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The stochastic approximation and sample mean with constant memory algorithms are used for 
tracking a randomly time-varying process in random environment. A mean square error ancf 
convergence properties of both methods are investigated. When variances of the measuring noise 
and the process to be tracked are not known, the method of adaptation is presented. The results. 
of computer simulation are given, as well. 

1. Introduction 

It is often necessary to obtain estimates of the instantaneous values of time
varying parameters from noisy measurements. This problem arises in tracking of 
moving targets, identificat ion of nonstationary plants and many situations connected 
with measuring of time-varying quanti ties. Solving this problem can be realized 
with optimal schemes as Wiener or Kalman filters (see e.g. [J ] and [2]). However, 
these schemes require accurate pri or statistical information about process and 
disturbances. When it is impractical or impossible to arrive at this information, 
sub-optimal and adaptative techniques must be considered [3]. 

Another way of solving this problem is the use of heuristic algorithms, like this. 

in [4]. 
This paper describes two adaptive algorithms for tracking; the first one based 

on the stochastic approximation method, the second one on the sample mean with 

a constant memory. 

2. Stochastic approximation algorithm 

Let the trnckcd process be described by equations (1) and (2): 
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where: ( I ) x, is the process ~> ubmittcd to incrcmonts 1:, , and y, IH 11 , ull•c·cvullun 
masked by noise z, ; (2) {c,} = c,, e, _ 1, ... , a0 and {z,} =z,, z, _ 1, ... , z 1 uc·o nmlltul ion11 
of white, independent, stationary random sequences with zero mean and bounded 

variances. 
The aim of a tracking algorithm is to give as good as possible estimate x, of 

the instantaneous value of the process x, basing on observation sequ~oce {y,} = 

= y,, J',-1, ... , Y1· 
The form of equations (1) and (2) generating the process and its observations, 

suggests the use of stochastic approximation method for tracking. Up to no'w it 
has been employed when e, = 0, n = I, 2, ... [5], which corresponds to the estimation 

.~f a constant parameter, e.g. the mean of the random value. 
Furthermore it was general ized on the case of process generated by the equation 

x,+ 1 =a, x, 

with known coefficients a, and named dynamic stochastic approximation [6, 7]. 
Now, we will use the stochastic approximation algorithm for tracking the process 

(1). 
The algorithm has the form 

x,+l =x,+},,(y,+1 -x,) (3) 

where .\', - estimate of x, (with x0 chosen arbitrarily), },, - weighting coefficient. 
When the constant parameter is estimated, algorithm (3) converges to the true 

·value in the mean square, under the following conditions [8] 

0() 

lim J.,=O, .2; },,=00. (4) 
rt -+ct) n=O 

These conditions does not include the condition 

ro 

.2) },; <oo 
11 = 0 

which is needed for convergence with probability 1. 
Now it is reasonable to expect different properties of the algorithm (3) and 

different conditions on {).,}. Each term of the sequence p,,} weighs the effect of 
a new observation on the instantaneous value of the estimate. Particularly: if },,= 1, 
then a ll the previous but last observations are ignored and x,+ 1 =y,+l; if }.,=0, 
then the laSt Observation iS ignored and X11 + 1 =X11 • 

The tracking of the process is impossible without taking into account new 
observations, so it should be 

lim J.,> O 
n-+c.o 

which is in contrary to (4). 
Thus, let us examine the properties of algorithm (3). Define the tracking error 

after n-th step by 

Ax, 6 x,-~, {5) 

•llld ~ llh•dlllllilll\ 111 11 l'llpnl~~ IOII II ( I) ill!ll (7) llll ll {1) lllld (5) WC obtuln 

(A\'111 tl l (A\, lt:,,>l(I - A.,)1 2J.,(I -A.,)(6x,+t:,)z,+1+J.,~z,;, 1 • 

Mukln~ liNI.l or assumptions o n t: and z and taking expectation of both sides of 
lho above expression we have the recursive relation for the mean square error of 
t he estimates 

b,+l =(b,.+O'; ) (1-2,/ +J.,; 0';, 
where 

0';.} Ee z; 0'; =a"Ezz ; 

b, ~- E (x, - x,)2
; b0 ~ E(x0 -.i0)
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Setting the first derivative of b,+l with respect to },, equal to zero, and solving 
for J.., we obtain the sequence {).~} that minimizes (6). The result is 

b,+O'; 
10= ? 2 . 
/'" b +(}'-+(}'. 

