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Systems of PERT type consisting of dynamic operations are considered. It is assumed that each 
operation can be described by means of Optimal Performance Characteristic (OPC) in the power 
form. The problem consists in determining OPC of an aggregated system and evaluating optimal 
values of individual operations. A'theorem making possible to reduce the structUl'e of every network 
to the series-parallel form is given. Using this theorem an advantage can be taken of solutions 

·obtained for series-parallel networks. It is shown that OPC of an aggregated system has also the 
power form. Considerations are il lustrated with an example of optimal control of mass shift 
under some constraints imposed upon the trajectory. 

1. Introduction 

There is an important class of optimum control problems, where complexes 
consisting of dynamic, independent operations are considered. The operations are 
related by common resources and common output gain expressed by the performance 
measure. Moreover, they should be performed in the determined order what can be 
usefuly described by a directed graph. Arcs of the graph mean operations, nodes -
events of start or completion of single opera tions. An example of such a network 
is shown in Fig. 1. 
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Fig. I . The network of operations creating a PERT system 

The optimum control by aggregation of the complexes was developed in papers 
by Ku likowski fl 5]. The conception so called Optimum Performance Charac
teristics (0. PC' ) wus in troduced there. The OPC' is tho cxpr·cqsion rcprc~rnlin~ 
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meters such a~ tn lcrvul lime, ennpy lllhl t'll llu· () I'< "'ll~ l' 11 1 111~11th l 
lhe dynamic problem to 11 slll tic l'mnt , 

There exists a largo olass of proce:-.scs wlw t·~· dyiiHIIIII' ft ukpullth-111 " 
can be described by lhc O.P.C. in tht• form us fo llows 

/,11 
A - ' /1•1 u- B11 c~~ ... ' ·1' I./ 

The network events are successively denoted by integers 0, I, ... , 11. A puii ( 
denotes the operation that is realized from event i to event i. All Jlllllllllrfl·t" lil I 
should be understood towards the operation (i,j): 

Au, Bu are minimized quantities, /1, y, ... > 0; 
Zu, Yu are maximized quantities, w, w, ... < 0; 
kii is a process performance index (P.P.l.). 

The paper deals with a complex consisting operations de11cribed lly fhr 11111 \ 

in the form (1). The way of finding both the O.P.C. of an aggrcgn lcd ~Y• II'rn 1!11 
optimum parameters of individual operat ions is presented. The lnf t•odlll't'd \I 
composition theorem makes it possible to reduce the optiminll ion ptohlt•111 I 
complicated network to the problem of series-parallel networks struCIIIrl' llu·11 ih 
solutions obtained for series and parallel connections of ope rut ion11 \\ hh h 111 
presented in [1 ] can be utilized. It is proved t hat the O.P.C. of the wholo •Y-11'111 I 
of the form (1). The P .P.I. value is calculated numerica lly. 

2. Optimum Performance Characteristic of aggregated system 

It is assumed that events are ordered in the network. Each opera tion i~ dt,lhl tlh 
by the O.P.C. in the form (l). The set of a ll operatio ns (i,j) which lwloiiH ~~- ~ Ill 
network is denoted by S. lt is useful to divide the set S into two suh~l'flt; 

(i) S, is the set of operations generating the ordering rwth: 

(i,j) E S, <=> (i,j) E Sn i+ I = j, 

(ii) sp is the set of the other operations: 

(i,j) E SJJ <=> (i,j) E S n i <j- 1. 

The optimization problem consist in find ing such purnmctcr.~ of itull\ ldupl 
operations {B1J> Cu, ... ,Z11 Ei,j}: (i, j)ES that minimi:tc the pc1forllliiiiiT 1111' 1 1 ~111 
of the whole complex, subject to the constraints that are rcq uir·cd by flu· llt' l\\lllk 

structure. 
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Bu, C11, ... >0, Zu, ... ~o} . 
1'·1! t!lill.l iOI• 11l I hu whole complex are denoted by A, B, ... , Z. 

(3) 

jit'U~CIIl lilt• Molul ions of problems (2), (3) for series and parallel operation 
tltiiJii , ' i I11Jy WIW ohtllincd itt [2). Next, the decomposition theorem will be 
11 i! 1111- """" idl'll or the paper consist in applying that theorem in such 
i !!ill 1 llllll'livnltlll nt:l WOI'k could be replaced by series-parallel connections 

11lilll1111 (•I}, (5}, (6) cou ld be applied. 
I 111111 (' c I i () 11 (Fig. 2) 
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The para ll el connection (Fig. 3) 
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where 

rr -1[ f . ] 11 : 1 ,. /, 'I} w;~= {ti, i + l: ;;.: o, ,.?; c,~ ~ :·. :~~::', + 1 = CY ... / ''' . 

