 1

0

L−1(λ)dλ + β1

∫ 1

0

R−1(λ)dλ = n2 −m2

+α2

∫ 1

0

L−1(λ)dλ

+β2

∫ 1

0

R−1(λ)dλ. (7)

On solving (4), (5), (6) and (7) we find m1, n1, α1 and β1 are not equal to m2, n2,

α2 and β2, respectively, so Ã is not equal to B̃.
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4.2.1. Illustrative examples

To illustrate the shortcomings of the ranking approach by Farhadinia (2009),
the results of the fuzzy critical path problem, chosen in Example 4.2, obtained
by using existing fuzzy critical path methods with the ranking approach of
Farhadinia (2009) are shown in Table 4.

example 4.2 Find the fuzzy critical path and maximum total fuzzy completion
time of the project, shown in Fig. 2, in which the fuzzy time duration of activity
(i, j) is represented by LR flat fuzzy numbers D̃ij with L(x) = max{0, 1− x2}
and R(x) = e−|x| as shown in Table 3.

Table 3: Fuzzy normal time for each activity

Activity Fuzzy duration (D̃ij) (days)

(1, 2) (11, 13, 1, 1)LR

(1, 3) (19, 20, 3, 5)LR

(2, 3) (8, 9, 2, 2)LR

(2, 4) (14, 15, 3, 8)LR

(3, 4) (6, 10, 1, 2)LR

Figure 2. Project network of the Example 4.2
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Table 4: Results of Example 4.2 obtained by using existing fuzzy critical path
methods with Farhadinia ranking approach

Example

Results of fuzzy critical path problem obtained by using different existing fuzzy

critical methods (Nasution, 1994; Yao and Lin, 2000; Chanas and Zielinski, 2001;

Chen and Chang, 2001; Lin 2001, 2002; Lin and Yao, 2003; Liu, 2003;

Liang and Han, 2004; Han, Chung and Liang, 2006; Chen, 2007; Chen and

Hsueh, 2008; Shankar, Sireesha and Rao, 2010) with the ranking

approach of Farhadinia (2009)

Fuzzy critical Maximum total fuzzy project

path completion time (T̃ )

4.2 1 ⇒ 3 ⇒ 4 (25, 30, 4, 7)LR, S(T̃ ) = 14.667

1 ⇒ 2 ⇒ 4 (25, 28, 4, 9)LR, S(T̃ ) = 14.667

1 ⇒ 2 ⇒ 3 ⇒ 4 (25, 32, 4, 5)LR, S(T̃ ) = 14.667

It is obvious from the results, shown in Table 4, that on solving the fuzzy
critical path problem, chosen in Example 4.2, by using the existing fuzzy critical
path methods with the ranking approach of Farhadinia (2009) three different
LR flat fuzzy numbers (25, 28, 4, 9)LR, (25, 30, 4, 7)LR and (25, 32, 4, 5)LR, rep-
resenting the maximum total fuzzy completion time of the same project, are
obtained, which is not appropriate.

Remark 3 In Section 4, shortcomings of an important ranking approach are
pointed out. The same shortcoming can also be found in other existing ranking
approaches, which are not discussed in this paper.

5. Proposed ranking approach

On the basis of the results, discussed in Section 4, it can be concluded that none
of the existing ranking approaches, considered here, with the existing fuzzy crit-
ical path methods, also referred here, can be used to find the appropriate results
of such fuzzy critical path problems in which all the parameters are represented
by LR flat fuzzy numbers.

In this section, to overcome the shortcomings of the existing ranking ap-
proaches, a new ranking approach is proposed for comparing LR flat fuzzy
numbers by modifying the parameters of the ranking approach from Farhadinia
(2009).

Let Ã = (m1, n1, α1, β1)LR and B̃ = (m2, n2, α2, β2)LR be two LR flat fuzzy

numbers. Then, use the following steps to compare Ã and B̃:

Step 1 Find CM (Ã)= inf{x ∈ Supp(Ã) : µ
Ã
(x) = 1} = m1 and

CM (B̃) = inf{x ∈ Supp(B̃) : µ
B̃
(x) = 1} = m2

Case (i) If CM (Ã) > CM (B̃) then Ã ≻ B̃ i.e.,

maximum {Ã, B̃} = Ã and minimum {Ã, B̃} = B̃

Case (ii) If CM (Ã) < CM (B̃) then Ã ≺ B̃ i.e.,

maximum {Ã, B̃} = B̃ and minimum {Ã, B̃} = Ã
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Case (iii) If CM (Ã) = CM (B̃) then go to Step 2.

