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11111 iHtl't't Pll'~t•nt" 11 version of the local maximum principle based on the theory of Dubovitskii-
111\tlllll 'lv~lt "'"of opcrntor constraints satisfying so called Green formula are introduced. A Green 
1!1111111 1111tl 11 ln~·td mnximum pri nciple for systems with delayed argument are proved, extending 

llt11' " 111 11~ . 

li!h 111h11 flnu 

111 lit•tlitlll I of' this paper, a variational theorem based on the theory of 
!Ill(, it ,(.tt Mdyulin [5] is proven. The theorem is formulated for the general case 
i il!nilltll'lll opcrnlor constraints and extends similar results obtained in [2], [6], 

l'ill'ltt 1111 llllt'lll't'IISC; it is also connected with the saddle point theorem proven in [1], 
hut 1111 ti"'M1 1111plions mnde here are more straightforward. Only equality constraints 

1 u Vtlltllldt ' ''": lwt.:11 use or this limitation more detailed discussion of the assumptions 
Jlii I hh 
i l11~ 11 HlMIIII H ll l'c restated for the case of the constraints operator being defined 

lltljl!lt.:illy 1\y lhl• nhstrucl stale equations wh ich satisfy a Green formula. The results 
ltit\ltl\'tlllll' lht• ~:nnlinuation of some concepts and theorems of Aubin [2]; a local 

!lll~iltllllll p1 indplc in a distinct form is derived, generalizing local maximum 
IIII•Kif'lt!M l110\\ 11 l'or systems described by ordinary [8] and partial differential 

p!illitlil~ 1'>1 
Nrii 1111111 H'l'Ciltly flunks und Kent [3] using the results of Neustadt [LO] proved 
iY I" llr 1111 lllllximum principle for systems described by functional differential 

jlll!tlilll _t hoWl'Vt'l, il was not possible to establish the nontriviality of adjoint 
ll!ililcli, lttltthH 1111d l<t1n f7 1npplicd the multirticrs rule to the systems with time 

1111J pt11Vlld lll l' lncnl muxinHtlll pl'inciplc in the normal form (A.0 :;t:O) in the 
llC•~ ,~,r tl\l lt~ltllllll~ for t·ontml Htltl undc1· the assumption or complete 

lllllillllhlllly 
I ht tht 1111111111 nl Ht•t I it Ill I , Ill 'I' upplit·tl I it 1 hu l!lliitlnl' "~Yhll'I11H wlt l1 I up~ i 11 Sect inn 2. 

lltti H\JIIIIi" .:11 ' ltllllhN 1111tl l\1111 111r nlt"tllltJtl ltt \lfiVt) l lhr t·ll~r ttl rttll'lll'lllllcd l'lllllllll 



und Nystems w hid1 1111.1 11111 l 'lllllpiCIIrly l'llll lt nll uhk Sl'ltlnn ~1 11111111111 ~ ulh•l ih 
compal'iso n of' t'C!HIIIH known rot' Hy~ l l' lll 'l wit h dl'lllyl'd 111 V,lllllr lll 

ln Sections 3 und 4the pt·oblcm when the attu ltutllll' llll hMpu ~..·u 111 dn~l·d is di MOII 
and two examples arc prese nted. Sect ion S uontlliiiN llnu l conl . .' ltllllotl ll wlu ll h lltlf\1 
to infinite dimensional systems in general und can be or intcrc~t In lllltlllt llll l \~tH k 

Notation 

If X, Y are Banach spaces, then X (' wi ll denote the duu l or;.: und '/' ( \ , l ) lh 
set of all continuous linear operators from X to Y. Fo.r' A E !/'(X, l' ), ; I "' wi ll dnllu! 
its adjoint, ker A its null space and im A - its range. If (le. X is un npl' ll •Cl 11 11d 
S: @--+ Y is a Frechet differentiable operator, then its Frechet dcrivutiw 111 111 t l l 

will be denoted by Sx (xo) or briefly s-'o' If u is another flanu ch 11 )1UCC' oil HI (! ' 11 ' " 

denote the open subsets of X, U and F: (1)x x (1}11 -t Y is Frechct dill'ct'l'lllluhh-, t ht: l! 

t he derivative of Fat (x0 , u0 ) E (TJ" x (TJ" with respect to x will be denoted by I . ( 10 , rliil 

or briefly by F"•' when u0 is fixed. 
<., . > will denote the duality between X and x·:·; th ul is. for ,,.~.I \ ~ ' I ' fl ,\' 

(x'\ x) is the value of x ':' at the point x. If K c. X , then K"' is defined hy 

K':' = {x':' EX':': (x~', x)~O Vx e K }. 

I f K is a subs pace, then K ':' is and we will write K * = KJ. in this cu.,c. 
Finally, the following convention is adopted concerning the derivut iw~ nl 11 mnp 

f:R"xRrx[t 0 ,t1 ]-+R"' where [t0 , t 1] is an interval of R: 

of(xl, x2, t) = DJ(x~> x2, t ), i = I , 2; 
OXj 

if x
1 

( · ) are R" and Rr, respectively, valued functions defined on [ f 11 , / 1 J, IIHIB 

of(xt (t), x2 (t), t) =DJ(xl (t), x2 (1), t) 
I 

will be denoted briefly by DJ(t). 
A vector from R" and its transpose are not di stinguished, whi le 11 dlJIIUI O!i ill 

transpo~e of matrix A. 

1. Basic theorems 

ln this Section we shall introduce the basic notions which wi ll h1..• ll~l·d IIIIPI! YhiiUI 

the paper. 
The following theorem will be of constant use in the ~ocq ucl. 

TIIEORI M 0 (Banach). Let U, /, be Banncll ~pares llllll 

( i) (/111 l) .l At•r .1· and /111 I L l/• 1'1 . 1) 1 

'J.' ( (/, I~ ) , ' flu!il 

(!rl /111 ;1 1~ 1lnwd ill I il . 11 11d 111dy if /111 ,j• l •llo~t·d Ill IJ'. ll /111 I iR dosed, thun 

/111 I+ (!,,.,. ·1)1 . 

!11111 1)) ul lli l' llil•ot'l' ll1 l'nllows immcdin lcly from the defin ition of the adjoint 
fillfll l'u11 (ii) l'llll be round in 141 (Chupts. Yl.6.2 and Yl.6.4). 
Wo tl~hiiiiH' I hil l the following will be satisfied from now on: U and L are real 

illlillllll ~ IIIH'l'~, (f) 1111d M urc the subsets of U, (TJ is nonentpty and open while M 
dwl'd, m ii Vl'>. 11 11d of nonempty inte1ior ; S: @-+Land J: @-+ R are continuously 

lu_l dtll't'll'tl ltnbk• muppings. 
IIIo Hpllrr U will be ctt llcd the space of controls, L - the target space, M- the 
r• l' tldtlll14Nibkl l'Oili i'OIS. 
llu lnllowin~ bu~ic problem will be considered: 

I minimize J (u) 
( lW) 

on the set Mn{ue (TJ : S(u) = O} . 

loJi' 11,1 1 0, llw subspucc im S
110 

of L will be called the attainable subspace of S 
llr11 I'll ~i11 1ply nlluinuble subspacc, when u0 is fixed. 

I W iii11:M I. I cl /) be a local solution to the problem (BP). Then 

(1) il lltl' tt tluinable subspace imS~ at if is not a proper subspace dense in L, 
lhOit tlllll' ni"l 11 number /.0 ~0 a nd a functional r e U ', (J..0 , r:') #(O, 0), satisfying 

(-1.0 1~ +S,;t~, il-u)?:: 0 Vu e M. (1) 

tlli 11 /111 .\'~ is n closed subspace of L, the tangent subspace to the set s- 1 (0) 
li ti l t rljlllll In AC'1'S,7 and int(M-u)nkerS~ is nonempty, then /,0 ::;60 in (l). 

p, Ill! I' 
ul lil H11 pposc that J;, =0; then the pair (1, 0) satisfies (l). rf im S;; #L, then by 

1 .. ; hence by Hah n-Banach theorem or by (i) of Theorem 0, 
0, /* c. ker S;,*, and ( I) holds with (0, P). T herefore one can assume 

11, (Il l s,, 1 ... 

I to illllt 1111• l.lO ill'H 

K1 ={u e U: ( J;,, u)<O} 

lilttl/' ~]l:n•'~ 0 V tieU V O<c:::;;;c0 (litl-uJi<rh•tl+eiieM)} K3 = kerS;, . 

