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The optimum control of a development planning model is presented. The model
includes m exogeneous and # endogeneous factors with intensities related by a system
of linear differential equations. The macro-model represents an aggregation of micro-
models. The optimum development strategy can be realized in the decentralized
form with the exchange of information between the giobal (macro) and local (micro)
controllers. The decentralized development planning of the integrated power system
is studied as a typical example. The optimum development strategy consists in
allocation of investments which minimize the global maintenance cost.

1. Introduction

The classical system theory deals with the models of systems which consist of
fixed number of physical objects united by some kind of interaction and fixed spatial
structure.

There are known, however, examples of systems, called here the development
systems, such as e.g. ecological, social, demographic or economic systems, urban
development or transports systems etc., which change their structure in time as
a result of growth, evolution, development, investments etc.

The models of development systems can be devided into two general classes:
the micro- and macro-models. The macro-models deal usually with the aggregated
quantitative aspects of the development systems such as the increase of population,
national product investments etc., whereas the micro-models emphasize the local
and structural properties of the system, such as the technological parameters, inter-
connection links, organizational structure, environment influences etc.

The main interest represents the controlled class of development systems, such
as the planned economic growth, planned investment program etc., and will be
studied here from the point of view of the optimum control theory. The model
which is being used in the present paper can be treated as an extension of a model



6 R. KULIKOWSKI

of multi-sector economic growth. It has, however, an important property. The
macro-model represents an aggregated system of the collection of micro-models.
As a result, the decentralization of control actions at the macro-level (e.g. govern-
ment-level) and micro-level (e.g. the production plant-level) follows. The overall
optimum planning strategy can be achieved by exchange of information between
macro- and micro-levels.

2. The macro-model of development system

Consider the system of n endgeneous and m exogeneous interrelated factors
or processes. A typical example of that system is an ecological system which consists
of n different species (endogeneous factors) struggling for existance by eating weaker
specimen and competing for m kinds of food (exogeneous factors). Another
example is the multi-sector economy which exchanges m final products, produced
by the sectors (endogeneous factors) and utilizes m primary resources (exogeneous
factors).

One of the most important characteristic, which determines the change of factors
intensity: x; (¢), i=1,...,n; y; (), i=1,...,m, is the relative growth coefficient

dx; )
r; (t)=—d7 $Xpy A=l W, €))
dy; .
p”(t)=5:y,-j, T=1, ey 0, 2)

where x;, ¥, — endogeneous factors intensity and growth coefficients; y;, p; — exo-
geneous factors intensity and growth coefficients.

In the present paper we shall deal with the class of development systems charac-
terized by linear interrelations, i.e.

D ar)= 3 Bups )=y, (0=0, j=1,...,n, 3)
i=1 i=1
where o;;, f;; — given real numbers; o;(¢), p; (t) — given continuous functions.
We shall call the system described by (3) with D=Det |«;;|#0 the linear regular
development system (LRD system). An example of LRD system is the ecological
system which consists of two species Ny, N, with intensities xy, x,. The first (N;)
feeds upon the environment and would grow with the rate coefficient oy +p; ()
if N, was not growing, i.e. r,=0. N, feeds mostly on N; and would diminish with
the rate p, (f)—a, if N; was not growing, i.e. r; =0. The equations of the system
become:

ri=0oq =0 F2Hpy (1), \ I, oy

#0,
Fa=—0y+ oy 71 +p2(0),

—0typ, 1

where oy, «,, ¢, %1, — given, positive constants; p, (f), p, () — given functions.
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Theorem 1. The LRD system, which at =0 is in the given state x; (0)=4,,
i=1, ..., n, develops in time according to the formula

xi (t)=Ai CXp [f yi (T) dT] n [yj(t)/yj(o)]wja l= ls vy Hy (4)

where the numbers y;, y;; are defined by the relations

m

D rupsO+n®LD, @D, i=1,..,n,

D; (t) — the determinant obtained by setting

[2 Binps O+ @)sens Y Binps(O+0t (t)]

in the place of i-th column of D.
Proof. Solving (3) with respect to r; one gets

m D, (t
ri(t)=yi(t)+2 Vi Pi= D()

Keeping in mind that the solution of the differential equation x=f (¢) x (which
for =0 is x (0)=4) becomes

x(t);—A exp [ff(r) dr],

one gets

In = f [yz @+ 2 S ]dr— f () dr+2 7 In [y; ()], 0)].

Then

xi (1) =4, [exp [rn® dr] [0 @1, i=1,...n, QE.D.

As stated by Theorem 1 the growth intensities of the endogeneous factors in
a LRD system are completely specified by the exogeneous factors intensities which
can in turn be controlled by an inteligent controller according to his goals.

