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1 illitO:ldiill •v•h•ttl lil'".'rlhcd hy the equation .~ (1)= Ax (I)+ Bx (1 - l)+ Cu (1), where x (I) E R", 
ltii tol 11 I 11 • U'", , I, /1, C constant matrices, is considered. A general solution to the problem 
IJillltthllllv 111 '''I'll fum: tlon for such type of systems is obtained. The solution is given in the 
!' li·•l •I hh ttlllt'lttll k ~·rl torlu cxpt·cssecl in terms of some specia l functions of the matrices A, B, C. 
IIFI in ill• 11hlulm•d I hunks to u new method of transforming control problems in time-lag 
l!il!l•''illl~·llh·tlll.'lllllt ul problems sta ted for some non-delayed system with additional equality 
lttl~ 1111 lnltlu l 111111 tllt'llllnul ~lu tes. To solve the reformulated controllability problem some 
tiit llllillllllltllth111ty of lt 'I~Cctory and compensation of disturbances for linear non-delayed 

II!H!Hhll 111111 

I hlli'IIIIIH••t• ul' ill l' purer is to obtain testable algebraic criteria for controllability 
Ill 1\IIHIInll l11 11 li llCtll' constant time-lag system. The class of systems considered 

H l!.v llto lollowing equation 1 

1'(1) Ax(l) I 13x(t - i) +Cu(t), tE[O,tt], 11 >1, (1.1) 

Ill iiiliittl ntlldli lll ll to~ 

\(0) .\'uE R", x(t - l )=f(t), IE[O,l], (1.2) 

11: 10. /1 I ~ R'" arc bounded measurable functions, A, B , C are 
ilitll illtlit ln•ll ol' suitnblo dimensions. 

1!,•11 llll llil'l use I he lcrm inology of controllability and relative controllability 
illlt11Ltllllily lo JCI'<l l'unctinn on [t 1 I , t 1 jnnd to origin at 11 respectively, 

ltlf 1 1·. ,J,IIl111H'd lo Ill• llxl'd. 
lltP l''""h 111 1111dr1 ron~tdl' l' llitllll wu~ invc,ll ~tll~·d hy muny authors. Banks [11 ] 

lltlllltlljl li wvlt•w 111' 11111111 ll1M111t " ohlltilll'd tip lo jl)/) ill I he flcltl of timc-lag 

\\llh d•l••~ 11 '(! 1 u111 lhJ ctt"lly 111Wiill~ll In 11111 !111111 111 tl ,tl 111'11'1 11 ~ultnhlu 
of 111111 



h) ' 'lt• rrr ~ l'lllllrollllhllrly, ~~~ \\l' ' lurll ~lll tlltlllli tr nrrly flrr prndu 11 ~ ""'~~ ( 
1\.iri ll ova, Ch trr·u~ovu o iH ill llt'd ~< Hill' rtiHl'lllrtit n ilt'ltll hut fc11 ~pt'lllt l l'll 

They pr·ovcd !hut if one ol' the l'ollowirtH ho ldH (I) 11111k j/f, ( '.1 I'll Ilk ( ', ( 
and det B:rt=O, (3) Aa O und run~(' I , lllen co nfmllulli lity Is l'lllli vu krtl In 
control lab ility. lt may be intcrel>ting lhul a lge lm dc crit cl'iu l'or· t'l'il lflw lllrt ll nl 

given in [1), [2) were obta ined by a co njecture lhul every syslertt ol' lilt' lrumfl 
is point wise complete, that is, at u=O for any 1> 0 und uny \

1 
r N11 I hell 

initial conditions (x0 ,j) such that the solution to ( 1. 1 ), ( 1.2) \{I) \
1 

ht'l' Wtl 
The conjecture, however, is not true in general, as it wus shown hy l'etpetv 171 
Zverkin [l3) on a counterexample. In order to avoid lhe pr·oh lt' rtl etl poifll 
completeness Manitius and Olbrot [5) defined controllubi lily us rcul'lrll lrtlll\' ur 
vector in R" at t, and obtained controllability criteria in the Cll\l' ol 1111111\ 

in ' 'slate" x and control u. Weiss gave in [4) a sufficient condiliou l11r r ~ l 
controllability in the form similar to [I ], [2), wh ich is also a nece~l.nr·y 111\l' tlluolril 
complete systems are considered. For this class of systems there is 11 trlll·rtoll 
controllability of (1.1) obtained by Weiss [3), unfortunately not in u co rnprrl tihl~ f 

The most difficult case is that of point wise degenerate (no( C\l llll'h•fr) I\)'" I 
In th is paper a method used in [6) for examining pointwise dcgcncr'lllY 1~ "PI 
to obtain general solution to controllability problem for lime- la~ 14y~ h ·r rr ~ '.1 
method is presented in Section 3 and has, in fact, a point in comnlll ll wllli 111111h 
6f Popov [5] who used the same equ ivalent system wit hou t delay. 111 Sl'l lllltt 

introduce the concept of controlled inva riant by Bas:le and Marm I'Jitllhl lrrftl 
develop some theorems on maintainabili ty, reachability and COIIIjlt'll~trlillH 
disturbances for linear systems. The results of Section 2 have dirct.•t upplll 1l ll!lli I 
the proof of controllability criterion (Sections 4, 5). Two numcricnl C\lllllpln ill 
in Section 6 illustrate the text. 

Throught the paper the follo wing notation will be used. By R ,, N 
1 

\\r tl 
the range and the null space respectively of the operator A. R" "' i~ 1!11· ··IJil 
all real nxm matrices, R" x 1 will be writ ten as R". For a subspucc /.c U11 11 11iJ I 
A e R" x" denote d(Z)= Z +AZ+ ... +A"- 1 Z and d(B) instcu d ol d(H

11
1 

Identity operator will be denoted by I and the Moore-Penrose gi! I1CI'IIli.r cl irrvllr 
of A by A+. A - 1 X is the set {y! Aye X }= A + (XnR,..)-l NA provided ihnf \' ll I( 

=1: 0. y .L is an orthogonal complement to Y. {x ,, ... , x,} is the subspiiCl' ~ 11111111\'d I 
vectors x 1, ... , x,. We shall sometimes write {A} for RA·A 'I' is lho tl'llll ~pn~o nf .1 

2. Preliminary results on controllability, maintainnbility 
and compensation of disturbances for linear systems 

Let us start with definition of controlled invariant due In lln,ilt· rual Mun 
[9, 10). 

DEFINITION 2. 1. Let A e R" x" and let S h~· 11 suhsplll't' in N". A. 11 11ll~p.u'1, ,\\ H 
is said to he (A, S) contrnlk•d invnriunt (or hriL•Ily ( I ,.\') rri VII IIIIIII) 11 o~l ,\'1 ,\''1 

I 11) ~ 11 · 111 llu·or y I h1· illlll'l'jll nt 11111 ' 1111111 (wll h H"i iWl'l I o nniNIII!J Wl' lll' lll l~d 
ni ''"'''" lh-d l11vrrrurrrt m lll rtrm·d i11 rt 14iw 11 ~ llhll pllcc pl11 y11 on lmpmltllll 
ll)!.&itllhrrr• '''' to tltpuliiiU rnu xlnutl co lltmllcd rrwal'iu rrts trr·c cilcd below. 