I fOnt I li<'lllllllS 7.5, 9. 1 and 6.1 of [5] it follows that there exist functionals 
• ,. I " ' • • *) (0 0 0) I "" it 1 1 I 11 1 1 A 1 (t I , 2, 3), (uP 112 , 113 # , , , such t 1at 

* • • 0 "I I ll ;z,-l " ·'- • 
(2) 

of [51 imply lhnl 11~ • • -1.0 J,7 for certain A.0 ~0 and 
/,, it l11 do~cd nnd by (ii) or ThC"orcm 0 it obtains that 

I fi)l ll IIB~Illl~lll!l H.2 1111d Ill I nl I~ J IIIId 1111111 (2) IIIH1 hll ~ <-)u ./11 Is,; 1*. ll 11) 

11~. 11 ;));,tO V/I 0 ,\1 ttn I hut I I) linld ~. \ 0 11111! I ''11111101 \11 11 1"11 '' '"llll 11 1 1l'<HI ~Iy, 



I 

1: 

l ~ 

"' t -vll' •• -

since then u~"" u;=o and from (2) u;- o, contntdicli ng the nontl'iviulity ol' 
( • • *) ul' u2, u3 . 

a d (ii). Arguing as above, we prove the existence of a nonzero t ri p~e of functionals 
(u~, u~, u;) satisfying (2). Suppose that }.0 =0 ; hence u7=-},0 J~ = 0. (1) implies: 

<S!l*,u)~O Vue M -u. (3) 

By hypothesis, there is tiE int (M- ii)nker S;,; hence 

<st r, ii)=(l"', s~ ii)=O, 11 e int (M -ti) (4) 

From (3) and (4) we deduce th3t u~= S/!r'=O. By (2), also u; = o. This 
contradiction proves (ii). 

Thus the theorem is proved. 

The basic problem (BP) and Theorem 1 can be easily generalized to the case 
when the constraint set is equal to Mn{u E (1}: S(u) E K}, where K c L is a convex, 
closed cone. Such a problem with M = (1} = U and S affine was considered in [2] 
a nd [9], Theorem 13.1, Chapter 3. The general problem with S being K-convex 
was studied in detail by Golshieyn [6] ; however, the case of equality constraints 
(K= {0}) was investigated under the assumption that S be linear and surjective 
(Theorem 2.1, Chapter 3 of [6]). Note that t he very general results of Neustadt [10] 
do not allow to establish the nontriviality of the multipliers in the case of operator 
equality constraints, unless L=R". 

The really r estrictive assumption here is that int M :1= 0. In the course of the above 
proof, it is verified that K 1 nK2 n K 3 = 0 a nd then the fundamental lemma of 
Dubovitski i-Milyutin [5; Lemma 5.11] is applied to show the existence of u;, u;, u;. 
If in! M= 0 , this argument cannot be utilised . In this case, K 2 = 0 and the conical 
approximation K,; of M at ft should be defined as 

K,; = {uEU:3s>0 eue M-tl } . 

It can be proved that the following assumptions would do in this case: 

- K,7 +Ki is ':'-weakly closed (which can be viewed as an analogue of Mi n
kowski-Farkas Lemma); 

-K,;nK3 =K;.nK3 (which in fact is an analogue of Kuhn-Tucker regularity 
condit ion s: see [1] and [11 ] Chapter 2. 1) . 

These assumptions m ust be veri fied directly in each case. 
Another way of proving t he local maximum principle without assuming int j'vf :1= 0 

is to consider the linearized attainable set S;,(M) and to p rove that its conical 
approximation at u, which is equal to S;(K,;) cannot be dense in L. Then the theorem 
on tangent functionals ( [4] Chapt. V.9.10) will yield the existence of a nonzero /~'. 

Both methods are frequently used but they require rather detailed assumptions 
on the constraints; in the sequel, we shall stick to the assumption that int M :1= 0. 

The case when the attainable subspace is a proper subspace dense in L , is 
essen tia lly sing ular and the assumptions of Theorem 1 here cannot be weakened, 
as the following Lemma shows. 

~ 

Ll'MMA I . I cl S L !/' ( U, /,) und /111 S be a proper dense subs pace of L. If U 
is u I Lllbert space, then there exists a co ntinuously Frechet-diiTerentiable functional 
J : U-+R such that t he following minimization problem: 

{

minimize J(u) 
(SP) 

on the set ker S={u E U: S,. = O} 

has a unique solution u, and if },0 ~0, FED' satisfy 

-},o J,~ +S~' I* =0 

then .?..0 =0 and r'=O. 

(5) 

Proof. By theorem 0, im S':' cannot be closed and hence there is an v0 E (ker Sl"-. 
"-.._ imS"'. Fix an ttEkerS and set v""vo+ii,J(u)=t(u-v,u-v). 

T hen (t is clearly the unique solution of the problem (SP); moreover, Ju = -v0 . 

Since v0 rf= im S'\ (5) cannot be satisfied with l 0 # 0. But },0 = 0 implies S* /*=0 
and F=O, because of (i) Theorem 0 and the density of im S . 

Theorem 1 and Lemma 1 show that in practical applications the choice of the 
target space L plays a very important role. The topology in L cannot be too weak, 
otherwise the above m enti oned singularity would occur. On .the other hand, the 
topology should not be too strong because this will usually r esult in a complicated 
form of Lagrange multipliers. These problems will be discussed in the next sections 
in the case of differential equations with delayed argument, bu t the conclusions are 
general and apply to partial differential equations as well. 

In the remaining part o f this section, we shall apply Theorem 1 to the case when 
the operator S is defined implicitly by the abstract state equations satisfying so 
called Green formula. In fact, we shall build a model of many dynamical optimization 
problems and obtain the local maximum principle in a general, yet distinct form, 
together with adjoint equations and transversality conditions. Aubin (2] was first 
to investigate this problem in the linea r case and applied it to partial differential 
equat ions. 

Assume that 

- X, W0 , W1 , Y, L are real Banach spaces, 

- F: Xx U-t Y , G: W 1 -+L, Q: Xx U-tR, Q1 : W1 -tR are continuously Frechet-
differentiable m appi ngs and B; E £' (X, Wi), i=O, 1. 

The problem is : 

I minimize Q (x, u)+Q1 (B1 x) 

j on the set of (x, u) E Xx U such that u EM and 

(P) { F(x, u)=O } 

I B0 x=b0 

l G(B1 x)=0 

wlu.m• ''" is n givc'n clement or W0 • 

(6) 

(7) 
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Assu me fu rthcr that: 

(H.l ) - there is a nonempty open subset /Pc U such that to every u E lP t here 

corresponds uniq ue x = JF (u) satisfying (6) and that the mapping JF : IP -+X is 

Frechet-differentiable ; 
(H.2) - for any Uo E lP, Xo =5' (uo) there exists operators n + E !/! (Y':', X*), 

Tx. E 2 ( Y'\ w;) satisfying: Xo 

(i) ( Fxo x , IJI)=(B1 x, 1'..,
0 

IJI)+ (x, D-;
0 

l.fl) V X E ker B0 V If/ E Y'\ 

(ii) for any ?. E R , w':' E W~ there exist a n If/ E Y':' such that 

( D;.Ijl, x)=<J,Qxo• x) Vx E ker B0 

Txolfi= W'~ . 

Here, F.~. and Qx. denote the Frechet deriva tives with r espect to x of F, Q 

respectively, evaluated at t he point (x0 , u0). 

Under the assumption (H.l ) problem (P) can be converted to problem (.BP) 

by defini ng J and S in the fo llowing ma nner: 

J: IP-+R, S: IP -+L ( lP as in (H . I )) 

J(u)=Q(!F(u), u)+Q1 (B 1off(u)), 

S(u)= G ( 8 1 o!F (u)). 

Assumption (H. I) guarantees the existence of a solution x = !!7110 u to the equations 

FXo x+Fu. u=O, 
(8) 

B0 x=O, 

whatever is u E U. Let w0 =81 x 0 and cons1der the "terminal condition" 

G'"o o B 1 x=O. (9) 

Equations (8), (9) are the linearization o f (6), (7). The attai nable subspace of 

the system (6), (7) at u0 consists of all I E L such that there exist an u E U and x = 
=!/7

110 
(u) being the sol ution of (8) satisfyi ng G,..

0
oB1 x = l ; note that S11.= 

= G'"o oB 
1 

o !/7
110

, hence the above assert ion simply describes im S110 and just ifies 

the name " attain able". 
System (6), (7) will be called regularly linearized a t u0 if the subspace tangent 

to the set s - 1 (0), where S=C o 8 1 o!F is equal to ker S,
0

• Clearly, any affine 

system (6), (7) is regularly linea rized. 
Now we a re ready to state the local maximum principle for the probkm (P). 