Several optimum control problems can be formulated for the LRD models.
Begin with the optimum allocation of resources. Assume the global amounts of
resources of each endogeneous factor to be limited, i.e.

D O, j=1,..m, ©)

where Y; (#) — given functions.
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Find the nonnegative functions y;; (f)=y¢, (f) which maximize the value of
integrated system production

P(yy)=[ D w@x@dr, x@O=Aiexp [ 7.6)dz [ [ Du@ly, O,
0 i=1 0 g—3

where w; (t) — given positive monotically decreasing weighting functions, subject

to the constraints (5). The present problem is a nonlinear programming problem.

In the particular case when y;;=4;, i=1, ..., n, the solution of the problem can be

stated in the form of the following:

Theorem 2. There exists a unique optimum allocation of resources strategy
for the LRD system (with y,;=9;, v=1, ..., n):
ki (t) :

y”(t)_k(t) Yi@)y =1 ity 6)

where

4 i/a
t={arexp| [n 6| wof ",

G212l o, - 0

s

k@O= D ki(), gq=

Ii

ji=1

and the corresponding maximum value of integrated production
P(y2)= [ Te@ne [ ] 1¥,r de.
0 Jj=1

Proof. In the paper [3] the following optimization problem has been solved:
find the values B;=B;, C;=C{, ..., Z;=Z;, i=1, ..., n, which minimize

A=4_2; Aj= S P T B TV, S e U il

subject to the constraints

ZB,<B ;’ <G i;

Bi>0’ Ci>0, ceny Zi>03 l=1, wevy Wy
B, C, ..., Z— given numbers; o, f,...>0, o, ...<0.
The optimum solution becomes
B}/B=C}[C=...=Z]|Z=k;[k, i=1,..,n,

and

A-{AB-A -, 20, k= N k. ©
i=1
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The same result is obtained when A4 is a maximalized quantity and g=
= —(a+p+y+...+w). When 7 € [0, co] is a fixed number the problem of maximiza-
tion of > w;(t) x;(¢), where x;(t) is described by (4), with y;;=46;, i=1,...,n,

i:l

is equivalent to the problem (8). Observe that

P= waE‘ w; (t) x; () dt
0 7=1

is maximum when
n n
PRACEAGESIEAD!
i=1 T==l.

is maximum for each ¢ € [0, co).
Indeed, x; () is a parametric function of ¢ of the variables y;;(f) and

dP(le—f_yhu) ‘ f /‘lu (f) l( )

d'}’ y (0] lj(t)
is zero for all variations /;; (¢) only if for all ¢ e [0, co) one gets
dx, (1)
=0, i=1,..,n j=1,..,m.
dy:; (1) :

These conditions are also sufficient for optimality. Q.E.D.
It should be observed that the aggregated system characteristic (9) has the same
analytic form as the subsystem characteristics but with the performance index

n
k= Z‘ k;. The smaller the value of k the better the properties of the aggregated system,
i=1
in the sense that 4 is greater (¢<0), when B, C, ..., Z are kept constant.

It should be noted that a closely related class of optimization problems can
also be formulated assuming the production intensity x; (¢) to be not less than the
given demand function X; (¢), i.e. x; (1) = X; (¢), t € [0, co), and minimizing the cost
of the most expensive resources. Such a situation happens, for example in the electric
power systems. Keeping in mind the proof of theorem 2 one can observe that it
can be easily reformulated to satisfy the present assumptions. The formulae (6), (7)
describing the distribution of the remaining resources preserve their previous form.

The next important class of optimization problems for the LRD systems is
the optimization of investment or reproduction strategy. Before the general problem
is formulated consider a simple single sector economy described by the equation

[2, 91: x(f)=A exp GO ILOP [K (D], (10

where: x(¢) is the production income or national product intensity; L(¢) is the
intensity of labor employed, or employment; K (¢) is the intensity of capital used;
A is a given positive number; y is a positive number called the annual rise in efficiency;
J, 0, are positive numbers, the elasticities of production with regard to labor and
capital, respectively.
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It is also assumed that §, =1—J, i.e. the national product increases at the same
rate as the combined increase of L (t) and K ().

The formation of capital is assumed to be linked with national product or
income by the simple relation:

dK(t)/dt=0bz(2) (11)
where b is a given coefficient and z () is the control variable which may vary between
0 and x (¢), i.e.