The optimum values of /1:H-l• i = O, t, ... , n - 1, arc: 

I ~ . = (~)P+ l (Ci,i+ 1)y (ZI,I II)w '· 
'· •+ 1 B C . . . Z '' . tll 

The proof is presented in [6). At first the theorem have h()l'll l''"'':d f 
n=2 (i.e. the operation division into two component opcru tion~> ) I ht 11 11 
induction method was utilized in order to show thal the theorem WII N 11110 I 
integer n > 2. 

The theorem permits to replace one operation by the opti mi ~ation pr11lth 111 t1! 
series connection of operations. Moreover, the parameters of tliu l'!IIIIJIIIIH·Itl 
operations can .take any positive, real values, which sat isfy conditloiiH ( 7) 

Let us consider the problem (2). Each operat ion (r, s) e S 11 will be dtv1d1·d i 11! 

(s-r) suboperat ions by using the decomposition lheorcm. The pttr'll 111C'tt•r• ol ·.ul 

operations created by division of operation (r, s) are denoted by /<,,.,11 , 11<,.
11

, c '·' ' '' 
Z (rs) 1. The index i means, that t he considered su boperati on is parnllcl to t ill• npr c .1 i Het 
(i, i + 1) e S,. The above parallelism is satisfied when the parumctc r·~ ol' tlu <til 
operations _take values as follows: 

B<rsJt=B;,t + t• C<rsJt= C,,,+ Jt ... , (r.<)t = L.I , I + I • 

where Bl , t +l • C,,1+ 1 , ... , Z 1, 1+ 1 are the parameters of lhc orcrution' (1, f.! • I) 
i=r, r + 1, ... , s. 

Below, the problem {2) is rewritten but the operations bdongi11H Ill t hl· ._,. , 
and SPare treated separately. The functions of lh<' operations (r, s) r S,, Ull' cr pl.11c 

by "minimizing problems" according to decomposition thcor·cnl (t'!JIIIIIioll P•ll 
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'" 11111 clns()d because the variables B1, t +t• C1, t+1t ... can take only 
vnllll'l<, I h)W()ver the minimized function f(B, C, ... , Z)~oo. When 

I I ho \'I! tl ll ll l t•~ 111, 1 1 1 ~ o, C1, 1 1- 1 --.0, .. . (the vector B = [80 , 1, B 1, 2 , ... , B, _1 , , ] ; 

I\' C, '"· _ ), 'J httl rnct permits to minimize the function/ in closed, limited set 
n l n- l 

I c I 11 I • ... , /.I, I+ I: .2; B r,i+ l = B, ... , .2; zi, i+l = 
I 0 /=0 

{lit" 

, n,, , , , ~ h. Ct ,t+ l ~c, .. . ,zl , i + l ;;.:=, ... ;;.: 0, i= O, l, ... ,n -1}, 

,) 11 ~ 1 • 1111 vulm·'l h, c, .. . arc small enough, positive, real numbers. 
1fl1hl~rN /< ,.11 belong to the closed and limited sets V,_, . The minimized 
t ltllllrlltClll 'l inside !~1 and V,,. Then it is possible to change the minimiza
i •IT I 1.1 p. ?.03). 
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WIU.' IO S, ill llw Nl.l( o l' llJll' l'lltiflll~ (r, .1 ) iJ ,'11, lhnl 1111} t ~ll l i~1'd ll itlllllltllll'lllt~ l y With 
opomtion (1, I I· I ), i.o. 

(r, s) €i S1 (r, .1') 1 S,, n r tf! I 11.1'> (/ I l) . 

When the optimum values of IJ1, 11 ., ... . /.1, 1 1 1 ur·o inll·oducl.ld to lht• wr11tlll 
which define V,., (eg. (11 )), one gels the sets V_, to he ind1.1pcndcnt ol' ll u· vulu 
B,C, ... ,Z: 

{ 
·~ [( l(r.•)l )IH

1 
I ., v,.= l(rs),i: :;:::0, L; ~ K,~{''l I 

i = r 1,1 I I , 

where Ki,i + t =k;,i+ l L l crs) i ' 
(rs) e s, 

I 

( 
k, ,,) ll I I J.:,~l•t 

1 

K,,, 

[ 

s-1 l 
K,.= ,l; K/~~ 1 _a, q= I +fl+y+ ... +w. 