THEOREM 2. Let u E lP be a local solutio n to the problem (P) and set x = !F (ii), 
w= B 

1 
,i. If the corresponding a ttainable subspace im S;, = im (G;:, o B 1 o !!7,; ) of 

the system (6), (7) at a is not a proper subs pace dense in L, then: 
(i) t her:e exist a n umber /.0 ~ 0 and r:· EL'\ (}. 0 , /')) # (0, 0) such tha t the solution 

111 of the equations : 

(n·~ lfi,X)• ().nO:. \') Vrc/ll•t/Ju, T~ 'fl lo O,,~ Ci~ /'~ (10) 

.a 

J\ i!Jt:Ai liihAJIIilhli pi ,iliCJJ-! "-!' 

Nfll isllu~ tlw nw ximum condition : 

( - ).0 Q~ + F f, lfl, (i- 11) ~ 0 Vu E M ; (ll) 

(ii) if, add itio nally, im G,; is dense in L, then (}.0 , lfi) #(O, 0); 

(iii) if t he system (6), (7) is regularly l inearized at ii, t he a ttainable subspace at 

il is closed inLand there is ii e int(M-ii) satisfying (8) and (9) (u0 =tl,x0 = .'?> 

u0=tl, x=!F;, L'i) t hen A0#0. 

Pro of. 
ad (i) . I t suffices to compute J,;, s,; and apply Theorem 1. 

J,; =Q;o .9',; +Q;, +Q 1 ~v o B 1 o JF,; 

Let lf/ 1 be a solution to 

+ ( D; ljl 1,x) = ( Q.;,x) Vx E kerB0 , T; 1f1 1 =Q 1,7. · 

Then, for a ny u E U 

((Q; off,; +Q 11~o 8 1 o!F,;), u) = <Q;, JF;. u)+(Q 11: , , 8 1 o!F;, u)= 

= ( D ; 1fl 1 , ff;, u)+(T;'J! ~>B 1 ofil;, u) = (F;o!F;,u,lf1 1) = 

= < -F;, u, lj/ 1 )=( - Ft 1{1 1, u) . . 

in virtue of (H.2 (i) ), (8), (9) and ( 12). Hence 
·~{-

]~ =Q~ -F,; lf/1 . 

T ake a ny u E U and r~ E V', a nd let '/f2 be a solu tion to 

<D !Ifl2 , x)=0 Vx e ker 8o, T;IJiz =- c :.r. 

Just like above, we have: 

( S;, u, r') = (G,~ o 8 1 o JF,; u, r:') = ( BI off;; u, C~ r:') = 

= -(8 1 o ,?J" ,; u, T,; 1f1 2)- (.<F,; u, D~ 'fl2 ) = -(F.; o 5';, u, lf/2 ) = 

= ( F;, u, lf/2 ) = (u, F,~ tf!z), 

( 12) 

(12a) 

so that S~ l':' = Ff,lf/
2 

where lf/2 is a solution to (12a). Now, let w=}.0 lf/ 1 +lf/1 where 
l.f/

1
, lf/

2 
satisfy (12), (12a) and (}.0 , F) are as in T heorem 1, (i) . Then 1f1 is a solution 

to ( 10) and the maximum condition (I) yields ( 11). 

ad (ii) . Suppose the contrary, i.e. (/.0 , IJI)=(O, 0). T hen (10) impl ies I') E ker c;; 
by hypothesis im G,; is dense, which is equi valent to ker C(.; = {0}. Hence r = 0 

and (20 , F)= (0, 0), contrary to (i) . 

ad (ii i). Follows immediately from part (ii) of T heorem l and the definition 

of a regu la rly li nearized system. 

No le I hat Theo rem 2 wi ll rcmai n valid if one substitutes assumption ~H.2) by 

th l· lolh,wl llr: · 
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{H.2') - for any u0 e@, x 0 =fF(u0 ) there exist operators n; .. e !I'(Y~·,X•), 
r;. E 2 (Y'\ W7), i= O, 1, satisfying : 

(i) <Fx. X, If/) =<BoX, T~. If/) +<Bl X, T.,~ If/)+ (x, n:. If/) Vx EX, Vw E Y*; 

(ii) for any }, e R, w'-' e w;i< there exist an VIe Y':' such that 

D+ - 'Q Tt - * xo ljl- A -'o ' x0 If/- W • 

Clearly, (H.2') implies (H.2) with J'.,. = r; .. 
In order to illustrate the mean ing of the above formalism let us consider briefly 

the following example: 
t, 

{ minimize J q ( x (t),. u (f), t) dt 

' 

to 

on the trajectories of the system 
I 

1 

x(t)=A(t)x(t)+B(t)u(t) a.e. in [t0 , td 

x(t0 )=x0 , 

l g(x(t1)) =0, 

where x (t) ER", u (t) E _R•, A, Bare n x nand n x r matrices and q: R" x R' x [t0 , td~ 

-+R, g : R"~R"'. 

The adjoint equations in this case are given by 

\ 

-~t(t)-ATijl(t)=- }.0 DJ q(t), 

If/ (t ) =DT qf I ER"' 1 {) 0' 

(D, q (t) = : : (-? (t), u (t), t) where Ct, x are the optimal control and solution). 

These equations are related to the state equations by means of the integration by 

parts fo rmule: 

tr J vt(t) (x(t) - A(t) x(t)) dt=w(t,) x(t ,)-lfl(t0 ) x(to)+ 

t o 
t, 

+ J x(t) ( - 1~(1) -AT(t) ljl(t)) dt. 
ro 

This is a special case of (H.2' (ii)) where (Fx. x) (t) =X (t)- A (t) X (t), en:. If/) (t) = 

= - !jl (t)-AT (t) If/ (t), Bo X= X (to). Bl X= X (tJ), T~. ljl= -ljl (to), r;. ljl=ljl (tl) 
and the spaces X, Y are defined in a suitable way. It is easy to see how the other 
operators should be defined, and that the maximum principle (11) is here 

equivalent to 

- }.0 D 2 q(t)+lfl(t)B(t)=0 a.e. in (t0 , td 

(A.0 ;;:,:0), that is, 

aH(t) I =o. 
c1u " •~C l) 

1 

J 

<, 
I 

J\ I!Jl!h l irlll50rnTirn""l"irm'C'!'fl1l1 irw nprir'lllrH' 1"07 

Clrct:11 formu las can be wrillcn for systems described by discrete and partial 
dill'crentiul equations [9]. Jt is al so possible to write such a formula for systems 
with lime lags. 

2. Systems with lags 

In the following, we shall deal with the problem 

t, 

{minimize q1 (x(t1))+ J q(x(t), u(t), t) dt 

I 
( DP) ~ 

'• 
with constraints : 

x(t)=f ( x(t), x(o: (t)), u(t), t) 

x(t0 )=x0 

x (t)= (fJ (t) 

gl (x(t1)) = 0 

g ( x (t) , t) = 0 

and with the addit ional restriction 

u E Me U([t0 , t1J) 

a.e. on [t0 , t d 

a.e. on [e~.. (to), to] 

a.e. on [ e~.. (tJ), t1 J 

1 where M is a closed, convex set of nonempty interio r in the space U ([t0 , t d) 
l of control functions defined on [t0 , t J]. 

We assume that: 

(A.l) - for any t e [o: (t0 ), tJJ, x (t) is a R" vector, and u (t) E .R•, t E [t0 , tt l; 
(A.2) - the functions q, ,q,f,g1,g are defined on the following spaces : 

q 1 : R"-+R, q: R" x R'x [!0 , t1 ]~R 

f: R" X R" X _Rr X [to, 11 ]~R" 

gl: R"~R111 , g : R" X [o: (tl), td~RP; 

Function f (x J> x 2 , u, t) i s assumed to be affine in u, while g is assumed to be affine 
in the first argument. (See (A.4) and (A.5) below). 

(A.3)- the map e~..: [t0 , t 1 J~R, representing the argument deviation, is increasing 
jn [t0 , td and e~.. (t)::;;;.t-d for certain d > O and all t E [t0 , td , and CJ. (t 1)> t0 ; moreover, 
there is an absolutely continuous map y : [Cl. (t0 ), e~..(t 1 )]-+[t0 , t 1] such that oc (y (t)) = t 

.and rJ. (y (t)) = t a.e. in [rJ. (t0), et. (l1)] and (t0 , td, respectively. 