0<z()<x(@®), te]0, c0). (12)
It is assumed that the capital used K (¢) in the economy does not exceed the
capital available K (7), i.e. /
K@)<K@)=b[ 2(z) di+e, (13)
where ¢=K (0). g
In the similar way the labor used L (#) should not exceed the supply of labor
L (t) which is specified by the demographic growth, i.e.
L)< L{H=L,exp il (19
Ly, A— given positive numbers.
The system performance measure is assumed to be

[eo}

P(z)= f w(t) [x () —z(¢)] dt (15)

0

where w (¢) — given positive monotonously decreasing weighting function. A typical
example of w (¢) is w (£)=(1-+¢)~* where ¢ is the discount rate. According to (15)
P (z) represents the net income in the economy. The optimum control problem
consists in finding such a nonnegative strategy z (f)=2z°(¢f) which maximizes

t

P(z)=jCZO w(t) {AL‘E, exp [t (y+10)] X (bfz(r) dr—i—c)l_é —z(t)} dr (16)

0

Subject to the constraint
0 1-5
G (2)=AL? exp [t (y-+10)] (b f z (1) dr—l—c) —z(®)=0, te[0,00). (17)
(o]

Since no harm can be done by using the full employment and the capital available
the upper bounds for L (¢), K (¢) has been set in (16), (17). L 1<T
We shall solve the problem (16) and (17) for the particular case w (t)={ 0’ (ST

using the method described in [4]. Denote ALS n'~? by a, y-+-4J by «, and ¢/b by c;.
The Lagrangean for the present problem becomes

T T t
?(z, /1)=P(z)—|—fi(t)G(z)dr=f [1-2(1)] ccexp () [j (z (1) de+
: - : +c1)1-6-z(t)] dt. (18)
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w Find the differential diy D (z-+yh; A)|,_o=dP(z, A; h)!) and the gradient P (z, )
’ of (13)

dd (z, 4; h)=f 144 (0] [(1——5)a><exp (oct)(fz(r) dr+c¢,)=? fh(r)dr—l—
(4] (0] 0

T t

T
——h(t)] dt=fh(t) d:{fa(l—a) [14-() exp (ot) X (fz(r) dr+
0 T 0

+c1) 5dt~1—}.(r)}.

iy 2 s
Sz )= [ a(1-8) [L4+A(t)] exp (at)x ( [e® dr—l—cl) di—1-1(2).
0 o

We shall show that when T is long enough the following optimum “bang-bang”
EY z—2° exists:
x(1), te[0, 7]

0, re[f,T] &

2 (t)=|

by switching time T, <7T.

= @ is a concave functional in z the necessary and sufficient conditions
require [4] that the nonnegative Lagrange function A (£)=1° (¢), exists

=0, €0, 7]
2°(1) ; (20)
=0, te [T}, 7] _
and the gradient is zero for ze [0, 7,] and negative for te [T, T], i.e.
, =0, re[0, T,]
D, (z° 1% . 21)
<0, te[T, T]

These conditions have simple interpretation: when the constraint (17) is active
the Lagrange function is nonnegative and it vanishes when (17) is non active. At
the same time the gradient becomes zero (for z°>0) and negative for z°=0.

The optimum strategy in the subinterval [0, 7] can be derived by solving the
equation

L 1-5
3 z°(t)=a exp («t) (f z°(1) dr—l—c1) ;
which yields .
1
——1

14

)
z°(t)=aexp («t) :% [exp (at)— 1]+c’i} s, tel0, T, 22)

') d® (z, A; k) should be treated as variation of the functional @ at the point {z, A}. It is a linear
functional of the variation 4 and can be written d@ (z, A5 h)=(@’, h), where & is called the gradient
of @ [4].



12 R. KULIKOWSKI

Then from the equation

Y6

y . ad 1
D) (z°, )J’):fa(l—é) exp (oct){—c; [exp (or.t)—l]—{—cl} [1-+4° ()] di—

—1-2°(x)=0,
one finds

1
A(t)=Cexp %—a{t-{—:ln [exp (—at)—d]}%— (SO = (119 1
where the constant C is chosen in such a way that A° '(T 1)=0, ie

C=exp }8 {Tl —1—i In [exp (—c;.Tl)—d]}}

8 ;

1
ERE T
o 4

_5——
1 c‘aé

The value of T; can be derived by the condition @, (z°, Mi=1,=0, ie.

~ ao =1
fa(l—é)exp(oct){;[exp(ocz‘)—l]+c‘i} dr=1
Ty i
which can be written
exp(—al)—d [(aé/oc)——cf_ ]
o l—ar ) L deli—g =2 @)

The analysis of (23) shows that when T'is not long enough there is no reproduction
period (7;—0) and z°(t)=0, te [0, T].