Therefore the minimum value of the performance measure of the whoh• l 'llli!ril 
becomes 

k. 
A =--

Bfl CY ... '7W' 
(I , I 

where 
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, _ J ( ) t/aJa 
kz= min 2.: kl,i+l + 2.: ' (rs)l ' 

l (rs) ! C Y rs 1= 1 (rS) ES! 

t 1 ~1 

V,. is defined by (12) 
The optimum values of parameters are as follows : 

Bl, i+ l=cl, i+ l= =z,,,+ l = crs>r- s, * * * [ "1, 1+1 + ..}; fer.•) I l l /a 

B C ... Z k. . ' 

The numerical methods can be applied to solve the problem ( 14). Th1• Vllhi 

kz and lcrs)i obtained in this way enable to calculate the optimum Jll ll 'llllli' IPI 

of single operat ions. For a given network and values k 11, lhc f') t'obll•nt 1_1 ~I 

.as independent of the parameters B, C, ... , Z should be solved only oun• 'I h 
obtained O.P.C. of the whole complex is of the same form as the O.JI ( ' ttl lh 
individual operations. 

3. An example 

A transport process using three electrical molors which work in lh! 
perpendicular directions a, b, c (sec Fig. 4) is considered. They should Nlllf'f 11 rui1 8~IY 
body from point 0 to point 3 in lhc given time intcrvul '/', with n1 l11111111111 t• ll t~fll 

consumpti on. Jn addition, the movcmcnl lrujl.lctory 111ll~l JIII NA hy lht• r dl!l'l I I 
and 2 2. Such n pl'ohlcm cun uppt•nr wlll'n thu W<ll'k of 11 loo! nwt•hllll' 111' 11 t; filll 

III ' IWntl• nl 111 tl\1111'1 lhul 11111~ 1 Ill' d n lll' hy tlt1· dl•d tl l'lll 11111tortt 
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u mu~sivc body displacement from point 0 to point 3 

\) v'V ... 
<..> 
;:, 
.Q 

..., 

~~w/1 t qo~3 

or;,'> 
0'0 

llu: Ill I ~ Ill~ or IIJ1CI'UiillllS to be done by the motors in order to displace a body along 

lt~hll I Ill fl y •t 

111111ldl•t' 11 single operation. One electrical motor should shift a massive 
tfl\<111 diNinncc Y, in the given interval T1 . The position ofthe body y(t) 
1ihrd by the equality: 

y(l) '"" y(O)+a J (1-r) x(r) dr 
0 

1 )lhl' ll cm• l'llcienl, x (t) is the current in the armature of the motor. 
(ill d 11!•111 llt llNhll in flnding such a control current x (t) E [} [0, T] which 
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0 

Y, dy (t) l =0, dy(t)l =0. 
dt l • T t dt t = O 
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(15) 



I hl' h1 NI tl'lutiPII i ~ 1111' 0 ,1' ( 11! tlrr ""Wlr 11J111IIIIcul 111' 11 11 1111 '• 111 ' 11 

Now w~ cn n cor1111dcr· 11!'11111 t lrl' pr nhlrm wl11dr i ~ ~ lrn\\11 i 11 I IWIIII '' 11 
Each opemtio n (/,}) is described by thr 0 I'< 111 the· lo 1111 

' k u 
Eu= 73 , where the P.P. I. /,u 

IJ 

l l • ' 
11 •I 1 1'1 p1vc r1 

(I I I 

The sets S11 a nd S,, w hi ch have been de lincd in (2) lll'l.l ht•r'IJ 

S11 = {(0, 1), (1,2),(2,3)}, S/) •{(0,2),(1, 1)}. 

One looks for 

. [\' kot k12 k23 ) ("02 k'·') l mm - 3 + 1 + 3 + 1 I 3 
T,1en Tot Tiz Tz3 T(Jl Tj3 

where Q ={Til:>O, T0 1+ T , 2+T23 =T, T01 +T12 = T02 , '1'12 1 'f j, I ', d. 
T denotes the time interval of the whole displaceme nt. 