This problem will be solved below following Jacobs a nd Kao [7]. Before applying 
Theorem 2 it is necessary to define the spaces and operators in a suitable way. Set 

X= W~ ([o:(t0), t 1 ]; R"). 

H / (j' (1") , 11 1: R") is a Sobolcv srace of absolutely continuous functio ns, having 
Jli NI dl" ll \'lllhr Mqlllll'l ' intCjl.l'llhlc, l'IHIOWCd with the ~cula r r roduct 



,, 
(q>t>t71z)=IJIJ (IJ) ffJ2(tl)+ J cp1(t)cp2(t)dr. 

«(lo) 

This Hilbert space is isometrically isomorphic to U (ex (1 0 ), 11 ; R") x R", a ny 

element rp E Wi ([cx(t0), ttJ; R") being in a one-to-one correspondence with the 
pair (cp, rp (t1)). Therefo re in the seq uel we sha ll assu me that 

X =L2 ( et.(t0 ), t0 ; R") x L 2 (t0 , t 1 ; R") x R " 

identifying a ny element x E X with the triple (x', .\', x 1) satisfying : 

x' = i lr•Cro), tol • x=xlcr0 ,r,)' X1 =x(tt) · 

Often, we sha ll write simply x= ( x', x, x(t1) ). Also the elements w of the space 

of " terminal conditio ns", W1 = w; ( [cx(t1 ), td; R") will be identified with the pairs 

w=(w, w1)=(~v, w(t i)). 
The elements of the space Y=L 2 (t 0 , t 1 ;R")xL2 ( cx(t 1),t1 ; R")xR" will be, 

however, t reated as triples (t{i, If/', lf/J) only, and no "glo bal" meaning will be 

assigned to them. 
Fina lly, set U=£2(t0 , t1 ; R"), W0 =Wf ( [;;.(t0 ),10 ]; R") and L=U (cx(tJ,tt; 

RP) X R 111
• 

The opera tors will be defi ned as follows : 

(i) F : X x u~ Y, F (x, u)=(F (x, u), 0, 0), 
wher e 

F(x, u) (t)=x(r)-f(x(t), x (a(t) ) , u(t), r), t E (t0, ttJ . 

(i i) B0 : x~ W0 , B0 x=(x', x(t0 )) . 

(iii) B1: x~ W11 B1 x=(xl1,c,,), r,J• x(tl)). 

(iv) G: wl ~L, C (w)= G((lv, Wt)) =(g(iv( · ), · ), gl (wt)). 

Clearly, B1 E !£'(X, W1), i =O, 1. 

Define the functionals : Q :XxU~R, Q 1 : W1 ~R 
,, 

Q (x, u)= J q(x(t), u(t), t) dt, Q1 (w)=Q1 ((fi\ w1))=q1 (wl) . 
to 

We nt;ed that F, C, Q, Q 1 be continuously F ree het di!Terentiable. 

(A.4) -.f is of the fo rm 

f(x 1 , X 2 , u, 1)=/1 (x1, X 2 , t)+f1 (x 1 , X 2 , 1) u, 

x 1, x 2 E R", u ERr, t e [10 , t 1], where functions[; (.1 1, x 2 , · )are measurable V X 1 , x 2 , 

fu nctio ns[; ( · , ·, t) ar e o f class C 1 for a lmost every t and the followi ng is satisfied 

1ft (xJ, Xz, t )l + ID 1/1 (xi, Xz, t) i + IDz/1 (xu Xz, t) l ~ M1 (h, t) 

lfz (x 1• Xz, t) l + IDdz (xl, Xz, t) i + IDzfz (xI> Xz, t)J-~ Mz (h) 

Vh>O, Vx1 , x 2 E R", Jx1 !, J x2 l~ h, Vt E (10 , t 1 ] where 

M 1 (11, ·)EL2 (10 , t 1), Ml(h)<+r-v Vh"'>O. 

I 

Ill~ 

(A ~) - 1-: is n l' tht: form g(x, t)•a (t)+b(l) x, where 

Jal e U(CI.(/1), t 1), lbl eL"' (et.Ctt), t1). 

K1 iS or thC ClaSS C I . 

(A.6) - Function q (x, u, · ) is measurable V x, u, function IJ ( · , · , t) is of the 
class C 1 for al most every t E (t0 , td and the fol lowing holds 

Jq(x, u, t)l + ID1 q(x, u, t) l ~ JYf3 (h, t)+M2 (h) Jul2 

/D2 q(x, u, t) / ~M3 (h, t)+M2 (h) /u/ 

Vh>O, V lx l ~h, Vu and almost every I where M 3 (h, ·) e£1 (t0 , 11) Vh~O. Function 
q 1 is C 1

. 

W ith these assu mptions it can be shown that F, C, Q, Q1 are continuously Frechet 

d ifferentiable. For the details see [ 15] and [14]. The very restrictive assumption that 
fbe affine in 11 and gi n x cannot be omitted, otherwise F and G would not be Frechet 
d ifferentiable at any point, see [ 16] 1

). In the sequel, for brevity, we shall not use the 

functions / 11,{1 , a, b, but refer to .f. g as a whole. Thus, for instance, D 3 f= [ 2 • 

Thus problem (DP) appears to be a special case of (P) with the operators F, G, 
etc, defi ned as above. Now we proceed to checking the hypotheses (H. l) and (H.2). 

Note that the equations (6) are equivalent to: 

F (x, u) (t)=x(t)-f(x(t), x(cx{t)), u(t), t)=O a.e. in [to, td l 
x(t0 )=x0 . · (13) 

.'< (t) = rp (r) a. e. in [a (10 ) , t0 ) J 
Assume that there is u0 e£2 (t0 , t 1 ; R") such that the solution x 0 ( ·) of (13) t hat 

exists on [t0 , t 1 ]. (13) is equ ivalent to the following operator equation 

.r# (x, u)=O, 

where ,gf(x, u)=(F(x, u), B0 x-( tp, x 0 )). We have that Sl'1 is Frechet continuously 
differentiable, .s# (x0 , u0 )=0 and the Frechet de rivative S1'1.,

0 
(=d.< (x0 , u0 )) is an 

invertible opera tor (since it is defined b y linearized equations (13)). Hence by the 
implicit operator theor em there a re neighbourhoods V,

0
, V,

0 
of x 0 , u0 in X, U such 

that (13) defines the Frechet-differentiable map :7 : V,
0 
~ V:,

0
, 

F(:!F (u), u)=O, 

.9l(u) Cto)=x0
, 

§' (u) (t)= rp (f) a.e. in (~ {1 1), t1). 

Since a ny solution of (13) is unique, we can consider the map iF as being defined 
from V,., into X. Thus we proved that the set of all u0 which define by (13) a solution 
defi ned on the who le interval, is open and the map .9l exists in a neighbourhood of 

1) I hi I' , lhtl ll' 1111ls ohtaincll in [7] arc w rn:cl only under lhc assumpt ions given above 
ll llil 11111 tllllii,l in 171 whidl itllow IHIIIIin~·nriiY Ill' r In 11 
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any such u0 ; hence (H .I) is satisfied, provided there is at least one such 110 • Before 
considering (H .2) assume that 

(A.7) - y is essentially bounded on [(X (!0) , (Y. (1 1 ) ]. 

Let u0 E U and x 0 be a solution to (13). Define t he operators D.~ : Y ~X and 
Txo: Y~ W1 in the fo llowing manner : 

n;~ l.fl=n;~ ci/i, l.fl', l.fi1)=(0, 15:., l.fl, o) 
where ,, a (1,) 

_+ -ll/i(t)-! (Dlf(r:))T 1/i (r) dr:-! (D2f(y(r:))V y(r:) ifi(y(r:)) x 

Dxo l.fl(l)- x dr:-lj/ 1 , lo~t~a(tl) ,, 
l/i(t)- J (D d(r:)y 1/i(r:) dr:-ljl'(t)-l.fll> a.(t1 )<t~t1 

(14) 

r. ... l.fi= T.,o(lfi, ljl', l.fll)=(ljl', l.fll). 