The optimum investment problem can be easily extended to the multi-sector
economy, described by (4), and

0< 2 z;(O<x: (D), te[0,00), i=1,..,n,
j=1

t

yi;O< Y (t)=by; f z;;(@) drt-cyy,  j=1,...,m,

0

P(Z)"—‘fij w; () [xi ) Z’? Zij (t):ldt:

where w; (1) — given weighting function; b;;, ¢;; — given numbers.
The optimum control problem consists in finding such a nonnegative strategy
z(t)={z;; (t)} which maximizes

t

P(z)= fw 2 w; (1) {Ai exp (y; 1) ﬁ [bw f zi; () dr] i zi,.(z)} dt (24

0 i=1 0 j=1
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subject to the constraints

t m

6,@=hewen][[pu [rumas] = 3 awz0, i=tn @

(0] Jj=1

The general solution of the present problem is much more difficult and in order
to solve it effectively special decomposition algorithms can be employed [5].
Another generalization of the model (10) is obtained by replacing the linear

t
rise in efficiency y, by [y (z) dr, where
(0]

y(6)< yo—l-f[ [»@ dz} (26)

and
0<y(+z(O<x(), e, o),

fis a given monotonously increasing function, y (f) — part of the income used for
the purpose of increasing production efficiency by research, innovations, new
technology etc., y, — positive number.

The present optimization problem can be formulated as follows: find the non-
negative functions y(¢#)=y°(¢), z(t)=z°(t) such that

P(y,2)= f w(@) [x (@) —z()—y ()] dr @7)

is maximum, subject to the constraints (13), (14), (26) and

Gy, 0)=x({)—z(t)—y([®)=0, te]0, ), (28)
where

xy=4ex( [ 7 de) ILOF KO-

- It should be observed that the optimum investment strategy (such as (22))
depends on parameters 4, y, §, f, A which at the beginning of planning period 7'
are not known to the controller. The best what can be done is to extrapolate these
parameters using the econometric methods based on the past observations of real
economy. However, the 4, 9, §, f will depend on the size of investments within the
planning period. In other words there is a feedback loop existing between the macro-
model parameters and the optimum investment strategy. Besides, the macro-
parameters represent the aggregated effect of development processes which take
place in micro-models. A possible approach to the optimization of development
processes would be the formulation of the general optimization problem for the
complete set of micro-models. Since that approach requires the solution of complex
'variational problems of a great number of variables it is not feasible. Besides, it is
necessary to implement the solution in the form suitable to the existing decentralized
management and administration.
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The optimization of development processes in the decentralized form requires
the investigation of relations among the macro- and aggregated micro-parameters.
That is a goal which will be pursued in the next sections.

3. The micro-model of the development system

In the general model considered in the present paper the macro-model should
be regarded as the aggregation of a number N of micro-models within the particular
sector i having a hierarchic structure, which shows the streams of resources circulat-
ing among the individual subsystems. An example of such a sector with global
production intensity x (¢) (the sector index i has been dropped for the purpose
of abreviation of notation) and global resources intensities y; (t), j=1, ..., m., which

Mti) Um(®) x(H)

|
1y

e— — —
<—— —

Fig. 1

are utilized (consumed) by the sector, has been shown in Fig. 1. Each subsystem
P,, v=1,.., N, consumes a part y,, (¢), of y;(?), ie.

D @Ay O<y 0, j=1,..,m, (29)

where A, (#) are given functions representing the transmission or transportation
losses.

It is assumed that A;, (1)=1, j=1,..,m, v=1, .., N, t€]0, o).

The global production is assumed to be the sum of local productions x, (¢), i.e.

N
D) %0 i (0)=x(), (30)
v=1
where 4,(t) — given loss functions: 0<4, (_t)g 1,0v=1, s Ny t€ [0, 50).
The controller C allocates the available recources y; (¢), j=1, ..., m, which satisfy
(29), among the processes P,, v=1, ..., N, in such a way that for each time instant
t e [0, oo) the total production (30) attains the maximum value.
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In other words the optimization problem for the controller consists in finding
monnegative functions y;, (1)=y5, (¢), j=1, ..., m, v=1, ..., N, which maximize (30)
subject to the constraints (29). Assuming that each process can be described by the:
equation (compare (4)):

xO=k®F [ [ @, v=1,..,N (31)
J=1

L -1/q m
kv(t)={Av exp [f Py (7) dr]} , g= Z 6,—1<0

one finds out (using similar reasoning as in the proof of theorem 2) that

x(O=x"()=max Y x,O)LO=kOF [ [ 01, (32)

and the optimum values of y;, (f) become

RAOY0)

HO="Z @, J=lum, v=1.,N

where
m = 1/q N
EO=kOBO] [0 T k0= 3 K0, ren.. 63

It should be observed that the aggregated system characteristic (32) has the same
analytic form as the sub-systems characteristics (31) but the aggregated performance
index becomes

k)= D k@) 1, (1) (34)

where
m —1/q
LO={O ][ U@ ) vl

can be called the loss index. The loss indices satisfy the condition /, (£)>1, ¢ € [0, c0),
v=1, ..., N, and the aggregated performance index k (¢) increases after each aggrega-
tion.