Step 2 Find LM (Ã) = m1 − α1

∫ 1

0
L−1(λ)dλ and

LM (B̃) = m2 − α2

∫ 1

0
L−1(λ)dλ

Case (i) If LM (Ã) > LM (B̃) then Ã ≻ B̃ i.e.,

maximum {Ã, B̃} = Ã and minimum {Ã, B̃} = B̃

Case (ii) If LM (Ã) < LM (B̃) then Ã ≺ B̃ i.e.,

maximum {Ã, B̃} = B̃ and minimum {Ã, B̃} = Ã

Case (iii) If LM (Ã) = LM (B̃) then go to Step 3.

Step 3 Find WM (Ã) = n1 −m1 + 2α1

∫ 1

0 L−1(λ)dλ + 2β1

∫ 1

0 R−1(λ)dλ and

WM (B̃) = n2 −m2 + 2α2

∫ 1

0
L−1(λ)dλ + 2β2

∫ 1

0
R−1(λ)dλ

Case (i) If WM (Ã) > WM (B̃) then Ã ≻ B̃ i.e.,

maximum {Ã, B̃} = Ã and minimum {Ã, B̃} = B̃

Case (ii) If WM (Ã) < WM (B̃) then Ã ≺ B̃ i.e.,

maximum {Ã, B̃} = B̃ and minimum {Ã, B̃} = Ã

Case (iii) If WM (Ã) = WM (B̃) then go to Step 4.

Step 4 Find SM (Ã) =
∫
µ
Ã
(x)dx = n1−m1+α1

∫ 1

0
L−1(λ)dλ+β1

∫ 1

0
R−1(λ)dλ

and SM (B̃) =
∫
µ
B̃
(x)dx = n2−m2+α2

∫ 1

0 L−1(λ)dλ+β2

∫ 1

0 R−1(λ)dλ

Case (i) If SM (Ã) > SM (B̃) then Ã ≻ B̃ i.e.,

maximum {Ã, B̃} = Ã and minimum {Ã, B̃} = B̃

Case (ii) If SM (Ã) < SM (B̃) then Ã ≺ B̃ i.e.,

maximum {Ã, B̃} = B̃ and minimum {Ã, B̃} = Ã

Case (iii) If SM (Ã) = SM (B̃) then Ã = B̃.

5.1. Efficiency of the proposed ranking approach

To show the efficiency of the proposed ranking approach, the ordering of three
sets of LR flat fuzzy numbers, obtained by using the ranking approach of Farha-
dinia (2009) and the proposed ranking approach, are shown in Table 5.

Remark 4 The proposed ranking approach can also be used for comparing LR

fuzzy numbers by putting m = n.

6. Validity of the proposed ranking approach

In Section 4, it was proved that if Ã and B̃ are two LR fuzzy numbers such
that (i) C(Ã) = C(B̃), (ii) L(Ã) = L(B̃), (iii) W (Ã) = W (B̃), (iv) S(Ã) =
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Table 5: Ordering of LR flat fuzzy numbers Ã and B̃ obtained by using existing and proposed ranking approaches

Sets of Ã B̃ L(x) and Ordering of Ã and B̃ Ordering of Ã and B̃

fuzzy numbers R(x) obtained by using obtained by using

existing ranking proposed ranking

approach approach

(Farhadinia, 2009)

C(Ã) = C(B̃) = 10 CM (Ã) = CM (B̃) = 10

Set 1 (10, 15, 2, 4)LR(10, 16, 2, 3)LR L(x) = e−|x| and L(Ã) = L(B̃) = 8 LM (Ã) = LM (B̃) = 8