Now let xekerB0 , i .e. x' =O, x(t0 )= 0, and lf!=(lfi,l.fl',l.fi1)EY (=Y':'). 
Then 

r1 r1 

( Fx
0

X , l.fl) ,.= J Px.x(t) l/i(t)dt=.J (.x (t)-D1 j(t)x(t)-
to to 

tl 1t 

-D2f(t) x ((/.(t)))l/i(t)dt= J x(t)i/i(t)dt-I x(t) (Dlf(t)Y l/i(t)dt-
ro to 

a (t 1) r 1 t 1 

- J x(t)(D2f(! (r))rHt)i/i(y(t))dt= I x(t)l{i(t)dt- I x(t) x 
to lo to 

'' a (1 1) a (1 1) 

X J (D1f(r:)Y lfi (r:) dr: dt- I X (t) I (D2f(y (r:)))T Y(r:) lp(y(r:)) dr: dt + 
t l o t 

t l t 1 l t 

-I x(t)l.fl' (t)dt+ J x(r)w'(r)dt- J x(t)l.fl1 dt+x(t1)Vt1= 
a(t 1) a(t1) 1 0 ,, 

= J x (t) 15.~ l.fl (t) dt+(B1 x, 1~,. Vt)r =(x, n:., l.fl)r+(B1 x, T.,. V')r. 
to 

Thus the Green formula (H.2. (i)) holds. 
In order to prove (ii) take x e ker B0 and note that: 

ft ft 

( Qx
0
,x)= f x(t)j D 1 q(x0 (r),u0 (r:),r:) dr: dt. 

to 

Hence (H.2 (ii)) will be proved, if for any we W1 there is a VIe Y satisfying:-
,, 

15:.,1j!(t)=J..j ' D1 q(x0 (r:),u0 (r:),r:)dr: a.e. in [t0 ,t!} 
r 

l.fl' = lii 

l.fii =WJ 

··' l.o 

,, 
' • 

I ht'l to: cqulvull·nt to the following pair of equations (compare (14)): 

ft ,1 
t{i(t) - J (0 1 f(r:))"' i/i(r:) dr:=w (t)+w 1 +J. J D1 q (r) clr (15) 

a.e. in (a. {t 1), t 1) 

- 1p(t) = (D1 f(t)Y i/i(t)+(D2/(i'(t))jY Y(t) lfi(y(t))+I.DI q(t) (16} 

a.e. in (10 , t1) 

and the terminal conditions for (16) are determined by (15) and (14): 

,, 
i{i(r1.(t 1)) = J ((D1j(t))T i/i(t)+J..Dl q(t)) dt+w1 • (17) 

a(t 1) 

Since (15) is a Volterra equation of second kind, it has a solution i{i for any 

(lii, w1 ) e W 1 • Similarly, (16) can be solved by the method of steps yielding the 

absolutely continuous solution. 

Before stating the result of this section, one must find necessary Frechet 

derivatives. If Wo = (liio, Wto) is fixed in wl' and wE wl, then 

(QJ"'•' w)=Dq!w0 'wl0; 

hence 

Q1w
0
=(0,Dq1w.)E W1 • 

Similarly, 

Gw
0
=(Dg ( ·), Dg1 ... .) 

where Dg (t)=Dg (lii (t), t) as above. 

The attainable subspace at u0 of the operator S, defined implicitly by the

constraints in (DP), consists of all points l =(l(·), 11) EL such that t here is ue M 

and xeX satisfying t he linearized equations: 

x (t)-D 1 f(t) x(t)-D2 j(t) x (a.(t)) -D3 f (t) u(t) = O a.e. in [10 , td 

x(t0 )=0 

x(t)=O a.e. in [r1. (t0 ), to) 

(18) 

D g1 x(t1)=11 

D g(t) x(t)=l(t) a.e. in [a. (l t), tl]} (19) 

T he application of Theorem 2 yields the following. 

TmORHM 3. Suppose that (A. l )- (A.7) are valid. If iteM is a local solution to 

prohlr111 (lW) und the attainable subspace at it is not a proper subspace dense in 

1.' ( 'llt.l, 11 , U'') · N'" , then : 



(i ) There exist a number ,1.0 ~ 0, a vector / 1 E R"' and a fun ctio n T G L} (ex. (f ,), / 1 ; 

RP), not all equal to zero, and func tions lfl e L 2 (t0 , 11 ; R"), If!' e L.} (a: (1 1), / 1 ; R"), 

and a vector If/ 1 ER"' such that: 

lflr = l .o Dq1 -(Dg1Y /1, 

lf/ 1 (t) =- ( Dg (t)Y l (t) 
( 1 t, 

(20) 

a .e. in [cx. (t1) , 11], (21) 

If! (t)- J (D 1 f(r))I' 'I' (r) dr=lf/ (t) + lf/1 + Ao I D 1 q (r) dr , (22) 
r 

a.e. in [a (t 1), t 1] , 

,, 
lf/((/.(fJ))=lf/1 + I ((D1 j (t))T !f!(t)+A.0 D1 q(t)) dt , (23) 

a(t,) 

- rfr (t)= (DJ f(t))I' lfl (t) + (D2 f( y (t)))r Y(t) !fl (Y (t)) + ), o D 1 q (t), 

a.e. in (t0 , (/. (tJ], (24) 

a nd the following maximum condition holds : 

f t 

.f ( -i,0 D2 q(t)+lf!(t)D3 f(t)) (il(t) -u (t)) dt~O Vue M. (25) 

t o 

Note: all the derivatives here are evaluated along the trajectory x ( ·), correspond

ing to u ( · ), so that for example 

D 1 f(t) = D 1 f(.f (t), .\:(a (t)), £/(t), t). 

(ii) If, in add ition, matrix Dg1 has rank m and matrix Dg (t) has rank p for 

almost every tE [u.(t1), t1], then (J,0, lf/)#(O,O). 
(iii) If the system (6), (7) of section 1 with F, B0 , B1, G defined as above is reg ula rly 

linearized at a (if the state equations and the terminal constraints are affine, this 
assumption is always satisfied), the attainable subspace is closed and there exists 

an t1 E int (M-u) such that the corresponding solution x of (18) satisfies 

Dg 1 ·x(t1)=0 

Dg(t)·x(t)=O a.e. in [u. (t1), t 1 ], 

then ),0 #0. 
Points (i) and (iii) are immediate corollaries to Theorem 2, (i) , (iii). T o prove (ii) 

observe that (),0 , lfi)=(O, 0) implies lf/1 = 0, lf/ 1 =0 in virtue of (22) and (23). H ence 

if ().0 , !f!)=(O, 0), then (A.0 ,(1f/, 1ft', lf/1))=(0, 0), contrary to Theorem 2, point (i i) 
(since by hypothesis c; is injective, im G,~ must by dense in L - see (i), Theorem 0) . 

The problem when the a t tainable subspace i s closed, will be discussed in Section 3. 

Observe first that the pair (If/', lf/1) can be identified with a fun ctio n 

J-l E Wf ([(/. (tl ), tJ]; R"). Then p= !fl l!a(r,),r ,J - Ji =lfll!a(t ,),r,J - !f!' E W f ([a (t t), t 1]; R") 
.and equation (22) takes the form 

- rj(t )= D tf(t) vt (I )-Ao Dl q(r) H.C. in fcx. (![ ) , ttl (26) 

--__,...,rr'lr'ITTfl'l'l,.-17'"'1"!1~~~~~1trr:!'~lr'(U~II~I}fl'j T!IIJ~i~i1 Cur- - -- • ~-ffih X ii!llliTT 1!1. IIl O! ) -"'TT"" I-Qi,ti i T lY 

wilh tct'tlliuul cunditi on 

P (11 ) = !fi r = ' ),o Dq, - (Dg1)T !1 . 

Equatio ns (26), (24) are identical with those obtained by Jacobs and Kao [7], 
while (22), (24) are t he same as those in [3]. The difference between our result and 

that of [7] a s fa r, as adjoint equations are concerned, is due to t he fact that the 
additional Lagrange multiplier p can be represented by {t=lfl' and its value e ither 

at t 1 or a t (/. (t 1 ) ; this results in minor changes in terminal condition for p. Note 

a lso that {t=!f!' being an element of L 2 ('l. (!1), t 1 ; R") is an equivalence class of 
functions equal almost everywhere and therefore it has no value lf/' (t) at any point 

t E [u. (tJ, t1]. lt can happen, however, that !f!' is equivalent to the function right

continuous at a (t1). ln this case, also lim VJ(t) =!f!(a: (t1)+0) exists and in vi rtue 
t -+a (t 1) + 0 

of (22), (23) we have the jump condition: 

lfl ( (/. (tl) + 0) - If/((/. (t 1)) = lf/ 1 
( "- (t 1)) = ,Ll (u. (tl)) . (27) 

The equation (26) can be easily transformed to contain p and If/' only. Since lf! ' 
is gi ven by (21), this would be an ordinary d ifferential equation fo r p. Solving 
numerically this equation is easier than the corresponding integral equation (22) . 