As shown in the paper [6] for the case k, (t)=k,=const., [,(t)=[,=const.,
v=1, ..., N, it is possible to solve the problem of synthesis of the best organizational
structure of the hierarchic system. In the simple case when the subsystems P,,
v=1, ..., N, can be interchanged, i.e. when to the given transmission system, charac-
terized by the numbers /;, </, <...< [y, one can assign the processes, characterized
by the set of performance indices {k}Y, the minimum value of the resulting

N
performance k’'= >’ k, [, follows when ky >k, >...>ky.

v=1
That result can be easily extended to the present case where k, and /, are given

functions of time, and it can be formulated in the form of the following:
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Theorem 3. The assignment process for the system with given {k, (#)}Y,
{I, ®H}Y, te[0, 00) is optimum when for each 7€ [0, co) the following relations
ki(O<k,(O)<.<ky@), LO)ZLO)=..21y(1) (35)
or
ki@ zk,()=..2ky@), LO<SLO)<..<Iy(@) (36)
hold. The conditions (35), (36) become also necessary for optimality in the case of
strict inequalities in (35), (36).

Using theorem 3 it is possible to solve the synthesis problem for multi-level
hierarchic structure with processes described by (31) in the similar way as it has
been done, for the simpler case of k, (#)=k,=const.,v=1, ..., N, in [6]. The resulting
structure has the property that the aggregated performance index is minimum.

It should be also observed that when the values of k, (¢) change the structure of
the best organization should change as well (in order to yield the minimum value
of the resulting performance measure). That requires the intervention of the additional
controller which reorganizes the system structure if necessary. g

In practical situations it happens that the amount of resources used by the sub-
systems is bounded from below or from above. In other words there are additional
constraints imposed on subsystem characteristic (31):

Yo bde ¥y  J=liunt =l N 37

where Y,,, ¥,, — given numbers.

When the global amounts of resources y; (¢), j=1, ..., m, distributed among the
subsystems, increase (decrease) the upper (lower) subsystem constraints become
saturated, i.e. active. The saturation effect, which fixes the amount of resources
consumed by a particular subsystem P;, is equivalent to such a change of k; (¢)
that the amount of resources received by P; is ¥;; or Y};, j=1, ..., m. Since the sub-
systems production capacities determine the saturation limits Y, the assumption
that the saturations are reached at the same time for all j is not very restrictive.
It should be also observed that the price being paid for small plant capacity and
operation on the upper saturation bounds is the increase of the performance index
k; (t). When all the subsystem are saturated there is no optimization possible and
the global performance may be very poor.

In the cases when the subsystem characteristics do not posses the required
analytic form of (31), or when they are given in graphical form, as shown e.g. in
Fig. 2a, for N=2, m=1, the approximation should be used. In the case of Fig. 2a
the subsystem characteristic can be approximated by the function of the form
F;(2)=k;(z+2})". For that purpose it is convenient to construct the plots of
[f; (2)1*?, i=1, 2, as shown in Fig. 2b and approximate them by linear functions
of the form «; (z—{—zf), i=1,2.

Then the functions F;(z), i=1,2, which approximate f; (z) become

i=1, ze 4 Zi]

Fi =ki Z:‘y is 38
(@) =ki(z+z,)+c i3, Fe [z 2] (39)

where k;=a?/(14+p), y=1+p, ¢; — numbers determined by the plot of f; (z).
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Denoting zi—]—z’f by y; one can observe that the problem of maximization of

n

D) Fi @)=k @tz +e

i=1
subject to the conmstraints > z,<Z, z;€[Z;, Z;], i=1,...,n, is equivalent to

i=1
n

max i [k yi+el, an nsY= 2 Z?‘f‘Z,
i=1 i=1

i=1
vielzi-z,2,-z], i=1,..,n
When the intervals [Z;, Z;] are small the approximation can be exact enough

for practical purposes. It is also possible to extend the approximation domain by

a) 4 fi(z); =12

fi(z) ()

choosing another set of subintervals [Z;, Z),i=1,2, ..., n, with the same or different
7. Since the optimum solutions z? satisfy the condition f; (z{) =13 (z))=...=f, (22
it is convenient to choose Z;, Z;, Z;, Z;, ..., in such a way that

f1(@Z)=13(Z)=..=f,(Z),
[1Z)=f3(Z)=...=f,(Z),

[1@0)=12Z>)=..=f,(ZD,
[1@)=11Z)=...=1,(Z),

...............

...............
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The approximation can be extended to the multidimensional case.

After these preliminary remarks and observations we can return to the main
subject of the present section which is the optimum control of the development
processes in the hierarchic systems with optimum allocation of resources.