,lttll ltt Wn nli1111t urrd Mmsc !HI i~ ns follows. 

IIICHl l' ''"l 11 unique nw xi mul (A, S)-invarianl contained in a given 
U". I 111 llicrnlor·c il equuls to Xv where 

\'n \ . r, r, I nA - J (S+X, _, ) and dim X=p. 

il'.!ll f'1111llrr wri ll' Allc(A, S, X) for the maximal (A, S)-invariant in X and 
/1, .\'") lll!ll l'lll l 111' Mlc(A, 1? 11 , X) or sim ply Mic X if A, B are understood . 

otiiiPIIIilllntllll ll'cliniq uc offe red by Basile and Marro [9] is more conveniant 
11111 11 ~ 1.1 tlw inverse A ' . The algori thm may be introduced in the form of 

I lit ruu :..inlll l (A , S)-controlled invariant contained in X is equal to 

\ ' 11 \' ', X1 • X J. +A '~'(X1 _ 1 nS)andp=dimX. 

H\CII H My~ ltllll 

(2.1) 
\(I) •A:o:(l) 1-Bu(t), 1';:!: 0, 

\(I) c R", u (t) E R"', A, B-constant matrices 

111101 ,\ r U", define the notion of X-maintainability and X-reachability 

lli:J r i ifJ'i "' '1 A. vector .\ 'o e: X is said to be X-maintainable if starting from x 0 

ltiU\'UIJt \ 111 ( .1 I) l'nrnplefcly belonging to X can be obtained by means of a bounded 
lftt! 11 . 

11 Hi i! IN " \ A. wet or x 1 G X is said to be X-reacbable from an x0 E X at time 
11 ilier o 1 ,fll lll 11 ll'lljl•ctory of (2. 1) such that x (0)=x0 , x(t1)=x1 and x (t) EX 
lti, I I I 
lli ll iilitl ll 111~ 1111 of j9j is the followi ng criterion of X-maintainability 

' ~. A vt'clm \'o c. X is X-maintainable iff 

'-"o e: Mic (A, B, X). 

li!~·o, Lt~ tlrllntlion, Alll'(Aiic X) Mic X it follows from Lemma 2.3. 

111 i Ari\' ~. I , A. vet: lot \u i11 X-mninluinnblc if und (lll ly if il is Mic X-maintain-

HI l!u) ~''IJIIII wr tllTd 1111 111~111illi111 f'n r lilldllll' 11 1! \' rl'lll llllhll• hiiii CS ut I 

IIHH Y81( 111 ( 1 I) I hiM pmhlrrtr Wll !lllllh 1Jd i 11 l H j.111d 11 ~' I I m I hu Ml1l'l'llil l'll~l' \ 11 - 0, 

• 



11 MMA ! •I I lit· 'll' l nl ull \rd OIII ,\'• rt'lll-llllhk lltllll tlu· 111iV,ill [11 limo 11 

tht• l"n1 m o f 11 suh~plltl' 1\/t 1 ( I, /1, ,\ l (11111\1111111 liHIIIItl lultillty lill h~Pii CC ) Ill\ 

be computed by the M'qliCIWl' 

X0 0, \', • !1//1' \' n (:I \ , , I U,) 

laking Mt.\' X \',1, 11 dim !I/ le· \ . 

In this section the notation Me.\' X for Afcs(A, 11, \') wtll tw ll~t·d 

Remar k. The algorithm <1 bovc was not ex plicit ly stn tlld hy lht• lllll ltr•r 
can, however, easi ly deduce it fro m an algorithm given in IHI. ' l'lt t•tll l' lll ·11 , I 
into account Lemma 4.3 and Theorem 4.3 of [8j and 'l'hctii'Cill Cl. I 11l 11 ~I 
· In [8], Theorem 4.3, a different way of comput ing A/1'.1' \' i~ prl'~l'lltl'rl I 

quote this result in the form of: 

LEMMA 2.5. The maximal controllability subspacc has the l'o1·m of' 11 ntllli•-·11 
subspace .s4 (R 8 n Mic X) where A= A +BC for some (' c N"' 11 ~ '" h I 
A Mic X c Mic X. 

The existance of C is proved in [8]. 
To extend the res ult of Lemma 2.4. we prove the foll owing: 

THEOREM 2.1. The set of all states X- reachable at 1 = I from 11 11 ,\'11 1 

element of the quotient space Mic X/ Mcs X and is of the form 1 1 I tl/ n \ 
x 1 e Mic X is an arbitrary vector X-reachable at I = I from .\'0 • 

Proof. If x 1 (1), x 2 (t) , t E [0, 1], are t rajectories in X start ing I'I'Oill 111 

and corresponding to controls u 1, u2 respectively then, by lincnl'ity, ~ ~ (il 
corresponds to u2 -ul> sta rts from origin and belongs to X. llt:lll'l', ll\ I 
2.4,x

2
(1)-x1 ( l)eMcsXlhatisx2 (l)ex 1 ( I)+Mcs.Xforunurbiti'IIIY \ 11'11 

vector x 2 (1). Conversely, it is readily seen that any vector bcl ongin~ In 1 1 I M 
can be reached from x 0 by a trajectory in X if x , is X-reuchnhlr.> 1'1'11111 '" ' 

Now consider the system (2.1) with addi tive d i sturban~;e : 

x(I)=A x(t) +B u(t)+D z(l) , I >0. 
where z (1) ER", D is a constant matrix, u, z arc assumed to be botiiHit•d, 1 !10£1~11 

defined over finite or infinite interval. 
We state the following problem for the system (2.2): "U ndc1' whu l U•i 

the state x 0 is X-maintainable for each disturbance ::'?" 
When x 0 = 0 and u is chosen in the form of a consta nt fccdbncl1 tht· -11 l11th 

this problem is that Rvc Mic X (see [8]). In general the fo llowin~ lht•Pil'lll I ~ 

TrrEOREM 2.2. Given a subspace Xc R", an initial stntc .\'n c \' of' (:2.~) Ill ,\ 
tainable for each z iff x 0 E Mic X and 

R0 c Mic X+ R11 • 

Moreover, the above conditi ons arc nccuHsury 1111ll IHII'Ill'il'lll l'n1 A/ lo'• \ 
ta ina bi lily. 

nay. 11' ( I I) hnld ~ lhl'lllht•lr r)o,t~llllllllln'M Il l, /) J MICII tlillt n, I /) 1 /) 

!lilt \ < 'lt•lltly I hili rt•p rcscll tutinn is unique on ly if' 1?11 n!lllc X ... 