The set Q is defined as the constraints that are requ ires by the net well k ' ' r 111~ 1ur 
A s follows from the results (12) and (13) the minimum energy cos t I'm rho \\'hul 

displacement in the time interval T becomes: Eow = kz/T3
. 

The P.P.I. k. being solu t ion to the p roblem ( 16) can be found llllrrrr r l(il ll 

k== min [(ko t+lcoz) o) 114 +(ktz+I(02)t+/(13)t) 114 1 (AlJ i/(11}~) 1 ''1 1~ 11 
l( o>) o.l(o>) 1 e Vo> 
1(13) " 1(13) 2 E V 13 

w here 
I / {/ I •'-0 [l /4 , ,,4 I 1/4} "oz= (02)0• t02)t ·="'' (02)o+ (02) t = '<oz ' 

V {I 1 ·>-0 /1 /4 Jl /4 k-1/4} 13= (13)1> (13)2·=--- ' (13)1+(13)2= 13. 

The optimum values /<~2) 0 , /<~ 2> 1 , 1<: 3) 1, tc*13p that can be ohtuiMcl hy ~~~ 1 \•ln 
the problem (15), allow to determine the optimum t ime inte r vnls or I ht llldl I rdliMI 

operations: 

[k '
* 11 /4 [k /* /* ] 1/4 01 +(01)0 12+(02)1+(13)1 " 

T01 = k T, T12 = k. T, l 1.1 
z . -

1'11 I ~ f/1 1 I ~ I' /ol 

T0 2=T01 +T12, T13 =T12+ T 23 ; and the optimum c urrents (rclatio11 ( l ~ i'l 

* - 3 yli [Tij - 11 . 
xiJ(t) -auTc~ 2 
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!lfl!! w tlymt111h'1nyd1 syslcmnch lypu PERT 

''''"" tV-IIIIIY l)'(lll I'HRT tnwlcrajllCO opcracjc dynamiczne. Przyjmuje si«, i:e kai:d~ 
lli•llllol opl~llr ( 'hnmktoryslykt) Stcrowan ia Optymalnego (CSO) o postaci pot<;gowej . 

•ll tll•h~r 1 1111 '""11-tll'llht <·so lliiii'CliOwancgo systemu i okresleniu optymalnych warto5ci 
IHiW tli!~l• ,,.llnlnydl uporncjl. Podano twicrdzenie umoi:liwiaj~tce sprowadzenie kai:dej 
i!mlll• I -··'' ' ''IIIIWII , .,,wn o l c~:~l cj. Mo:i.mt wtcdy wykorzystac rozwi11zania zadan dla sieci 
il f(l llnh•lliVl'h Wykll/11110, 1c CSO zagrcgowanego systemu ma taki:e postac pot«gow~t. 

tllltl. lhlllllt\1'111111 1111yklndcm optymalncgo stcrowania przesuwaniem masy przy pewnych 
11hi1. h 1111lncnnyd1 1111 ll't~ckt ol'it,: ruchu. 

11 jl(lll·l I lll l l'~ll·l 1111111 I JEPT, COJ\CPlKall\llC ,IVlH8MM.'!CCKHC oncpall,llli. Tipe,!l.nonaraeTCll~ 
HIH 11111'1111111111 M111Kl'l' 6 1>11" OuHcnua XapaKTepRCTHl<Oli OnntMarrbHOro YrrpanneHHll 
ifii~llillllll 1111 111 ' III JUI'III cocron r o naxOlKJlCH HI1 XOY arperupoaaHHOH: CHCTCMM H onpe
lliiill~lil•ll l ll.l\ lllii'ICIIII il IIHJ)IIMCTpOB OTACJibflbiX onepaUHll. ,QaHa TCOpeMa, 110380· 

i il 1•11 I IYIII I'\' I h I( IIIIPCJI11CIIhii0·110CJICAOB8TCJibHOMY BHJl)'. MOJKllO TOrJJ,a }ICilOJib-
11! '''~111111 ')111111'1 111111 tiiiPIIJIJICJlhiiO·IIOC11CAOI3HTCJJbHbiX CeTeH:. TioKa3aHo, '!TO XOY arpen t-

1 UhriC,II·I 11~11'1' I IIIIOt<C CICIICIIIIOfl BHJ{. PewCHHll liJIJIIOCTpMp)'KJTCil npHMCp0:>1 Onrn-
IICKOTOpblX orpaHH''!CCHflliX HaKil8)l.blB8C~IbiX 
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