11 • 

(9) 

Substituting the expression of (9) into (6) and setting 

bu+1 =b,=b':r, 

one obtains the minimized limiting mean square error 

(}' 2 (v (}'2 ) 
b" =~ 1+4 ~ -1 

0() 2 (}'; (10) 

a nd the optimal limiting, constant weighting coefficient 

(}'2 (-- ;--;;z ) 
;,:, = 2; ; V 1 + 4 (}'? - 1 . (11) 

It should be noted that if 0'; ;60, the optima l sequence { .. l.~} goes to nonzero 
limiting value as n increases without limit, which confirme our previous expectations. 
That is, algorithm (3) with sequence {).,,} given by (9) is an optimal (in the mean 
square sense) stochastic approximation algorithm for tracking the process (1). 

It appears that this algorithm is analogical to the Kalman filter obtained for 
equations (1) and (2). The only difference is that the Kalman filter is really a one-step 
predictor while algori thm (3) realizes pure filtration. However, if we design the 
Kalman filter for pure filtration (see e.g. (1]) i t becomes identical with the stochastic 
approximation algorithm (3). · 

The identity of the optimal stochastic approxi mation algorithm and the 
Bayesian estimator was shown in [9] in the case of estimation of a constant 
value (0';=0). 

It is seen from (9), that the optimal algorithm (3) is a nonstationary one. However, 
it tends to the stationary (time-invariant) algorithm, with constant weighting 
coefficient given by (11). This stimulates the following question then, how will the 



ulgodtlllll wi th l l Wl' l., hiiiiV rnt•llk lr ll l l'lllllllll lll ffl ,lll ti H' hl'~ llllllll l' ht~ \\11lkllt 
a nd whut will the oplillllllll VII I Il l' ol ""' h 11 nwlllr lrlll lw'l 

Substi tuting .1., •.1. consl. and h .. 1 1 /111 h , ill (11), 11 11d N nl vl u~ 1'111 ). wu t1h111111 
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It can easily be shown, that ex pression (12) has a min imum given by ( fll ) will! 
given by (11). It means that the limiting mean square errors of the optimnl lllll fllllllll ~ 
and the optimal nonstationary algorithms arc cq unl. 

3. Sample mean constant memory (SM CM) a1gorithm 

Now, let us examine the propert ies of the simple algorithm 

11 

x = "' " N ~ Ye 
i = tt -N+ l 

(I ~) 

which computes the sample mean of N last observations. If the numhe1· ol' ohlll' IVd 
tions exceeds N then the mean square estimation error given by I his lll!lmllltlll I 

(N- 1) (2N- 1) 1 
b- 2 1 ,.,.2 

- 6N <>, T Nv: · (I ~) 

It is seen from the above expression that the m.s.e. consists of two C01llpt1111111 
The first one, dependent on process variation, and therefore proportiounl In " 

The latter one, dependent on the measurement noise, and proportionul to 11
1 

Ill 
increase of N results in a decrease of the effect of the measurement noi se, hut 111 lli 
same time decreases the ability of the SMCM algorithm to foll ow the cluiii iJt'l nt 
the process. Thus, the optimal value of N, that minimized (14), would ben coutp111iHI 
between the noise damping and the ability of tracking the process . 11 on 111 H (iJ! 