11111y IH· llt'lltl'ldl;cd to /CI'O scttil1g e.g. 11 1 .... /3 1 0 1 =· By~~ result 
M lll'~l' IH I t liCI'C c>-.ists 11 ~;ontrol 112 • l·:\' for some Fe R111 

" such 
1111 tilt• trujcdory ol' (2.2) is locali7cd to Mic X. By Le mma 2.3 

I 

lhtll I lilt' t'llll find " ·' such that cM x0 + J c11 <t - s> B u (s) cl.~ is in Mic X 
0 

lty lillt'll rily " ' 11 1 + 112 + 113 is a properly chosen control. 

lllll ty, St t ppn~t· .\'11 is X-mainlainable for each z. Take z=O. By Lemma 2.3 
ii 1l1oll .\'11 r Allt• \'. ll cnce x0 is Mic X-maintainable for each z. In fact, if 
!lllti!IIV ll11 MOIIW ' und so me t'>O the stale x (1') cannot be in Mic X then, 

lfllilil ,1 I, \(I') iH 11ot .\'-maintai nable in the system (2.1) and this implies that 
1111i I o!llltllll lll llll hll• l'or·: ='on [0, t' ], z (1) = 0 fort> 1' which is a contradiction. 

thrn• t•xi~ts tl con trol " such that x (1) E Mic X and simultanously 
ll;1 I Mlr \ lilt• lnt tcr follows by Definition 2.1. This and equation (2.2) 

/) (I) .\·(I)- A x (I)- 8 u (I) e Mic X+ RJJ almost everywhere. 
l•ti i11WH llllllll'diutcly. 

1 ' 1 l t•t 11 ~ubspucc Ye R" begiven. The property that for any 
t lit 111 ~~ -~ 1.,1 till l'u E Y such that x0 is X-maintainable is valid for the 

l Ill 

R0 c R11 + Mic X. 

•llltlih•lll'Y l'o llows fro m Theorem 2.2 setting x 0 = 0. For necessity it 
!lill\('rl . 11~ 111 ll ll'orcm 2.2, that if the considered property holds the require
! \ llliriiiiHillllhi lity muy be replaced by Mic X-maintainability. We complete 
lli il'; lu I llt•tll't1 1l1 2.2. 

I• ·lilt 111 ( 'n1nllt11'Y 2.2 means that the possibility of choosing the initial 
rrlvulltiiKl' ns l'nr as the com pensation of disturbances is considered. 

}, /\MNIIIll ll thut (2.3) holds. Given an arbitrary disturbance z, an 
\'n nl' ( 1 ]) lA X-muintainablc iff x0 E Mic X. 

I' 111 vlrw r11' J'hcorcm 2.2 sufficiency is obvious. By (2.3) and Theorem 
t 

111 l'iliHlSO u ~;on t ro l 11 1 such that J e-" <r-•>(8 u1 (s)+D z(s)) ds is 
0 

NftW Het 11 11 1 I llz where u2 is arbitrary. Tf x(l) is in X for some 
( 

lnl i11W'I from above that Rlso c'" .\'o 1 J c'1 Cr-s) B u2 (s) ds is in X 
I) 

irllplil·~. hy I C1111l11l ? .. 1, thnt l 'n t A/le· \. 

quc ltl 11·. ld111Wh•dul' 11 1' 11 Nt•l ol' 11 11 \' n'llt'llllblt• 11tnlcs ot I • I, provided 
liO £dwn, '"' dn~i rotL 'I'IH• Holut lnn to thl~o prnhlt•ll l l'tllt Ill' cuHi ly ubtuinud 

illlilfllir:•n .-.r 1 hl'llll'"' 2. 1 "'HI 1 ht· ~~·•ni t 1111 ~ 141111ilu1 lnl'ltl. 



1'111 lltl \t 2.:1 lli1· 111~1 nl' ull Vl'l llll'l \'• 1'\':ill"hllhh· 111 r · I i 11 1111 11 11 111 

11 givc:n dllul'ili iiiCl'. u ll'l'l~ I H 011 lh l• MY~ ~ ~~ ~~~ (,' .1) 1" nl lh1· l1 11 111 11 I Mn .\' whl.ll 
is un urbil rury vc:ctor ,\ rcuchtLhlll 11 1 t • l IHlll l \ 11 hy 11 HIVC:II 

3. An equivalent non-delayed system and rcformulullon of 
the controllability problem 

Let us consider now t he system described by the equation (1.1) with iniliRI 
conditions (1.2) and the controllability property on a given i ntervu l [0, t 1 1, 11 . 11 
that is the property that 

Vx0 E R" V/E :IF 3 u E dlt: x(t)=O on [t1 - 1, tt] ( ~' · ~'~ 

where .9Z'" = BM ([ - 1, 0), R"), Olt = B M ([0, t d, R111
) are classes of bounded mcusuruhh 

functions. 
Let k be t he integer such that k- l <t1 ~k. Denote 

x(i+t)=x;+ 1 (t), u(i+t)=u1+1 (t) for i=O, ... ,k- 1, t E [O, 1). ( .I .I) 

Then we have by (1.1) and ( 1.2) 

x1 (t)=A xl (t)+ B f(t)+ c ul (t), t E [0, 1], 

x2 (t) =A x 2 (t )+ B x 1 (t) + Cu2 (t), tE [O, 1], 

xdt)=A xk(t )+B xk - 1 (t)+ c uk(t), t E [0, 1], 

where the k-th equation is to be extended on the whole interval [0, 1] by defining 
u (t) on (t1 , k] in an a rbitrary way. The equation above can be written in the fo rm 

y(t)=Ay(t)+Bf(t)+Cv(t), t E [0, 1] (3.3) 

where y(t)ER'"', VE"Y=BM ([0, I], Rk"'), A E Rku Xku, B ERkii X/1 and CERkii Xklll 
are as follows 

f
x 1 (t)l 

y(t) = ~2 (t) ' 

xk (t) f

u1 (t)l 
v(t)= t~2 (1) , 

u,, (t) 

~- r~A··· 01 -r~1 - re~.. 0] A - : ·.·. , JJ _ : , C- ·. . . . . . . 
0 BA 0 0 ... C 

'By the continuity of a trajectory x (t) a nd from (3.2) 

x1 ( l)=x1+ 1 (O) =x(i) for i = I, ... , k - 1. 

(3.4) 

(3.5) 

lltldllll itliO lll'I'011111 t lill l .1' 1 (ll) M,\ '11 lhi' lllljllil·~ 

1' (0) ~ ,l'n I k .I'( I) 
h~l 

l.\'oJ [ 0 01 y,-! ' I<~ t"·io . 

(3.6) 

(3.7) 

I o1 !'IVCII .1·0 , ~~..revery solution to (3.3) satisfying (3.6) can be transformed, 
111 llli 'OI'duncc wilh (3.2), into a solution to (1.1) satisfying (1.2). Tllis follows 
llllltll'dilllcly by the method of continuation and uniqueness theorem for differential
olllh n•lll'L' equations. 

l l111 s the equivalence between n-dimensional time-Iag system (1.1) with (1.2) 
d1 llm•d ml [0, t 1 ] a nd Ilk-dimensional non-delayed system (3.3) with (3.6) is 
t•~ luhl is hcd. This makes p ossible to replace the problem (3.1) by a certain problem 
ll11 I he system (3.3), (3.6) and to obtain then computable algebraic conditions for 
11111t ro llu bili ty. 

e. ('ont rollability conditions in case t 1 = k 

In this section we consider the case t 1 = k, an integer. Denote 

Y0 =R"x{O}"(k-ll, f=R"(k-l l x {O}", 
(4.1) 

yl =R"(k- 2) X {0}2". 