If M= U,L= wj, g1 (wl) = w1 for wl E R",g (}ii ( · ), . )= ~ji ( · ) fonii E V((/. (tl), tl; 
R") and the linearized system (18) is completely controllable, then fro m (ii) and (iii) 
it follows that ),0 # 0. Thus the r es ult of Jacobs and Kao appears to be a special 
case of Theorem 3. 

O bserve finally that unlike other necessary conditions, Theorem 3 can be appl ied 

to the problems of control to ta rgets in b oth fin ite-dimensional, and function space. 
If one is interested in controJli ng x (t 1) only, it suffices to pu t g (y, t) = 0, t E [cx. ( t 1), t d. 
Then from (21) we have vi'=O, hence lfll[a(t,),r,J=p and the equations (26), (27) 
imply that lfl is absolutely continuous in [t0 , t 1 ] and satisfies the well known adjoint 
equati ons [12] 

lfl (t l )=J.o Dqt -(Dg l)T /1 

-tfr(t)=(D1f(t)y w (t) - J.o D 1 q (t) a.e. in [a (t ,) , t 1 ] 

-rfr (t)=(Dl f(t))Y l,ll (t )+(Dd'(y(t))t y (t ) 'l' ( ;: (t)) -i. 0 D , q(t), 

a .e. in (t0, (J.(f l )) . 

As mentioned in Section 2, the requirement that int .M# 0 is rather restrictive. 
The typical example of such · a set M is given by 

,, 
M ={ueL2 (t 0 , t1 ; R') :J k(t) ju(t)!2 dt~ .K} 

to 

1 
where K~ O and k(t)~ O' k (t)~ K1 <+oo whenever k (t)# O. 

Tli t' OI'l'lll J does not cover the classical case of the se t M being defined by 

M • I ll : 11 nwasuruhlc, u (t) r=; !1 U.l' . in rru. t, l } (28) 

11 
·I 



I 

L 

where a is a compact subset of W, since th is se t has no intc l'io r in the to po logy of' 

L 2 • I n the framework of T heorems I a nd 2 on ly one th ing ca n be do ne - to s i rcngthcn 

the t opology of U([t0 , t r]). Preferably, one should u se L 00 instead o f L 2
, then if 

int Q =1= 0 , the set M defined by (28) would be of nonemp ty interior. But in that 

case also o ther spaces should be changed, X to L 00 (a (t0), t0 ; R") x W f ([t0 , t 1] ; R"), 
W1 to W t ' ( [a (t1), t 1 ]; R n) etc. in order to assu re t hat the a tta inable subspace would 

not be a proper dense subspace of L. However, t he proof of assumption (H.2) leans 

on many properties of adjoint spaces, X'\ Y'~ and w:. T hese spaces are isomo rphic 

to spaces of fi nitely addi tive bounded set fu nctions, va nishing on sets of Lebesq ue 

measure zero ([4] Chap t. IV.8. 16). The proof of Green formula (H .2 (ii)) would 

require many facts known for measures, analogues of theorem of R adon-Nikodym , 

F u bini, or sim ilar. W e do not know whether these theorems are valid for fin itely 

additive set funct ions. 

M uch more is known about U ([t0 , td)= C ([t0 , t 1 ] ; R') and its dua l. A rea

soning similar to the proof of Theorem 3, but more complicated leads to the 

followi ng. 

THEOREM 4. Let Q c Rr be closed convex and of nonempty interio r, M = 

= {ue C ([t0 , tJ] ; Rr):u(t)eQ Vt} and ue M be a loca l solution to the problem 

(DP) with U ([t0 , t 1 ])=C( [t0 ,t1 ] ; Rr) a nd j, q1, q,g1,g,y satisfying sui table 

con tinuity and differentiability assumptions 2). Suppose that the attainable subspace 

of the linearized system (18), (19) is no t a proper su bspace dense in L= 

=C ([a (t 1),t1 ];RP)xR'". T hen there exist a number 20 ~0, a vector 11 e R"' and 

a RP - valued function i, defined, left continuo us and o f bo unded varia tion in 

[a (t1) , t r], not all equal to zero; there ex ist a vector 171 E R" and functio ns If! E 

E L 00 (t 0, a (t 1); Rn) , p E £<" (a (f 1) , t 1 ; Rn) satisfying the following equations : 

'Yft =.1.0 Dq1 - Dg1 /1 

tt t 1 ft 

p (t)-J (D1 / (r)yp(r) dr= IJ 1 + J (D d (r)Y drJ ' (r) +),0 J D 1 q(r) dr 
t 

a .e. in (rt. (t 1) , t 1 ] (29) 

t l 0 (I , ) , , 

lf! (l) - J (D1/(r)Y lf!(T) dr - J (D2.f(y(r))jT d~(y(r))=IJ1 + ).0 J D 1 q(r) dr 
t ' t 

a.e. in [to, a (tJ)] 

where 
,, 

fJ ' (t) = J (D1 g(r))7' di (r), t E [a (! 1), t 1 ] 

2 ) The assumptions needed here are much weaker than (A. 4) and (A. 5); f and g may be 
nonl incar [14). 

·~ 
I 

.J 
I 

·' 

~~ I 

I 

~ 

. ---- ------ _... ___ . 
() 

,, 
-I p (r) dr+ t]'(t) 

I ' 
~(1) = : 

f 

,, 
- I p (r) dr 

.. (I ,) 

I ,, ~ ( t 1) 

l - J p (r) dr- I lf!(r) dr 
«(t ,) t 

t= /1 

t E ( IX (t 1), t 1) 

t =a (t1) 

t E [10 , o:(t1)) 

a nd such that the fo ll owing m aximum principle holds : 

.r (ii(t) - u(t)) d{}.0 j' D2 q(r)dr: - j' (D3 / (r))7' dil{r)} = 
t o r r 

'• ,1 
= - J.o J D2 q(t ) ( ii(t )-u (t)) dt+ J ( ti (t ) - u(t)) (D 3 f(t))1' dij(t)~ O 

to to 

Vu e M. 

Points (ii) a nd (iii) of Theorem 3 can be also fo rmula ted in this case. 

Let us compare briefly the earlie r results [3], [7] a nd T heorems 3 and 4. Banks 
and Ken t [3] worked in the target space C ([a (t 1), t 1 ]; R") in which the attainable 
subspace consisting of absolutely con tinuous functions cannot be closed (unless 
it is finite-dimensional). In the case of complete controllab ility the atta ina ble subs pace 
is a proper dense subspace of this ta rget space. Lemma 1 expla ins why it was not 
possible to establish the no ntriviality of (1,0 , If/) ; however, If/' was left continuous and 
o f bounded varia tion. Jacobs and Kao [7] used smaller target space and the 
assum ption of complete controllab ility guaranteed the closed ness of the attaina ble 
subspace. But d imiuish.ing the target space, o ne enlarges the space of Lagrange 
multipliers; hence both T heorem 4.1 of [7] and T heo rem 3 yield the existence of 
n onzero multipliers, but If!' is only squa re integra ble. Taking smaller control space 
C ([t0 , t 1 ] ; Rr), as in Theorem 4, is connected wi th enlarging the space mult ipliers 
once again, in view of Lemma 1. The r esult , is tha t in Theo rem 4 neither p nor 
lfl l r, .~Ct . lJ are absolutely conti nuo us; the space of terminal condi tio ns is here 
C 1 ([1X (t1), t1] ; R") and its dual is isomorphic to so me space of rather irregular 
functio ns. 

The spaces C ([a(/ 1), t1 ]; R"), Wf ([a (t 1), t 1 ] ; R") a nd C 1 ([a (t1) , td ; R") 
are by no mea ns the o nl)" ta rget spaces allowing the solution of p roblem (DP) in 
particular cases. I n the next section, a n example will be presented showing that 
while Wf ([a (t1) , td; R") cannot be used (since the o nly existing multip liers 
are zero), some other choice of the target space wilt result in no rmal Lagrange 
multipliers. 