... I a: 1 
N= V 3-i+2 . <>, 

(! f\ 1 

Expression (15) gives the solution for N in real numbers, howcvor, \'f ilth 111 
algorithm (13) requires natural numbers for N. Thus, as an optimal vll ltl l, V" "' 
this natural number neighbouring with solution (15) should be c iHlNl'll , ln1 wlih I 

the error (14) is smaller. 
In order to compare the quality of the algoritms (13) and (3), lul 11 ~ ulln" ' i 

a moment that N ° could be a real number given by (15). Substitutina (I ~ ) 111 I I 

we have 

a
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( 4 -. I I a
2 

bo = 2• 3 Jl 2 I 317; I). 11 

lt is easily seen, wh ~.:n one cnmparl'S ( 16) 11nd (I 0 ) t hut h" h" llw N 

P!t!l l! '-'1' tltr 111 '11' \1'1 '" ' C< 1\ rr:fr~;, \\ hid1 dt• pill ~ lht lumt iouul lll ln ti n n ~ o f 
( li i) \' 111 \r / , 11 11d (1 •1) (\\ lth 1111t111 11 l N") CIII'Vl' ', II I'U HhtlWil in l ;' i~. I. l'hc 
urvo;: I ~ 11 ph•u · WIHll ltlll'HI, lll ll i;Jt'lll to the unshown plot of' the c1·ror (16) in points, 
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1'111. I , Mcun square error of the T ISA (J) and SMCM (2) algorithm s. 
I ho poin ts marked by c irc les indica te where the optimal SMCM 

11 111mll hm changes N to N+ I 

1111 with h N ~i ve n by (15) is a nat ural number. The points marked by circles corres-
1u•11d 111 lhl· vnluos ol' a fo r which selting of two succesive natural num bers fo r 
IV l11 (1 •1) u,ivcs the same value of error. These values of CJ. are given by 

2 
a=

CJ.,v = a2-
c 

2N 2 +2N- l 
6 

N= l , 2, 3, .. . , 

tud li ld ll'll il' when the optimal algorithm changes N to .N+l. 

i\ lhiJIInlluu 

(1 7) 

' i'lu· nptunitut ion of the ti me-invariant stochastic approximation (TlSA) and 
~ji'~ 1 ulvm ithms req uires k nowledge of CJ. . I f CJ. is not known there is a possibility 
f 0 1111 1111 lll }l. it. on the base of observalions y,. A priori unknown value of C/. is then 

hr lt11; ll 'lllllt't'd by uctunl estimates &11 in the tracking algorit hms. 
L•~ l II N t'IIIINid\'1' 11 11 cstim nti on of' rJ. by independent estimation of (}'; and a; with 
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where k, I - natural numbers choscn nr·bitrnl'ily, und /, /, 
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In order to prove the mean sq u ~11 ·e convcr·gcrwc of' hot h t•s t lllltt illl ~ 11111 

notice that they arc the results of the ~ ubtmct ion of' t h ~· ~·~tlr11 tt ln n1 

e .. .,- 11 \ ' ()'I - ,. )l --J h , 1 • 

1· 1 

The mean value of the e,, is 

1 n (' ~s- 1 )2\ 
Ee8 ,=E{-;; J; ? c1+=1+ .• -zl J 

I = l J = l 

.1·rT: I 2rT:. 

Hence 

Ea;,=u; and Ee;, .... a;. 
Now, it wi ll be sufficient to show the mean square COJWc r·gcnl' ~· ol 

After many transformations we have 

' ' 2 - _ 2 4 I -- 4 -- ·- 2 2 ,. fl 
1 [ 6+s s (36 - 2s) .1· (4.\·J 1J.1' 1 l~ l . , 

E(e5, - Ee5,.) - n s Ee 1 3 Ez + 3 <J,. an I J - ''• 

1 [s(s2 + 1) s (s3 - 3.1' 2 - .l'·! :1) ·1 +- --£e4 - 2s£- 4
- -- rT'1 I 'w 1 i ~ P n2 3 - 3 r • I • ' 

Thus, if the probability densities p (e) and p (z) arc symmct l'ic tlllllNI 1111~1 1111 
the moments arising in (23) are bounded, then 

lim E(e., - E€8 ,)
2 = 0. {14) 

U-+ Cf.) 