' Now, because of equivalence established between (1.1), ( L2) and (3.3), (3.6) 
I he following lemma can be p roved easily. 

LLMMA 4.1. The system (1.1) is controllable on [0, k ] i ff 

(A l) V (.r0 ,f) E Y0 x 9=3 (y1, v) E Y1 x "f" such that by 

y (O)=Yo +Ky r 

both (i) and (ii) are satisfied for the system (3 .3) 

(i)y(t)Ef VtE[0, 1] 

(ii) )' ( l)=yl 

Pr oof. Notice that y (t) E Y on [0, 1] is equivalent to x (t)=O on [k-1, k]. 
Cond ition (ii) with y (0) = y 0 + Ky 1 guarantees that (3.6) is satisfied. The equivalence 
bt:twcc n ( l.l ), (1.2) and (3.3), (3.6) completes the proof. 

Now wc arc in u positi on to use the theorems given in section 2 for proving the 
ntutn l'l'~ll ll nf I hu pup~r. t hllt 111 tlw controllability criterion. 

11 



'1'11111ttiM •1.1 . 'Jht· "'Y"Irlll (1.1) I ~ lllltltnlluhh) clll IO, AIIIl 

u,l '~t·· l Aff1' s·. 

where 

Y
0

-t ~.;J (!J) c. (l t\' c~ ) A/le PI k Aft',\' f', 

Mic f = Mic (A,~. P) 

M cs Y = M cs (A,~. f') 

A=A+ CD for some f> E Rkm X kn such that 

A Mic Ye Mic 5" 

Jj is an arbitrary kn x n n1atrix such that 

R8e Mic Y, R /j _8e Rc . 

Pro o f. At first notice that the existence of a matrix /) foll owH f't'l tlll lh1• lt\Ul 
that A Mic Y e R(;+ Mic Y (see [8], Lemma 3 .2). This foll ows niHu ln vulll v 11111 

· l emma 5.3 in this paper. The existence of B fo llows easily fr() tn (4 ) ) 

Necess ity. If (1.1) is controllable o n [0, k] then by Lemma 4.1 
V (O,J) e Y

0 
x !!7 3y E KY1 : y is ¥-maintainable. Hence, ma ki nl' u 11c o l < " ' nii!H 

2.2 yields (4.2). Now let A, B be matrices having the pro perties I'Cqlllt ~:d t<'or nn 
(y,f ) E Mic Y x !F choose the control 

vl Ct)=c+ (CA"-A') y(t) + (B - s)J(t)). l~ .~, 

Since R - · = R ·· e R · R - ·eR· a nd cc+ restr icted tu R A, IM 1111 ld(lnlll A - A C D C> B -B C ( -- - - · 

opera tor , the equation (3.3) with v = v 1 may be wri tten in the f'ol'lll 

y (t) =A y (t)+ 13 f(t). {~ ,, 
Provided that y (0) = yE M ic Y the solutio n to ( 4.5) 

t 

y (t)= eAt y+ J eA(t - s) Bf(s) ds 
0 

is in Mic Y on [0, 1], since Rie Mic Y and Mic 5" is invnrianl undct' l {l lid 
- 1 -

Thus it is obvious that eA y + J e11 <t- s> Bf(s) ds is the endpo int ol' 11 l ru jl·•ttiJ 
0 

(3.3) starting from y E Mic Y and completely belonging to Mic 9'. 'l'hl'll hy I h~or 
- 1 -

2.3 the set eA y+ J eA<t -s) Bf(s) ds+ M cs Y consists o f ull vel·lo rR f · l'r.lil'll 
0 

from y (O)=y at t = 1. 

Let us note that 
J 

{wl w = J eA'{l - s) /J f(s) d.1', [ G .9'} r: ,t/(n}, 
0 

the conlrollnble suhspncc of' lh~ pnir (IT, R). 

lll litll .dllltlv ul (I . I) l111plh•'l ul i411 hy (•I ll 1111d C 'm nllury 2 .. 1 I hil l IIIo voule>t' 
1 A'n ltt 11' 11111111 •I I IIIII NI lwlonp 111 Allt l . 
hv 11' 11111111 •I I 1111d l'lliiHtdcnltlons 11hovc the property 

1111pll1'~ lho lollowiug, 

( 11
111 11' ) t.1 l'u >< r/ ( fl) 3y1 G Y1 : 

lli 11 ll! Ji!!)'u+ t\',t' 1 1 A//(' f', 
I l'( !') li!il l' , O ll:i ()'u I ~)',} IIV r M C.\' f'. 

ftitljWIIY (A'I) iN ~·q uivnlcn t to 

ft •11,u•) r l u .r/(n} 3ye Mic Y: 

y e ~(e'' y+ lv + Mcs Y)+y0 . (4.6) 

111 ftl( l, i1 !1. lll'll l , hy ~~; t ti ng y=y0 + Ry~> that (A2) implies (A3). For the 
101 /'11 ' U1" ~~~ he I he o rthogonal projector on to Y0 and let y 1 = K+ y 

I ~ 111 llll' Hlllt plc fo t'111 

IHP Cllit ~~ ~~ ~ l ly wl'il'y tlmt 

[
0 I ... 01 

R I= ?O· . . = l?T. 
: . I 

0 .. :o 

/ 1
1 •1 /.. "' 1 /, P0 R.= O, P0 y0 =y0 fo r Yo in Yo . 

1\\'1 i1 iltllnwH 1'1'0111 (A~) 

P0 y E 0+ J'o= Yo· 

(4.7) 

I Ith llltplln 111111 l'o I ~.1 ' 1 ""' ( P0 +KR+)y=yE Mic Y which gives the p roperty 

111'1: lll ll lil'lllllllll -

f\ I j c 1\ 1 K(t:'1 y I w+ M cs Y )+K+ y 0 =eA-(y0 + l?y 1)+w+ M cs Y 

1'
0 

... 11, f.. 1 "'is the identity on Y, Mcs Ye Y, and e1 yE Mic Y, we d (B) e 
P, (i1t' hy dl'll niti()nS of A and B 

R11 c Mic f', R 8 e M fc Y. 

1 hll~ t!tO l;i jllilll ll'lll'l' (A2) ·~!> (A3) is proved. Writing (4.6) in the form of 

J'u R.w E (R.c'' - f) y+ {( Mcs Y 

l!y t.L'i'il lltll t 

(A2) · (A3) :c> (4.3) (4.8) 

I (.11!ii!'ltl1' 1 I hl' pm of' of 11 \!CCI!H ily. 