It is assumed that the demand for the global system production is less than the
subsystems production capacities and the saturations is not present (at least in
certain subintervals of the planning interval). The decision at the macro-level
determines the sum of the global investments which should be spent for the de-
velopment of each particular sector. That sum should be allocated among the sub-
systems (by the sector controller) in an optimum manner. There are two main ways
or methods of subsystem development (called extensive and intensive respectively):

(i) extension of the saturation bounds Y,,, which can be also called the plant
renewal or reconstruction, extension of bofttlenecks etc.;

(ii) construction of the new subsystems and connection links, characterized by
k, (®), I,(t), v=N-+1, N+2, ..., and increasing production efficiency.

In case when there is no saturation present the extensive method does not change
the global performance index. However, the global system production capacity

N
characterized by ¥;= > ¥,,, j=1, ..., m, increases.

v=1

The intensive method tends to increase the global system efficiency by replacing
the obsolete plants, with large k, (t) I, (¢#), by the new factories with smaller
value of k, (¢) [, (¢). Since in the last case the optimum assignment process may
become violated the reorganization process of the whole structure may prove to be
necessary.

It should be observed that the value of k,(¢) /,(¢) depends on the capital
investment and maintenance costs. Usually the sum of these two costs is limited and
they are controversial in effect, i.e. the decrease of maintenance costs requires an
increase of capital investments.

In order to get a better insight into the situation a more concreate example
will be studied in the next section.

4. Decentralized development planning of the integrated
power system

Consider the integrated electric power system consisting of N units S; (power
plants or generators) generating P; (¢), j=1, ..., N, units of power, shown in Fig. 3.
The transmission lines with resistances R; (including also the internal resistances
of the generators) link S;, j=1, ..., N, with the common load which demands P (¢)
units of power. For the sake of simplicity in calculations it is assumed that the load
resistance R is small as compared to R;. In that case the part of power generated by
S; and delivered to the load becomes P; A;=P; R/(R+R)), j=1, ..., N. Then P=

N
=2 lej'
Jj=1



s control of 2 decentralized development planning model 19

The power demand P (?) is a given function of time which changes almost
pesiodically in each day and each year of the planning interval [ 1]. Besides, the mean
valus of P (¢) increases slowly in time,

The integrated power production can be considered as a sector of the economy.
i

The production income within Tis I= f cP () dt, where ¢ — the price of a 1 kWh

(0]
of electrical energy. The net income of the

sector is I,=1—C,— C,,, where C;, —investments
and C,, — is the maintenance cost (mostly the
cost of fuel burned in the bower stations and

R
fransmission losses).
Itis assumed that the fuel-cost C,p,consumed g, @
by S; depends on P, (¢) according to the formula

Co=FE,(P)=K" [P,()P, j=1,2,.. N (39)

Pu(t)

Fig. 3

where k; — given positive numbers, ¢>1.

An optimization problem for the system under consideration can be stated as
follows. Find the nonnegative functions P;(0)=P; (1), j=1, -s IV, which minimize
the global fuel consumption cost

N
Cpp= c o, 40
subject to the constraints J J; : oL
N
D LP,(O=P@), P,(t) e [P, P, j=1,..,N. (1)
i=1
As shown in sec. 3 (formulae (32), (33)) the optimum strategies for P;(¢) become
K = 5
P? (t)=;t'1k P, Ri=k, A7, = 2 kj, j=1,..N. (42)
Jj i=1

values of 4, and k,, or in other words — it is necessary to choose the proper relation
between the capital investments and maintenance costs.

The capital investment C; consists of two parts; the cost of the new transmission
lines Cy;, which is approximately proportional to the volume of copper used for

N
transmission lines C;,= ' ¢¥,, Cli=ad;s; (where d;— distance, s; — crossection,

j=1
a=const.), and the cost of the new power units C;,, depending on the maximum

power production capacities P,= max P%(t), and on the performance index k;.
tel0, 1)
A good approximation of the last relation is

N
Co= Y Cl,  Cl=9(Py k>, 43)
=1

where 9, ¢, x — given positive numbers,
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The maintenance cost C,, consists as well of two parts: the cost of energy lost
in the transmission lines

Cm,—Z c —Z ﬁfp,,(t)dz

J=

where f=const., P,; — the power lost in the j-th transmission line equal

R, R,
P,j(t)—R—_l_ﬁ-P"(t) L PI®O, =L,

and the cost of fuel (40), where
T T
=k‘J’.‘1 f [PI@))° dﬂ::k‘}‘1 (kj/k)” Aj‘aB, B= f [P (7)) dz. (44)
0 (0]

Since
* T
¢ —ﬁ~7’f (2) dr
0

where R;=p (d,/s;) (p — specific resistance of the transmission line) and s;=C} /ad,,
one obtains
ofp ofp =

T
kChy=A—r A7k =A—-d} by 2577, A= [ p()dr.
0

One finds also

B R
I, $ells o I CS)
Then H S
kC!, =K% [ChP (46)
where 1
= 52 . —
0 =15 =[4pk;] d, e

Then the following problem of the development of transmission system can be
formulated. Find the best allocation of investments: Ci/, j=1, ..., N, which minimize
the maintenance cost

N N
ECu= ¥ kCi= D) K} ICH™ (47)
J=1 j=1
Subject to the constraints
N
Z‘ Ol Oy Tl f=li., . (48)
Jj=1
The indices kj, j=1, ..., N, are treated as fixed and given.