It seems tha t new resul ts could be obtained under stronger assumptions concerning 
the p~rfc~rmn ncc ind ex Q a nd its rela tion to the subs pace im S';;, where S is the 
opc.•rnltu m• In Thco rem I. 
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3. The attainable subspace 

Consider the linear system 

x(t)= A (t) x(t)+A 1 (t) x(x(t))+ C(t) u(t) 

x(t0 )=0 

x(t)=O 

H 1 x(t1)=l1 

H (t) x (t) = i (t) 

a .e. in 

a.e. Jn 

a.e. m 

[to , f 1] l 
[.z Cto), to) 

[7: (11), t,] \ 

(30) 

(3 1) 

where A, A
1

, C, H
1

, H are matrices of sui table dimensions and ':1. is as in Section 2, 
u(·)EU([t

0
,t

1
]), (U·),/

1
)EL('Y.(t 1),t 1). The problem is, when the attainable 

subspace of the system (36), (37) is closed in L =L([':J. (t ,), t 1]), that is, when the 

operator S: U-+ L defined by 

Su=(H( ·) x(·), H 1 x(t ,)) 

where x is the solution of (36), has closed range im S. Note that L=L x R"'; it 

suffices to investigate the ra nge of the operator S: U-+L, 

(Su) (t)=H (t) x(t) I E [a. (t,), 11], 

as the fo llowing lemma shows : 

LE~I ~IA. LetS: U-+L, S 1 : U-+R"' be continuous operators, and set S= (S, S, ) : U-+ 
-+L x R"'. T hen im S is closed in L x R"' if, im S is closed in L. 

Proof. By the theorem 0, im S is closed if im s·:: is. We have 

im s ::: = im s·:· + im s;. 
Since im s: is a finite-d imensional subspacc, then im S':' is closed if im S •:: is 

([5] Lemma 2.6), the latter condi tion being equivalent to the closednes of im S . 
We shall find the operator S . To this purpose denote by Y(s, t) then x m matrix 

funct ion defined for t0 ~s~ t , a.(t0)~ t ~t1 , satisfying the following conditions : 

Y(t , t )= l ( ide ntity) 

Y(s, t) = O, s>t 

a 
-;;- Y(s,t)=- Y(s,t)A(s), a (t)~s< t 
os 

c os Y(s, t) =- Y(s, t) A (s) - Y C•(s), t) i'(s) A 1 (y (s)); t0 ~ s < a (f). 

Then 
I 

x(t) - J V(s, t) ('(1) u(s) 1/.1·, t E [111, t,l; 

'" 

l l 

i 

i 

l 
i 

.~ 
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' a 
x(t)=C(t)u (t) + J a; Y (s,t)C(s)u(s)ds . 

l o 

( Y (s , t) is a bsolutely continuous with respect to any of the variables in the set 

{s, 1: s~ t}) . 
Therefore for t E [tt. (t1), t 1 ] 

11(1 1) O I a 
x(t) = J atY(s,t)C(s) u(s)ds+ C(t)u(t)+ J at Y (s,t)C(s)u(s)ds . 

r o a (r 1) 

Observe that the elements of U([t0 , t 1 ]) can be treated as pairs (u1, u2 ), u1 E U, = 

= U ([t
0

, tt. (t1)]), u2 E U2 = U([tt. (t1), tr]); jn the case of continuous controls 

u1 (Cl. (t 1 ))=u2 (a. (11) ). Then 

where: 

im S=H (imE+im VoC) 

(Hw) (t)= H(t) w(t), 

a(r,) a 
(Eu 1)(t)= J at Y(s, t) C(s) u (s) ds , 

I 
I 

ro 

J
t a }te [cr. (f,),t l] 

at Y(s,t)l (s) ds 
a(r

1
) ' 

(VI) (t)=l(t)+ 

(Cu 2)(t) = C(t) u2 (t) . 

Assume firs t that W1 =L, H =I (identity); then 

im S = im E + im V o C. 

We face considerable difficulties when trying to establish whether im S is closed. 
Even if im E and im Vo C are closed, their algebraic sum may be not (see [13] 
Chapter 4, § 4) . But im E is, in general, not closed [14] since Eisa Fredholm operator 
of the first kind. The investigation of im Vo C is much simpler, because V, being 
a Volterra opera tor of the second kind, is a topological isomorphism of L onto itself 
in the case L=U (o:(t1), t ; R") and L=C([(o:(t 1), r.]; R") [14]. Thus im Vo C is 
closed if, and only if, im C is. Thus, while we are not able to give a general answer 
to the question when im S is closed, it is possible to give the following, obvious 

sufficient condition: 
- If inz Ec im Vo C and im C is closed, then im S is closed. The inclusion 

im Ecim V o C takes place if, for instance, C (t) = O, t E [1 0 , r:1.. (1 1)), or if the operator 
C is surjective. I n the latter case im C is obviously closed . The necessary and sufficient 
co ndition for(' to be surjective in the case U=£2 (10 , t1; R"), Wt = W~([a (t, ), t.] ;R") 
i~ 171 111111 llw matrix C(t) has rank n a.e. in [a (1 1), 11] and the function 

t=,I(C'(fl("Ul) 111 i11 int ~·vrnhlc on [~>:{t t ).,t,l. 
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Jt is much easier to give a sufficient conditio n for the operator C to have /111 C 

closed. 
To fix ideas, assume that U=L2 (t0,t1 ;R'), L=L2(oc(tJ,t1;R"), C (·) is an 

essentially bounded nxr matrix function on [oc(t1) , td. Let T 'c [a.(t1 ), t 1] be the 

subset of measure zero on which C(·) is not defined, and 

r o=1U{t E [oc(ll), /J]: C(t)=O} . 

Define o n [a(t1),11 ] the rxr matrix function J(·) in the following way 

{ 

0 f E To 

J(t)= matrix of orthogonal projection in R' o nto ( ker C(t))l" t E [oc (!1), t 1 ] ' ' Jo. 

I t can be shown that the functio n J ( ·) is measurable; it is bounded, since J (t) 

is a projection matrix for any t E [oc (t1), t t]. 
The range of the operator C: U2 -+L is closed if, and o nly if ([4] Chapt. Vl.6.1 

and Vl.9.15) the following condition is satisfied : (C) - there is a constant k>O 
such that to each u e U2 there corresponds an u E U2 with lliillu. ~k IJCullc: and 
ea= Cu. By definition, for each u E u2 =L2 

( (/. (t I), t l; R') we have 

Cu = c (.) u ( ·) = C ( ·) J ( ·) u ( ·) = = C ( ·) u ( ·) = Cu 

where u ( ·) =J ( ·) u ( ·); clearly, 

u( ·)=J ( ·) u( •) E U2. 

Therefore the following condition is sufficient for (C) to hold: 
- there exists a constant k> 0 such that for each v eR' (C) and almost 

t E [oc (!1), td 
ll(t)vj ~k iC(t)vj . 

every 

Condition (C) is satisfied in the case C (t) = C0 = const; the existence of the 
constant k follows from condition (C) applied to C0 as an operator in R'. 

If n=r= 1, and there is a constant le such that 

IC (t) J ~k 

for every t such that C (t) # 0, then (C) also holds. This condition is also necessary 

for im C to be closed in t his case. 
Similar conditions can be given for the case of con tinuous controls. Note that 

if the system with H, H 1 =identity is completely controllable, then the attainable 
subspace of the same system with H , H 1 #identity is closed if im H is. The above 
considerations apply to the mapping H as well. 

4. Examples 

The :first example shows that the attaina ble subspace can be a closed proper 
subspace o f the target space. The other o ne presents the case of the attainable 
su bspacc being a proper dense subspaco of the target space. Non~:ero Lagrange 

~ 

--

lllltltq~lill l '~ do no t cxi11l in this cnsc, bul the same problem set in a different target 

IIJ,lH..:c b~Jcomcs normul (A.0 r;.O)(compare Lemma 1) . 

Example I 

I x1 =x2 

x2 =X2 (t -l) + u, tE[0,2], 
(32) 

x (t) = O, t E [ -1, 0]. The control space is U=V (0, 2), the target space L= W1 = 
= w; (1, 2) x Wi (1, 2). Solving (32) by the method of steps one obtains 

I I s 

x 2(t) = J u(s)ds, X 1 (t)= JJ u(r)drds, O~t~l, 
0 0 0 

1-l I t -1 S 

.x2 (t)= I u(s) ds+u(r), x1(t)=I u(s)ds+ .r .r u(r)drds, l~t~2. 
0 0 0 0 

According to what was said in the p receding section, it suffices to prove that 

t he operator 
S: Ul->(~11[1, 2]) 

Xzl[1, 21 

has the closed range in V (1, 2) x L 2 (1 , 2). Take the sequence (x~, x~) of solutions 

of (32) such that '''! ~l:Vl, X 1 (1 . 21 L 1 
(33) 

'"j __, 1:V2. 
X 2 [1, 21 L• 

(34) 

I 

Since .X~ (t)=x'l (1)+ J x; (s) ds, l ~t~2, then (33) and (34) imply that the 
J 

s equence {x~ (1)}c R" satisfies the Cauchy condition and is therefore convergent to 
w0 eRn. Hence we conclude that !"i\ is absolutely continuous, Ji\ (1) = w0 and J;1 = w2 • 

Take u0 E U defined by 

{ 

wo, 

uo(t)= w2(t)-(t -l)wo, 

O~t~ l 

1 <t~2 . 