11 r f t (llJ IIr~ , I Ill (oi .. 'J tllld (~ . J) hold , l<' lrNt nl' 1111 OllNl' I VI.l I hilt by (4.8) it remains 
ll 1ilf (·l .~ l 11 11d (I\ } ) 1111pl y (I\ I) hll 1111y (l'u,/l • l 11 • ,'I' choose the co nt rol 

' H!i t .' t •i' f1) 



whl.!r'o ,, , is dcllnod hy (4..1), 111 oh111111 tltl• l'\llllllitu1 11ln1il11r 111 (• 1 .~) 

}'(I} tfr•(t) I n/(1) H~"J (I) . 
I 

As was emphasized before c'1(,l'11 1 1\y ,) I Jc' 11 ' '1 n/( 1)d1 I M11 f 
0 

set of all poi nts Y-rcachable at/ = I from)' (0) • .l'o I A~. l' r whi le lilt• "dl 11 l11rltt1 
jinfluences the system (3.3). So the property (A2) mean~> lhul l'or 1111y ( 1'11 , / )1 I 1 

there exists y 1 e Y, and v 2 e "f/" such that the trujcctory of' I he syslt'l11 (4 'l 1 ~1111 I 
from y0 +gY1 attains y 1 at t= 1 and .1' (t ) E Mic V for all 1 co nsidl't't•d 'l'lifl (•Hll 

v=v1 +v2 and the vector y 1 fulfil! the requirements (A I) ror the 'YIIIl'll1 ( \ , ). 11 
the controllability conditions (4.2) (4.3) are proved . 

As a special case of controllability property (3 .1) one ea n ~:nnsidl'l' I ht· 1""111 
of controllability with respect to either x 0 or f Nam ely, a vector· \ 11 io; 11nlcl 111 I 
<.:ontrollable initial point if the initial pai r (x0 , 0) e R" x .'F of { 1.1) is t'o ll lr, ,11 ,1hl 
on some interval. Similarly a controllable initia l fun ction can be dcllrwcl 'l'luiUYHI 
(1.1) will be called IP-controllable (IF-controllable) if' al l ini ti11 l poi llt M (11!111 
fun ctions) are controllable. From the proof of Theorem 4.1 one oblui 11" 11111111'dlo!h' l 

CoROLLARY 4.1. The system (1.1) is /P-co ntrollable on (0, A I ir 1111tl c11rl~ l1 

Y0 c(l-KeA) Mic Y+f? MC.\'?. (•1. 111 

CoROLLARY 4.2. The system (1.1) is IF-controllable on [0, A I ir und nn ly il 

R;FRc+ M ic Y, 

KOl(B)c(l -K.e:i) Mic Y+f( Mcs V. I ·I 11) 

For systems which are not /P-controllable one ca n get, in Jikl' 111111111Cr 1 111 
description for the set of all controllable initial points. 

CoROLLARY 4.3. The set of all controllable initial points of' the sysll'lll (I , I) i~ i•t 
the form 

P (Y0 n(f-Ke'1)Mic Y+/( Mcs V) 
where 

R" X kll 3 P= [1, 0, ... , 0] ( 1LI~I 

A very simple necessary condition for controllability (/P-co rH I'OIIilhi lll :y ) LJ,rft I 
obtained from ( 4.1 0). 

CoROLLARY 4.4. If the system (l.l) is /P-co ntrollablc (controllabll.!) 011 ]ll, /,I 1!111 11 

dimPMic ?=11. itl l \1 

Proof. Applying the transformation (4.1 2) to both sides or (4.111) nnd nh•·• 1\·ltl 

that PK= O, PY0 = R" one gets (4.13). 
It is interesting to know, for system~ which arc not /F•l'o nlrolluhll', u l~ i'111MI 11!\.Ii 

description of a set or all conlrollnbk 111111111 f'u llclion,. !hi• prnhlrnl hm\'C\(11' I'Oti!lll!l 

unsolved und wi ll not lw ll'l'llll'd in thl~ p11Jll'1 , 

(11) 

1111 Ill, (I '· " 
( I . J. 

1·1' 1, r 1 (0, 1). 'J'lul con trollubilily of the system ( 1.1) on [0, t 1 ] 

rih~· il h,v lllt'llltH of' some dynumic properties of the system (3.3) quite 
lit ~oolln11 •I for· the CIISO t , .- 1 •. Let us in troduce then 

lhf liY~ I t'l ll {1. 1) is ~:o nlrollable on [O,t1 ], / 1 =k-l+r, re(O, 1), if 
1 lu IIYIIhlllt {.U) hns I he property 

I 1·111./) 1 I 11 , ,. l(y,, y 2 , tJ) E Y, x Y, x "/' such that if y (0) = y 0 + l(y 1 then 
I' 11 11 ]tl, r 1. 
1 , 

I r 11 11 I r', I J, ,, 
111', i tllll lllllllhillly or the system (1. 1) on [0, t1 ] implies that the condition 

I! !HI ]1 1 I ,/, ] 11111y be fulfilled for any initial pair (x0 ,f) by the choice of 
jii'l Cil11l111l (r .u. ul't c•· getting x (t)=O on [11 -1, t 1 ] one may put u (t) =O on 
11 lit~ I'II II Vt' l'lll' ill obviously true. This can be expressed in terms of the 
liUH M~··•ll 111 ( U) with (3.6) as stated in the Lemma. In fact, (i) and (iii) are 

lbt!cnt 1ft 1 (f) • () on lt1, k] which is easily seen from (3.2), (3.4), ( 4.1). Condition 
111 iOpri11·d 1111 lh ll l the equivalence between (3.3) (3.6) and (1.1) (1.2) holds. 
lrtill!l (il,) 1'1111 hu omitted, but it is useful in the sequel. 

i liP iiCX I I \\Cl k•111111 11S ll i'C needed in proving controllability criterion. 

I\ ~ .2, I 11 I, I' 1 he defi ned by (4. 1) a nd let 

Allc· f Mlc(A, ~. f), Mic Y1 =Mic(A, C, Y1 ) , then 

Afh· f 1M/c Y,. (5.1) 

Ji 111 il f. l lu· prool' follows I r ivially from the fact that Y ::::> Y1 and the Definition 
I 

~ o\ ~ •. , llu•rt• l'\illls 11 be R km X k" such that for A=A+CD the following 
l mh111~ lt11ld 

A Mic Y ,c Mic Y,, 

AMi(' Vc Mic Y. 

(5.2) 

(5.3) 

1~1 11t ' l'• hy l l' lltrnn5.2, Mic V'::I A!ic Y, one can choose a btLsisy1,Yz, ... ,y0 

l\/l1 ' I - lltilll1111 ,1' 1, ... ,y,,. p·"' q is u busis fo1' 1\1/c· 1'1• lly ddlnilinn A Mll' Vc: 
pI 11, 111111 (Mic· 1 1 c Al/t• 1' 1 I /?1 • Th i11 i mpl il·~ f1•1 11'1 I (',,, l'or· 'lomc 

l\l(rr l11 ill flll lldll'tl Mic• ) ,I f l, 1111tl fn• 11<11111' ,,,, U~'",l I, , ,t/ Now 
fJ 11 111]11 I hill f>1•1 f 11 ' lltiN iN IHINIIihll' 1111111' dl111 11'11 1 )'~] tf · dl111 
• j, ' !' l1111i tin• p11111l 111 rn111ph11t 

tilt· tiiiJI~<•IIHitllll' llltc·•"-'" "'" ' IHJ ru•wed i11 tl u· ' ''"'I e~ l 



'10 

·r111 ott1 M S. l . 'J'h~: "YNI ~111 (I.!') is ~·ol llt'llll u hlu 1111 10. 1 d. /, '• <A 

where 

u1,c Mic: r 1 I u, , 
.9l (B) x (Y

0
+1?.w (8))c- I:'( Mic Fx Mic> d I M n i ' A flln1 > 11 

£= \ ' f \ e R lkn lkn , 

f K. e" 

A=A+CD for some b E R km X I"' such that (5.2) and (5.1) ur~· ili1l1'1lk11 . n I 
an arbitrary kn x n matrix such that 

R jjc.Mic Y1 and Ru- iJc. Ne:. 