On the base of (22) and (24) one can conclude that the esti mat or'll (I H) 11 1111 1 I 11) 
are convergent to u; and u; accordingly, in the order of I /n. 

The expressions for the variances of the estimators (18) and (19) 111'0 wrv ~ 11111111 

to that of (23). They are functions of numbers k, land 2-nd and 4-th 111111111' 111 • 11 

variables e and z. However, the minimization of t hese variunct.ls wit h ll'~ l li' L' I 
to k and l (or, in other words, the increase of the cstimution t.• l'l h-11· 111 \ l I 
not possible because of lack of any prior information about I hu 1111 tllll' lll 

mentioned above. 

It should still be noted, that computing the estimates ( 18), ( 19) cull lw nhl ui11Pd 
via equivalent recursive formu las 

A2 _ A2 + 1 r(J'II +k-yii)
2

- (Yfl l l - y /l) l ttl J 
(}t (n+ l ) - <1, , 

11 
A 1 111 • 

ft 2 - ttl + -·1"(1·,,_,:. 1',) ' /(1', , _~ - ,1'11)~- lt ~ I 
1 (11 I I ) I ll 11 . } (A /) ' " I 

(20) 

Wu Rhull illll ~ lllll ll tltr Wlll'k or the uduptivo lt'UCking ulgorithms by giving 
IHiillr rfl•itl t'!l llllljl lu. 'llto Co\111\l jlll.l l.l tlllSists ol' a computer simulation as follows. 

M·tl· lll ll 11" ' ' ()J' 1111 ul~mlthmic gc11crntor of pscudorandom numbers, process x 
milt nh"1' vutionk y wcn.l gcnerutcd uccording to equations ( I) and (2). Basing on 
hnOf ' •tlltiiiN 11

11 VIII i l llll'I.~S rT; nnd rT; were estimated by the algorithms (25), (26). Then, 
jtlltn.d vult111" ).11 und N° were computed from (11), (15) and (17). Current values 
I 111' •llld N" \\ I'll' ust•d, then, in the algorithms (3) and (13), from which the TISA 
till ' l ~lt M l''ltllllut~.·s ol' ,\' were obtained. 

llu pt111l11 hi lity dcn~ ily functi ons of the e and z were assumed to have the 
hli iil i tl 
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Si nce, for these densities we huvc r;, rr:Jrr~ C1, thl' ll ).11 1/'l und Nr' 
In the estimation algorithms (25), (26) /, · 10 und I ~ wc1'C tu~c11 
Before obtaining the fi rst values of the esti mates n; nnd n; (I.e. bcl'tm•·t ht• llll)llllltl[ 

;0f k+ l =l l ) in the tracking algorith ms 1.= 1 and N I were ltlkcu. 
Next, in order to ensure a correct work of these algorithms, it wn~ IIMili ii H'd lhlll 

if a;~ o then 1.= I , N= I , and 

if a; > 0 and a;~o then 1.=0, N- N .. .,,., 

w here Nmax denotes the capacity of the register the observations y, WNl' lil lllrd ill 