R(x) = e−|x| W (Ã) = W (B̃) = 11 WM (Ã) = 17,

S(Ã) = S(B̃) = 11 WM (B̃) = 16

i.e., Ã = B̃ i.e., Ã ≻ B̃

C(Ã) = C(B̃) = 5 CM (Ã) = CM (B̃) = 5

Set 2 (5, 7, 1, 3)LR (5, 8, 1, 2)LR L(x) = max{0, 1− x2} L(Ã) = L(B̃) = 4 LM (Ã) = LM (B̃) = 4.33

and R(x) = e−|x| W (Ã) = W (B̃) = 6 WM (Ã) = 9.33,

S(Ã) = S(B̃) = 5.67 WM (B̃) = 8.33

i.e., Ã = B̃ i.e., Ã ≻ B̃

C(Ã) = C(B̃) = 16 CM (Ã) = CM (B̃) = 16

Set 3 (16, 20, 4, 5)LR(16, 19, 4, 6)LRL(x) = max{0, 1− x4} L(Ã) = L(B̃) = 12 LM (Ã) = LM (B̃) = 12.8

and R(x) = e−|x| W (Ã) = W (B̃) = 13 WM (Ã) = 20.4,

S(Ã) = S(B̃) = 12.2 WM (B̃) = 21.4

i.e., Ã = B̃ i.e., Ã ≺ B̃
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S(B̃), then Ã = B̃, but if Ã and B̃ are two LR flat fuzzy numbers such that (i)

C(Ã) = C(B̃), (ii) L(Ã) = L(B̃), (iii) W (Ã) = W (B̃), (iv) S(Ã) = S(B̃), then

Ã 6= B̃. Due to the same reason, on applying the existing fuzzy critical path
methods with the ranking approach of Farhadinia (2009) for solving such fuzzy
critical path problems in which all the parameters are represented by LR fuzzy
numbers a unique fuzzy number, representing the maximum total fuzzy project
completion time, is obtained, while on applying the existing fuzzy critical path
methods with the approach of Farhadinia (2009) for solving such fuzzy critical
path problems in which all the parameters are represented by LR flat fuzzy
numbers, more than one fuzzy number, representing the maximum total fuzzy
project completion time, are obtained. In this section, to prove that by using the
existing fuzzy critical path methods, considered here, with the proposed ranking
approach, always a unique LR flat fuzzy number, representing the maximum
total fuzzy project completion time, will be obtained, it is proved that if Ã and
B̃ are either LR fuzzy numbers or LR flat fuzzy numbers such that (i) CM (Ã) =

CM (B̃), (ii) LM (Ã) = LM (B̃), (iii) WM (Ã) = WM (B̃), (iv) SM (Ã) = SM (B̃),

then Ã =B̃.

proposition 6.1 Let Ã = (m1, α1, β1)LR and B̃ = (m2, α2, β2)LR be two LR

fuzzy numbers such that
(i) CM (Ã) = CM (B̃) (ii) LM (Ã) = LM (B̃) (iii) WM (Ã) = WM (B̃) (iv)

SM (Ã) = SM (B̃). Then, Ã = B̃.

Proof.

(i)CM (Ã) = CM (B̃)

⇒ m1 = m2 (8)

(ii)LM (Ã) = LM (B̃)

⇒ m1 − α1

∫ 1

0

L−1(λ)dλ = m2 − α2

∫ 1

0

L−1(λ)dλ (9)

(iii)WM (Ã) = WM (B̃)

⇒ 2α1

∫ 1

0

L−1(λ)dλ + 2β1

∫ 1

0

R−1(λ)dλ

= 2α2

∫ 1

0

L−1(λ)dλ

+2β2

∫ 1

0

R−1(λ)dλ (10)

(iv)SM (Ã) = SM (B̃)
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⇒ α1

∫ 1

0

L−1(λ)dλ + β1

∫ 1

0

R−1(λ)dλ

= α2

∫ 1

0

L−1(λ)dλ + β2

∫ 1

0

R−1(λ)dλ (11)

On solving (8), (9), (10) and (11)
m1 = m2, α1 = α2 and β1 = β2

i.e., Ã = B̃.

Remark 5 For an LR fuzzy number Ã = (m,α, β)LR, SM (Ã) =
∫
µ
Ã
(x)dx =∫m

m−α
L(m−x

α
)dx +

∫m+β

m
R(x−m

β
)dx = α

∫ 1

0 L−1(λ)dλ +

β
∫ 1

0 R−1(λ)dλ

proposition 6.2 Let Ã = (m1, n1, α1, β1)LR and B̃ = (m2, n2, α2, β2)LR be
two LR flat fuzzy numbers such that
(i) CM (Ã) = CM (B̃) (ii) LM (Ã) = LM (B̃) (iii) WM (Ã) = WM (B̃)

(iv) SM (Ã) = SM (B̃). Then, Ã = B̃.

Proof.