Proof. By conditions (ii), (ii i) of Lemma 5. 1 controllabi lit y or ( 1.1) 1111 
implies that for any " disturbance" f there exists a Y,-maintainablc wl'lnl 1 

Corollary 2.2 this implies (5.4). Now we have to prove only thul il' ( '1,4\ ) llnhl 
controllability of (1.1) on [0, td is equivalent to (5.5). Lcl Jf, R h~ 1111il11u 
required in theorem. The existence of .1T, B follows from Lemma 5.J 1111d l11'11H 11 
inclusion (5.4) respectively. Note that, by Lemma· 5.2, (5.4) impl ie~ (11. 1). A Pf!l>•ln 
Corollary 2.3, if (Bl) holds then y(O)=y0 +Ky 1 e Mic 9' and .1'1 c A/11 1 1 1\ 
Theorem 4.1 one concludes that eA'y(O)+w1 + Mcs Y i ~ the set ol' uti \C(H 

¥'-reachable at t= -r from y (0) e Mic Y where 

< 

w, = J e A(<-s) B f (s) ds. 
0 

Similarly e.iP -<lv?+w +McsY where - - 2 J' 

t 

lV
2
= J e.:i(l-•) B.f(s) ds, 

t 

is the set of all points Y
1 
-reachable att = 1 from y (-r) = J'l e Mic Y 1• 11 i'l 1111 rl•~ l fll' lll 

fact in controllability theory that the transformations / -HI' 1 and / • 11', dcihWII 
(5.6), (5.7) are onto ~;;} (B). Since the integrals in (5.6), (5.7) arc dcll11cd 11 \il l tlt~l 
intervals (except the point -r) it is clear that f ..... (w ,, 11'2) is ont o .rl ( n) . 'l l 
From above considerations it follows that the property ( ll I ) i m pile' 

(82) V (y
0

, W
1

, w
2

) E Y0 x .d (B) X s>/ (B) 3 (y 1 , J12) E )' 1 X Alii' )' 1: 

(i) Yo+£y 1 e Mic Y, 
(ii) Yz e e;'(y0 +ky1)+ w1 +Mcs Y), 
(iii) y 1 eeA.Cl-<ly2 + w2 + M cs Y1 • 

It is easy to verify that, conversely, (B2) implies (Bl). i'111111ty lh 

between (B2) and 
(B3) V (yo , w~, Wz) E Yo X ,;J (E) X ,r] ( R) "'l (y, I '; ) e Mll' 1' . Alii } I i 

(i) w~ e y+y; + Mc.1· Y', 
(i i) ,l'u ~ ,('11' ~ c y I ,(' l' 1A<.7 .1'~ ·I· /{ All'S l 11 

Cl ill hl' prowd . 
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(IUt to (ll:l), drf111r 1'1 111 1 /\1 '~o .1'; u 1
' .I'J• 111 ~ .. c 11 w1 • 

l•lltll 1'~ 0 M,, } lt 11 ' I I 'I ( n) 1\ill\.'1: fn)l1l ( 5.2) und from the structure of 

llll!lltJ llllh~ I H1n' it follow~ thut the :.1.• ts comidcrcd arc invariant under e-A<. 
ilh~!il!ll l1!1 1 lt ill ll'lldi ly 1tC ~'Il that B2 (ii) ,. BJ (i). The condition B2 (iii) implies 

!'wH~J' 1 IJ )'u A' c ' .1': I ,('11' 1 -l ,(' Mcs Y1 and hence B3 (ii) follows. 

ltli !110 11!.111\1' 1 Ml\ ddlnc I'J c 1
' y;, 11' 1 =- e"' IV; , and y 1 =K+ y. Then we 

j!IOtl' lh!l 111 11111' In llkl· mnnncr as in case of (A3) =>(A2) in the previous section. 

llll.l I''L'IIIl ii .V ( Ill) iN cquivulcnt to (5.5) in an obvious way. Thus the proof of 
1r111 ~. 1 I• ~·o 1npll• l c. 

lnn~ld1i f i ll ~ "IH'l'lill l'U:.cs of' lP- und IF-controllabili ty one obtains the following 
, .. ll.i. 

illi 1\1\\' ~• \ • l'hco sy~tlcm ( 1.1) is /P-controllable on [0, td, k-1 < t1 <kif and 
I~· 11 

l 11 c (/ A'c") Mic Y, + Mcs Y +K Mcs Y1 • (5.8) 

Slll l ll~ ./ 0, it follows from the proof of Theorem 5.1 that /P-con-
1!1 rq ll ivll luut lo (ID) wilh 11'1 = 1V2 = 0. Hence B3 (i) implies that y = 
r,' ll IU IIIH' ,, l /\l e.\' r. Substi tuting this to B3 (i i) yields 

Vr11 o l 'u ;l(l'~ •. l1}t Mic V, x McsY:y0 e(J?.e'A-J)y;+Ji+KMcsY1 (5.9) 

lllih lii i;qlll vu k•lll to (~Un. Conversely, (5.9) implies that for each y 0 e Y0 there 

1•11! 111! I '~ I .Pt A/le >' 1 I M cs 'i'c.Mic Ysuch that y0 ey+Keiiy~+KMcs Y1 

I tlu 111od lllcution of' (BJ) for the case of JP-controllability. 

l ' I' 1 'i ·!, ' l'h~ sys lom (1. 1) is IF-controllable on [0, t 1] iff (5.4) and (5.5) 

1, 11 t il l' ""li 11 llcd. 

l't'!hll , l11lln w11 ll'iviully rrom the Theorem 5.1. 
lW l!li l •li ll~ lll l ~ il y the n:sult analogous to Corollary 4.4. 

11' I ill' sy~ l cm ( 1.1) is /P-controllable (controllable) on [0, t J then 

di m P(Mic Y1 + Mcs Y)=n. (5.10) 

ltth:totlu ~ 11111 1 i11 cusu t 1 k - 1+-r. 0 <-r< l, the derived conditions (5.4), 
!~Hi,( .~ Ill) dnu11 11nt d~:pond on -r. 