Using the theorem 2 one obtains

i K;
Ci, C‘”=——kC,,,, F=1s ey IV (49)

oj KJ
CilJ =E
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where

When the values of C{/ are being derived the unknown parameters of the trans-
mission lines 5y=Cf'lad;, j=1,.., N, can be also determined.

In a similar way the problem of the development of the power-plant system
€an be solved. Eliminating k; from (43), (44), which can be written as

Cl.jpzl?C/"LS.&‘_l)s o (50)
C,;p=B/1§.‘51—1)5 k“"kf."‘l (51
one gets
S
= [0G) 1 €, 151 pp s (52)
and
k" G = (0= [ G P (53)
where

1

sz[B(QC)—& /15_1—&1)53]?54’

20—1
63=548'—5, 54=

e—rx

Then the following development optimization problem can be formulated.

Find the nonnegative numbers Ci, (investments) J=1, ..., N, which minimize the
maintenance cost

N
o = 2 (B)1-os [Cijp]zh (54)
=3
subject to the constraint
: N
&g (55)
i=1

The 4;,j=1, ..., N, are considered as fixed and given. Using the theorem 2 one obtains

0j Kj S i . i §
Cip Col=2hRE,, K=Z FR (56)

Je=l

It should be observed that by elimination of k; and 1; (by (45), (52)) one can

A
express C,,, C,; as a power-type function of o, Cj, and solve (by theorem 2)
the optimization problem for the case when k; or Ay are not fixed. Tt is also possible

to minimize the global cost C,p+C,,; under assumption Cip+Ciy < C;, where
C;=given.

>

J

0j —
cr

>l

A number of further generalizations of the development planning is possible.
First of all it is possible to consider the power distribution and power consumption
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system. In that case the subsystems Sy, ..., Sy of Fig. 3 should be treated as loads
with the internal resistances and transmission resistances equal R;, j=1, ..., N, P (¢)
should be treated as available power supply. The direction of the arrows indicating
the stream of energy should be reversed. The performance functions F; (P;) should
be treated as the production values versus the power consumption. In the present
model it is necessary to maximize the global production

J=1

N
subject to the constraints »' 1; P;<P(t).
j=1
Obviously the optimization of the present development model, including the
transmission losses characterized by A;, and subprocess parameters (k;) can be

done along the same lines as in the previous case of the power-generation model.

In real integrated power systems these two models should be treated in the
combined form, including the multi-level hierarchic structure, corresponding to
the regional subcenters. In that last case it is also necessary to take into account
the voltage transformers, hydro-power stations etc. It may be also necessary
to introduce the saturation bounds and use the approximation technique of
sec. 3, for description of the plots of F; (P;) (see Fig. 2a, b) in the required analytic
form.

It should be also noted that the model of the integrated power system can be
readjusted to serve as a model for other systems dealing with generation and
distribution of resources, such as: integrated natural and industrial gas system,
integrated water system etc. However, in these models the relation between the
investment cost C;; and the hydraulic resistance of the transmission pipes is much
more comlicated (compare Ref. [7]).

Now we can discuss the relation between the macro- and micro-models from the
point of view of optimum planning strategies. The investment and maintenance
costs, connected with transmission lines, will be neglected for the sake of simplicity,
18 Cor=Cips C1=C1pe

It should be noticed that when the development process occurs gradually, within
the planning interval, the aggregated performance can not be treated as constant
factor. The development process results in the change of aggregated performance
index, which becomes a function of time, i.e. k (7).

Since the aggregated characteristic C,, (f)=F [P (¢)] has the same analytic form
as (39) one can write

CaO=[k@OP'[POF, €]0,T]

The aggregated investment can be approximated by the function analogous
to (43), i.e.
Ci()=3(PF[k(®)]7%, P= max P(2).

te[0,T1
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t
The aggregated investment strategy z(¢) creates the capital f z(7) dz, which
t (0]
is spent on the construction of new power plants, i.e. f z(z)dz=C,(¥)

0
Then an optimization problem for the macro-model can be formulated

Find the nonnegative investment strategy z (t)=2z° (¢), which maximizes the net
income:

T
L@=[6@d:  GE@=cP(O-Ca®=Ci(0),
Cu (=l (O~ [POY,

t
C(O=§ Pk )] %= [ 2(2) dr,
0
subject to the constraint
G(2)=0, 1[0, T],
where P(t), 9, P, k, 0 are given.
Eliminating k (¢) one gets

G(Z)=CP(1)—[afz(T) de [P(t)]é—fz(f) dr >0,

o 0

[
=

(7

—(§P%)1, p=-—, (B<O).