(i)CM (Ã) = CM (B̃)

⇒ m1 = m2 (12)

(ii)LM (Ã) = LM (B̃)

⇒ m1 − α1

∫ 1

0

L−1(λ)dλ = m2 − α2

∫ 1

0

L−1(λ)dλ (13)

(iii)WM (Ã) = WM (B̃)

(iv)SM (Ã) = SM (B̃)

⇒ n1 −m1 + 2α1

∫ 1

0

L−1(λ)dλ + 2β1

∫ 1

0

R−1(λ)dλ

= n2 −m2 + 2α2

∫ 1

0

L−1(λ)dλ

+2β2

∫ 1

0

R−1(λ)dλ (14)
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⇒ n1 −m1 + α1

∫ 1

0

L−1(λ)dλ + β1

∫ 1

0

R−1(λ)dλ

= n2 −m2 + α2

∫ 1

0

L−1(λ)dλ

+β2

∫ 1

0

R−1(λ)dλ (15)

On solving (12), (13), (14) and (15)

m1 = m2, n1 = n2, α1 = α2 and β1 = β2 i.e., Ã = B̃.

Remark 6 For an LR flat fuzzy number Ã = (m,n, α, β)LR SM (Ã)

=
∫
µ
Ã
(x)dx =

∫m

m−α
L(m−x

α
)dx+

∫ n

m
dx+

∫ n+β

n
R(x−n

β
)dx = n−m+α

∫ 1

0 L−1

(λ)dλ + β
∫ 1

0 R−1(λ)dλ

7. Advantage of the proposed ranking approach over the

existing ranking approaches

The main advantage of the proposed ranking approach over the existing ones,
referred to several times over in this papaer, is that when solving the fuzzy
critical path problems by using the different existing fuzzy critical path meth-
ods, also quoted here, with the ranking approaches mentioned, more than one
fuzzy number, representing the maximum total fuzzy project completion time,
is obtained so that there will be different interpretations for the maximum total
fuzzy project completion time of the same project, which is not appropriate.
At the same time, by using the different existing fuzzy critical path methods
with the proposed ranking approach a unique fuzzy number, representing the
maximum total fuzzy project completion time, is obtained. So, there will be a
unique interpretation of maximum total fuzzy completion time of a project.

To show the advantage of the proposed ranking approach over existing rank-
ing approach, the results of fuzzy critical path problem of Example 4.2, obtained
by using different existing fuzzy critical path methods with the proposed ranking
approach are shown in Table 6.

Table 6: Results of Example 4.2 obtained by using existing fuzzy critical path
methods with proposed ranking approach

Results for the fuzzy critical path problem obtained by using existing fuzzy

critical path methods with the proposed ranking approach

Example Fuzzy critical path Maximum total fuzzy project completion time (T̃ )

4.2 1 ⇒ 2 ⇒ 4 (25, 28, 4, 9)LR, WM (T̃ ) = 26.33

It is obvious from the results, shown in Tables 2 and 4 that if the fuzzy critical
path problem, chosen in Example 4.1, is solved by using the existing fuzzy
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critical path methods with the ranking approach of Farhadinia (2009), then a
unique fuzzy number, representing the maximum total fuzzy project completion
time, is obtained, but if the fuzzy critical path problem, chosen in Example 4.2
is solved by using the existing fuzzy critical path methods with the ranking
approach of Farhadinia (2009), then more than one fuzzy number, representing
the maximum total fuzzy project completion time, is obtained, which is not
appropriate. The results, shown in Table 6, indicate that on solving the chosen
fuzzy critical path problem by using the existing fuzzy critical path methods
with the proposed ranking approach a unique fuzzy number, representing the
maximum total fuzzy project completion time, is obtained, which is appropriate.

8. Conclusion and future work

Some fuzzy critical path problems have been used to show that it is better not to
use the existing fuzzy critical path methods with existing ranking approaches for
solving the fuzzy critical path problems, and a new ranking approach, obtained
by modifying an existing ranking approach, is proposed for comparing LR flat
fuzzy numbers.

On the basis of the presented study it can be concluded that it is better
to use the existing fuzzy critical path methods with the proposed ranking ap-
proach instead of the existing fuzzy critical path methods with existing ranking
approaches, referred to throughout this paper, for solving the fuzzy critical path
problems.

In the future it will be attempted to obtain the appropriate results for all
such problems in which the existing ranking approaches are used for comparing
LR flat fuzzy numbers by using the proposed ranking approach.
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