I IIY~II III \'tllh IIIN 11 .;. 1, " ,.Q 

.\· (1) • t l\' (1} 111.1'(1 h) I·C'tt (t) (5.1 L) 

1 h1• ll'll lllll'lll'lllllliou 1 .1'/t, ' (.1'/t) (.1'), 11 (.I'll) w (s) to obtain 

... (1) • /i 1l : (v)ol,/t/l r (l' - 1) I hC ' 11'(1) , (5. 12) 

lllllntllllllllll y 111 ( • 11) 011 10, /,hi '' 1''1111 \'ll lt!lll Ill l'lllllmllllhil lty ul' 

11 IIJ. A I ,11111 till ;. l il i,; l[lll \ollc tll Ill (·1,.1.1, (jt.3) wit h I)~ l ~ pl .n.cd hy ch
1

• I hi~ 



is evident since I he other 1crm11 in the cl'ltcrior1 dm~H rwt depend on h, h · 0, I hill iH, 
Ru • R11 jj, Mic (A, C:, Y) = Mic (hA, h(', Y) etc. After· similar substitution tho 
Theorem 5.1 is valid for the system (5. 11 ) in case / 1 =Fkh. 

6. Examples 

Example 1. Consider the system of the form (1.1) with matrices A, B, C as 

[
0 0 '] B= 0 l 0 , 
0 0 0 

below 

c~m [
0 0 0] 

A= 1 0 -1 , 
0 0 1 

Note that the system is relatively controllable on [0, 2] (see [2], [4], [5] for the 
criterion of relative controllability) since 

rank (C, AC, BC) =3 . 

It will be shown in what follows that the system considered is not controllable. 
Let k";::; 2 be an arbitrary integer and let us check the controllability on [0, k ]. At 
first compute Mic Y using Lemma 2.2. 

ro o o) h e2 o o ... o o 1 

I· ·I 1 o o e1 e2 o o 1 
- y-.l - { . . ~ R-!; = I . 0 0 . .. . . I 

Xo- - f • c 1 · • { 

10 o ~ I I: 0 0 I 
let e2 e3 J l 0 0 0 0 ... e1 e2 J 

where e1 , e2 , e3 a re the columns of the identity matrix I E R 3 x 3 and, for conveniency, 
{A} denotes the range RA of a matrix A when the elements of A are written explicitly. 

Hence 
( 0 0 l jo o 

.l .. 
X0 nRc ={: : 

l o o 1 

el e2 l 
and 

r o o \ I . . 
AT (X0 nR"h= i 0 0 

e3 e2 
!O e 1 -e3J 

since BT e1 =e3 , Ar e1 =0, Br e2 =e2 , AT e2 =e1 -e3 . Now one obtains 

fo o o o o) 
I ..... I 0 ••• 0 

0 • 0 •• 

X ~T ( .l) I 0 I X1 = 0 +A X0 nRc = 1 0 .. . f· 

le3 e2 0 0 0 I 
I 0 0 e 1 e2 e3 

Silllllnrly 
() 

, " AA.,. (X R.l) j 0 I X 
_,\ 2 =A o + 1 n 'c = 1 1 + 1 

,:~1 
I o J 

and 

(e1 e2 0 ... 0 0 0 0 0 0 I 
I 0 e 1 e2 I 

_ 1 0 Oe1 ~ 
X,.-) : :: 00 t· 

I 0 0 0 :~ e3 ez 0 0 0 I 
I 0 0 0 ... 0 0 0 e 1 e2 e3 J 

Furthemore Xk=Xk+ 1 = ... and thus Mic Y=X/. 
Let us rewrite (4.2) in an equivalent form 

Here 

.l - j_ - _~_ j_ 
Rn -=> (Mic Y +Re) =(Mic Y) nRc 

(e3 0 0 

I 0 T 0 
R .;;- 0 0 I 

B -, ••. ... 
l 0 0 0 

Ol 
ol 
. ,. 
q 
!) 

It is readily seen from above that (4.2) cannot be satisfied since a vector 

me(MkY)'0RJ 

is not in RB and this implies, by Theorem 4.1, that the system considered is not 
controllable on [0, k ]. Since k is a n arbitrary integer so there is no a t 1 > 0 s uch 
that the system is controllable on [0, t 1). 

Example 2. Assume the matrices A, B , C of the system ( l.l) a re as follows 

A= [~~] , B= [-~~] . C= [~l 
Consider the controllability on [0, td, 2<1 1 <3. Here, by Lemma 2.2 

r
ei e2 0] 

Mic y., 0 0 <'2 , 

0 () 0 
M;, Y. ~fn 
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This can be also vc r·ificd dir·cctly ~~ ~ ~~~ ~ 1111.1 dl• llnil lo11 ol' 

i nvanan t. 

"· w 

Clearly Rn c:. Mic Y1 +Re; so that (5.4) is l'ulllllcd. lly lhu conKtl'lllltoll ttf th 

proof of Lemma . 5.3 

[

0 0 0] !J = D 0 0 E R 3 1', /) = [0, IJ , 
0 ·D 0 

[

A 0 0] 
A=A+CD= 8, A 0 ' 

0 8, A 

where 

B~ = [ -~ ~l 
One can choose B = !3 or more simply 

[

-e2 OJ 
B= ~ ~ E R 6 X2. 

It may be checked easily that AB=B which implies .;::; (!1) { n:. 
Now compute 

l
o o ol 

KeA·= (e- l )A+IO 0 e R1
' 

1
' 

(e- 1) B 1 (e- 1) A + I 0 

taking into account the relations 

B~=O, A2 = A, AB1 + B1 A =B1 , lf2=A. 

Subsequently 

Mcs Y1 =d(Mic Y,nRc:) =O, 

([(''l) \"' 
0 l Mcs Y= .91 (Mic YnR;;)=.;; ~ • ~ ~l • 

Hence it may be verified that the subspace£ (Mic Y'x Mic '> 1) I !1/n 
includes the subspace .i?(B)x(Y0 +R ,(7(B)) . In l'u ct, it l'ollowN lnun 

,C/ ( R) X ( >'u ·l· /{ ,r/ ( fl)} 

el 0 0 0 
0000 
0000 
() l't I';& () 

() I) () 11J 

() 11 (I (I 

I U' ', 

7j 

<'r <'l 0 l'l 

() 0 ('2 0 

If 1 I . fo o o o 
f t 1 •1 (MIC Y' x 111/c >',) = O O t , 

n c c , e2 { 

lo 0 e2 e·e2 l 
to o o o J 

fet Oj 

I ~ e~ ~ 
Mc.1· Y' x Mcs Y1 = ~ 

0 0 
L 

lo ol 
to oJ 

vectors of .97 (B) x ( Y0 + K .91 (B)) are linear 
E(Mic Y x Mic Y 1)+Mcs Yx KMcs Y1 . Thus 

utl•ll1•d und lh l• system considered is co ntrollable on [0, t 1 ], t 1 > 2. However 
I~ ilitl 1111t lr 11l lnll iC1 on 10, 2] since in this case 

dirn P Mic Y=dim {~2}= 1 <2 

fltl thiJ II~'CO!IIII II .Y l'ondition (4.13) is not satisfied. 