As a result of simulation, the plots of}. and N versus the numbl.l l' ol llt'l'llll(tjl 
.are shown in Fig. 2. It is evident that they approach the optimnl vu h 11·~ 1tl\"rli 

above. 
For the purpose of illustrating how the both tracking algorit hms wnJI, 1i1 ilt 

optimal regime (1,::::::},~ or N = N °), in Fi g. 3 the process x an<.l its TI~A 11111 1 ~~ ~~ M 
estimates are shown, for n = 3000 to 3030, where the inequality \.'. .'.~,, 1 · I 0 ' lit •Id 
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Fig. 3. E xample of optimal T lSA and S MC M tmckinQ 
0- pr ocess x, D- observation y, + - T ISA cstimutu ol' 1, 

t:, - SMCM estimate of x 

4. Comments and conclusion 

Two adaptive algorithms were presented which arc t:apnblt: ol' ll'llul\1 11 11 ilfll ll ll 
time-varying process. These algorithms si mul tnnt:o usly ll'ttt:k 1111d ,,,l il!\1!1 

unknown variances of the process and noise. Puntmetc r~ A nnd I ~~ltl1 li 
the variance estimators should be, however, chosc11 nrhi t r111 ily 

Addi tional wnrk rcm1tin~ to hl' done on the 11"1~· o ltli~· t m·~~·n t,·d ule.•Hitll 
the ~it un l io n \\ ll l' ll thl' 11111d tlll l 'l'l( llt' lllin !1,l 11 11d I ,1 11 n· ll l tl l~ l ll l l c •iHII 

IC'·o[•l l tli indllollt''l l hlll it' the VIlli llll'l of 1. 111\ll nrc t.lhlllllllll' l lllldomly, 

Ill• dl!lll' hy 1 \'Jlltluill~ )' <= I 11 with )' con~!. in vul'ianec estimators 
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~ tln l'hwyjno ull(oryhuy n)noksymacji stochastycznej i sredniej 
1 \ luwlyw:m•J diu col6w nadqiania 

11t i.Y [lltWIIJIYWII IIiu I'UI!adnict1 zwi<!Zanych z nad~i:aniem za p rocesem przypadkowo zmiennym 

illl• W>kiiiiYMluju sit: oproksymacj~ stochastyczn:.j i algorytm srednicj ary tmetycznej ze skol't

liitil 11111111\-dtl Pttllprowudtono ana lit~ bl~du srcdniokwadratowego oraz wlasnosci zbieznosci dla 
l111hh I ttlllll\~lunych motod. Dla przypadku, gdy wuriancje szumu pomiarowego i procesu, za 

tl'll~l!l 11111h1 11 ,11,•, 11ic sq tnunc, podano mctod~ adaptacj i. Przedstawiono rowniei: wyniki modelo
•ltli•• till 11111~ty11lo cyfhnvcj. 

A hlllllllllll.w IIJII OJJIITMt;J CToxacTn'leCKOii aurrpoKcnMaqnu 
11 1111111 Ml' III'Jtll' IWI '() C]lC)~ Irero JJ;JIH l.ICI1Clt CJielKCII.IUl 

I l(ill jiCIIIIlllllll 11\l ll j)ll~OII, COS11allllb1X CO ClJC)t(eHifeM 3a npOf.lCCCO~ t Clly'lal1HO H3MeHRIOI.l111MCl! 
ltjl\1~11~ 1111, 11~'11\IJit. I)IC I CH Cl OXIIC! H'!eCKUll Ulltt(lOKCIIMUI..IHll H UJlfOpHTM apHTMeTR'IeCKOTO cpe,u

ili l ld.ll ll"l llllll IIIIMIIIIol \l, ll pOIICI ,\lll l\IIUJIIII CPCilllCKllU.U.PUIH'ICCKOtl. OUJI16Ktf 11 CBOi1CTil CXO· 

i 11 •ut•l l'lll'~"llltllllttucw.tx MC IO.ttou. H1111 CJty•tuJJ, KOrt lll p,ucttopcHu li1MCpl1tenbuoro lJJyMa 
111111111 t !llCIIII'~·l•ll lll111 111C~I II Iol, /111\.'ICJI MCIU.LIIIIIllllllll ~lll!. l lpCJlC I'tiiii iCIIhl HIK)t(C pC'3YllbTUTbl 
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