K

Assume that the constraint (57) is notactive. The necessary condition of optimality
requires that I, (z°)=0. The variation of I, becomes

dI, (z, 2, h)=fTh(_f) d‘c{-—fTﬂ[aftz(r) d‘L':r—.l X aP (1) dt-fT dt}.

Then . t
T )
I ()= f palP (t)]__+1 di=0,
[ z(r)dr]
and
ﬂ __ﬂ__ 6+B 1
Z(t)‘ﬁ,—1 —pa)' P[P =P, te[0,T].

(58)
The constraint (57) will be not active if

&
G (z°)=P(t) {c—d [P (t)]ﬂ_1}>o, tel0, T]

where 8

d=(1-p=) (=) *a">*

i.e. if the price c is set large enough with respect to d [P(t)]m—
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t
When the optimum macro-strategy of investment C, (f)= f z° (7) dz, is known
0

it is possible to derive the best investment strategies at the micro-levels, using
formulae (51)—(56). At the same time the aggregated performance index k ()
can be determined.

As a result the decentralized two-level optimum development planning follows.
The global controller derives an investment strategy based on the macro-model
with the estimated (extrapolated) parameters (a, k).

The local controllers dealing with micro-models derive the best local development
strategies and determine the corresponding performance indices. When the estimated
and derived (global) performances do not coincide the values of macro-parameters
should be modified. Consequently the decentralized development planning requires
an exchange of information between the local and global controllers.

The decentralized development planning can be extended to the multi-sector
and multi-level models which correspond to the existing administrative organizations.

It should be also noted that the decentralized approach to the planning and
development of economic models helps to surmount the most difficult obstacle,
which is the gap between the macro- and micro-models. In the literature dealing
with the macro-models of economic growth [2, 8, 9], the annual rise in efficiency
is believed to be a function of the technical progress, research, innovations and
inventions etc. These notions remain, however, to be pure abstracts if they are
seperated from the concreate micro-models and the investment and maintenance
costs.
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Sterowanie optymalne zdecentralizowanym modelem
planowania

Przedstawiono zagadnienia sterowania optymalnego modelem planowania rozwoju. Model
ten obejmuje m czynnik6w egzogenicznych i n czynnikow endogenicznych. Ich intensywnosci sa.
zwiazane ukladem liniowych rownan rézniczkowych. Makromodel uzyskuje sie w wyniku agregaciji
mikromodeli. Optymalna strategie rozwoju mozna realizowa¢ w postaci zdecentralizowanej z wy-
miana informacji miedzy globalnym (makro) a lokalnymi (mikro) regulatorami. Jako typowy
przyklad rozpatrzono zdecentralizowane planowanie rozwoju zintegrowanego systemu energetycz--
nego. Strategia rozwoju optymalnego polega na takim rozdziale inwestycji, ktory minimalizuje:
globalne koszty utrzymania.

OnTuMalbHOe YNPaBJICHHE MOZEJIbIO neuempanmonanﬂoro
MJIAHUPOBAHNA pasBUTHA

B craThe MPECTABICHO ONTHMAIBHOE YIPABICHHC MOZENBIO HENCHTPATR3OBAEHOTO [IIAHK~
posamus passmTms. Mogmemb CORCPIAT 71 SM3OrEHHBIX ¥ 7 DHAOTCHHBIX TIEPEMEHHBIX, HHTCHCHB-
HOCTH KOTODBLIX OIMCHIBAIOTCS cucTeMOl NHHERHBIX AEbdepeHITaTbHbIX ypapHeHWH. Makpo-
MOJieNb HONy4eHa IyTbeM CHHTE3a MEKpO-Mozenes. OnTAMAaIbHAS CTPaTerhd pasBUTHA MOKET
GEITH pEaM30BaHA B TeneHTPANH3UPOBAHHOE dopme © O6MEHOM HHPOPMATIHYE MEXKAY TIodas-
HEIME (MAKTpO-) E JOKAIHHBIMHI (MuEKpO-) peryisTopami. B xagecTse XapakTepHOTO MpUMepa.
PACCMOTPEHO TNENEeHTPaTM30BaHHOS MTAHAPOBAHKWE PASBUTUA CHHTErPEPOBAHHOI YHEPreTHICCKOK
cricTeMbl. ONTHMATbHAS CTPATErNs PasBUTHA 3aKIIOYAETCS B PACHPEICICHUM KarMTaJOBICKEHIN
C TENBI0 MUHUME3EPOBAHKA oOIIEX PacxomoB.
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