11111111~1111111 

nccc~~ooary and sufficient condi tions of controllability to zero 
jllill l'nr lltll'llt l'OIIslunt lime-Jag systems have been derived. The conditions 
llllly crurtpttluhll•, th nt is, if one knows the matrices A, B,-C of the system (1.1) 
1111! till,) ll't iiiM IIPIWIII'ing in the criteria can be easily computed and the conditions 
lW t !toOid·d lltl11 has been illustrated by two numerical examples. The criteria 

11 lit iltf pttpt•t' ltnvc rather geo metric than purely algebraic form. Nevertheless 
liQ 1 .111, d 111 hl• ul p.cbruic sin ce they can be easily expressed in an usual rank

hi~ i"'"' lllrmdll tij to the rule 

I? 1 c 1?11 •• rank 8 = rank [8, A]. 

lh1.• paJ')cr urc also valid for systems wi th Jag h ¥- 1, h>O 



~·omltltoll ol th1• l )' fll' ( 1 <1) i ll(l cq uivulcnl In (1, I) 11 ~uid ll l l'ljtlltlllllt~ 

l1uc dimcnsio t1nl' t lll' ptohll•111 iN pn'Nt' I Vl'd , 'l'lw diMIIdVIIIIIIIIJ,l•IN iltllil ltr l n111111l 
of a new non-dcluycd rmblcm mny lw 111\ll ' h llltH!.ll'tllllplllX thuu ol th1· p111hl 
time-lag system. 

References 

1. KJRJLLOVA F. , CHURAKOVA S., On controllability problem fm linen•· sy~l ll111~ with otl liH 

(in Russian). Diff Uravuenya 3, 3 (1967). 
2. GADASOY R., K IRILLOVA F., Q ualitative theory o r optimal processes (In R u~~lll ll) , ~ l tt •o ll_!~ 

3. W EJSS L., On the controllability of delay differential systems. SfAM J. C'ourr. ~ ( 1'111 / ) 'I 
4. W Etss L., An algebraic criterion for controllabili ty o f l inear system~ wllh lllltt' •h•h11 

Traus. Autom. Coutr. AC-15 (1970) 443. 
5. MANITIUS A ., 0LBROT A. W., Controllabi lity conditions for linenr sys1c111~ wll lt th ht}Tii 

and contro l. Arch. Autom. i Telemech. 17 (J 972) 119 13 1. 
6. 0 LBROT A . W ., On degeneracy and related problems for linea•· con,tnnt llilll' h1 11 

Ric. Autom. 3 (1972), 203- 220. 
7. PoPov V. M ., Pointwise degeneracy of l inear time-invariant dcluy dill'cll'll l lnl l'lilltlll•!ll 

Different. £quat. 11 (1972) 541- 561. 
8. WONHAM W. M ., M ORSE A. S., D ecoupling and pole assignment in linCt\1' llHIIIIvndllhh 

a geometric approach. SlAM J. Contr. 8 (1970) 1- 18. 

9. BAS!LE G., MARRO G., Controlled and condi tioned invarian t subspncc~ l11 1111 \"oll 

theory. J. Optimiz. Theory a. Appl. 3 (1969) 306-315. 
10. BASILE G., MARRO G., On the per fect output controllabil ity of li nen•· dyll11111knl ~.1'~ 1( 11 14 

Aufom. 2 (1971) 1- 70. 
11. BANKS H . T., Control of functional d i fferential equations w ith function Hpmo lio)lffill 

condit ions. I nvited paper on Park City Differential Eq uations Symp. 197' .. 
12. MoRsE A. S., WONHAM W. M., Decoupling and pole assignmen t by dynnmk l.'llltiJIIII•Iill 

SIAM J. Comr. 8 (1 970) 317- 337. 

Algebraiczne kryteria sterowalnosci do funkcji zcrowej 
dla liniowych stacjonarnych uklad6w z opoinieniem 

R ozpatrzono lin iowy uklad dynamiczny z op6i.nieniem opisywa nym r()IV111111ft•l11 

+Bx(t - l)+Cu(t), w kt6rym x(t) e R", u(t) e R"' ; A, B,C-SliiiC mudctll' 
Otrzymano rozwiq_zanie og6lne problemu sterowaln osci do funkcji /CI't1w~•.l (111111\1•'11" 

zupelnego) dla tego typu uklad6w. R ozwhganie jest podane w postuci sprnwdtu lnyt•h 11111111'1 

algebraicznych hyteri6w wyra:i:onych za pomocq pewnych funkcji mucicrq A, 11, C' 1\1 ~h·!l 

otrzymano stosujq_c nowq_ metodl? umoi:liwiajq_cct zastctpienic problemu ~tcl'llWtlltln " ti ~l 
z op6i.nieniem r6wnowa:i:nym problemem w pewnym ukladzic bcz op6/.nionln ~pdn htlt11 \' Ill 1hlil 

we wil(zy r6wnosciowe narzuconc na stan poczqtkowy i koncowy. 

Dla rozwi<J:zania problemu w nowym sfonnulowaniu poduno kllkn k•1111111'1W 

utrzymywalnosci trajektorii oraz kompensacji zakl6cen w l iniowych uklndnch hi' 

IIMII'Ii•l tilll' "'"" ' ' JIIUI ) IIJIIIU IIIII'I\1111' 111 •· 11~ wnnll eh m• 
Hll diiJII'IIIIJol\ 0 I' tiii(IJIIIIIIJIIIIol'lj; 1' 111' 11°M l' Ill lUll (hllllllllll'l\1 

t••H< ' i l11 p111111~'1~' ll Jllllll'illlllll JIIIIHIM1111CCI\l111 CII!: ICMU C 'lUIUl'lAbiOU1111CM, 11 PCAC1:.11l

i (I) , 11 (I) I /1 1 (/)I Ctt(l), I ilO .l'(t )< R", u(t )c R"' ; A, JJ, C - nocro-

tlll !lii111ol 1111 1)' '11' 1111 oC\II(Cil flllll iCII IIC llp06JICM1,1 y npaoJHJCMOCTI1 J< JlyneBOtl qlyHKI(HII. 

lolo) il,li 11 tl111p~ l l' JIIIIII.IX1 ti l l I cGpli11'1CI:1C11X )'CIIOUIIil IIOCTpOetnlbiX Ha OCfiOBe HeKOTOJ)biX 

•llil Ill ~IIII JIIIII I, 11, ( ', ICplli Cflltll ynpnnJ 1ltC~IOC Hr IIOJlY'•en npK noMOWK HOBoro MeTO.!la, 

1Hhlilli111.1 Ill! ll'llllllo 11f1Cl(lJICMY )'11Pllll11CIIIIH ll CHCTCMC C 3ana3AbJBaHUeM paBHOCIUibHOH 

111ti Ill ill lllil•ll illflllil l '111: I CMI.I 60'1 'lliiiU'IJ\ulllaii Hti , 0 KOTOport HU'iaJI&HOe H J<OHe'IHOe COCTO

" 11 ll111lll1111 I lllllllJI 11111 CJihiiOC YI)U III ICIIIIC. }J.m! pe111emlll 3KBHBUJielUHOH npo6rreMbl 

1111'1 IIJII I III •M'IIIl IICCklll lloiC() ICil flCM 0 C110C06IIOCnL YAC[))I(UHHll TpaeKTOp11H If I<OMneHCU

t .. !.llll'llllll 11 11111\!ll li lol\ CIICICMIIX 6Cl 'lalla1)J,I>lllallHH. 
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