Denote by (x~, x~) the solutio n of (32) corres-ponding to u0 . We have: 

. 01 -X2 (1, 21 =W2 

:X:~(l)=w0 =1V1 {1) 
- o - !. 
xll[l,2J=Wz=Wl, 

then ., , •01 
xt [1. 21 [J X1 [1, 21 

.,, , •01 
X2 (L, 21 [J X2 [1, 21 

so that the attainable subspace of (32) is closed. It is different from the whole target 
sp1~cc, since x 1111 , 21 having the absolutely continuous derivative x11[1. 21 cannot be 

1111 llfhiii'IIIY function f rom W~ (1, 2). 
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J.."xample 2. 

{ 

X1 =u 

X 2 =X 1 (t- 1), t E [0, 3] , 
~35) 

X 1 (t)=x2 (1)=0, t E [ -1, 0] . 

The control u E L 2 (0, 3) is sought, steering the system (35) to the terminal 

condition 
x 1 (t)=t -l, 

x 2 (t)=Ht-2)2
, tE[2,3], 

and m inimizing the functional 

where 

1 3 

Q(x, u)=J(u)= 2 J (u(t) - v(t))1 dt 

0 

{ 

0, 0~1~3/2 
v(t)= 

1, 3j2~t~3. 

The solution of (35) is 

t t-1 s 

x 1 (t) = J u (s) ds, x 2 (t) J J u (r) dr ds, t E [2, 3] 
0 0 0 

(36) 

Set U=£2(0,3), W1 =Wf(2,3)xWf(2,3); the operatorS: U-d¥1 is given 
by (36). It is easy to sec that if Su1 =Su1 , then u1 (t)=u2 (t), t E [1, 3], and that the 

control ii, jO, O~t<l, 
u(t)= \ 1, I<t~3, 

is the only optimal control ; on the interval [1, 3] it is defined uniquely by the terminal 
cond ition, on [0, 1] by the minimization of Q. It can be verified that if 

(11, lz) E w; ( = W1), then 

l
/1(3)+(3-t)/2 (3)-/2 (2), O~t< l, 

S'''G~) (t) = /1(3)+(3-t)/2 (3) --/2 (t+J), 1~!<2, 
/1(3) +11(!), 2~t~3. 

S'~ is injective. Indeed, Jet 

S'~U:)=o. 
Then 

/ 1 (3)+(3-t) 12 (3)- /2 (2)=0, O~t<l, 

-/2 (3)-12 (1+ 1) =0 , I <t<2, 

11 (3)+1, (t) .... o, 2< t :('3. 

(37) 

(38) 

(39) 

(40) 

(41) 

'11 

l~i 

I'' 
~ 

... 

- -------
I qlllllillll (•10) Wllio \lbtui l\l.)d by tliflcrcntiating (38) ror I < 1< 2. (39) implies 

/
1 

(:1) • 0, lwncc l"rom (40) 12 =0 a nd /2 =0; this and (39) yields /1 (3)=0 and f\·om 

(4 1) it obtains that also / 1 = 0. 
Ker s•:•={O} impl ies im S is dense in W1 ; im S=!= W1 si nce x 2 l[z. 31 has the 

dcrivaLive absolutely continuous . 
Since the set of admisible controls M= U, the Lagrange multipliers },0 , (/1, / 2} 

should satisfy (compare Theorem 1) 

i.0 J~-S':'(~:)=o. (42} 

lf J.
0 
=0, then by injectivity of S':' also G1

) = (~). But }.0 must be zero, otherwise 

( 42) can not be satisfied. I ndc:ed, 
2 

1

0, O~t<l , 

J~(t)=u(t) -v(t)= 1, l~t<3/2, 

0, 3/2~1~3 , 

and }.
0 
J~ is not absolutely continuous in [I , 2) unless ).0 = 0. On the other hand~ 

the funct ion S':' (~~) is a lways absolutely continuous in [1, 2]. Therefore the only 

).0 , (lt. 12) satisfyi ng (42) must be zero. 
Take W

1 
= W~ (2, 3) x Wf (2, 3); Wf (2, 3) is t he space of functions with second 

derivative square integrable, endowed with the scalar product 
3 

( ll' t. w2)=1V1 (3) w2 (3)+1v 1 (3) \V2 (3) + J W1 (t) iv2 (/) dt. 
2 ' 

T he operator S, defined by (36) can be considered as an operator S from U to W1 ~ 
its adjoint is equal to 

O~t<l 

l
/1 (3)+(2- t) 12 (3)+ i2 (3) ' 

s*(~:) (r)= t1(3)+C2--t)t2(3) +i2(3)+ i2 cr+ I) , '~'<2 
2~ ~~ J. /l (3)+ 11 (t)' 

P ut l1 (3) = 12 (3) = L2 (3) = 0 and i1 (t) = 0, 

., t 1, 2~ t <5/2 
12 (t) = 

0, 5f2~t~3. 

Then 

1~ -s':' (~:)= o . 
It is interesting to observe that im s is a p roper (closed) subspace of w l ; it can 

be ve1ified letting /1 (3)=1, 12 (3)= - 1, itCt)=-1, /2 (3)=0, 12 (t)=O : 

s*G:)=o. 

ht·11u· /111 S l~nnnol be dense in W1 , by (i) theorem 0 . 
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5. Conclusions 

Jhe necessary conditions presented in [3], [7] a nd in thi s paper are rather 
cum bersome and it seems impossible to apply t,hem to solving analytically more 
complicated problems which can arise in an engi neer's practice. It seems therefore 
that the problems of control to targets in function spaces should be solved n_umerically 
by the methods using the penalty on the termi nal constraints. It is here that the 
theorems like Theorem 3 and 4 can be helpful, since they contain information about 
the adjoint equations and suggest the suitable choice of t he target space. Moreover 
many convergence the-orems concerning the penalty function methods require the 
existence of nonzero Lagrange multipliers. 

It seems clear, for instance, from the discussion at the end of Section 2 that the 
penalty on the terminal constraints should be of the form 

,, 
[x(tJ [2 + J [;\: (t)[ 2 dt 

a (1 1) 

rather t han 
,, 
J [x (!)[ 2 dt 

a(r 1) 

or 

max [x(t)[ . 
a(r 1) .;; r .;; r, 

In special cases, some other penalty functions can be used, depending on the 
shape of the norm in the space in which the attai nable subspace is closed. 

These remarks apply to pa rtial differential equations as well. In general the 
target space should be chosen to be the largest space in which the attainable subs pace 
is closed to avoid the singulari ties (see Lemma 1) and too complicated and irregular 
multipliers on the other hand. 
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2) H. T . Banks, M. Q. Jacobs, C. E. Langenhop - C haracterisation of the controlled states in 

W(~ l of linear hereditary systems, to appear in STAM J. Control. 

1n the fi rst paper the linear - quad ratic case is studied; in the other one, authors obtained 
some results con cerning the closure of the attainable subspace. The problem, when the a ttainable 
subspace is c losed in Wf was recently solved in 

3) S. Ktn·cyusz, A. W. Olbrot - O n the closure of the a ttainable subspace of linear time-Jag 
systems, to nppcur. 
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Lokalna zasada maksimum przy ograniczeniach operatoro
wych i jej zastosowanie do ukladow z opoznieniem 

W cz~:;sci pierwszcj podano wanmki konieczne, jakie musi spclniac rozwi<tzanie zadania 

{ 

minimalizuj J(u), 

przy ograniczeniach u E Me U, S (u) = OEL, 
( I) 

gdzie U, L oznaczaj <t przestrzenie Banacha, J - funkcjona l, S - opera tor. Zadanie takie bylo 
rozwazanc wielokrotnie od czasu zjawienia si~ pracy [ll- P rzedstawiona w ar tykulc wersja warunk6w 
koniecznych jest nieco silniejsza niz dotychczasowe. Podstawowy reziJlta t cz'<sci pierwszej jest nast~:;

puj~cy. 

TWIERDZENIE 1. Nicch M b'<dzie zbiorem wypuklym, domkni~tym i o niepustym wn~trzu, a ope
ratory J: (!} ->R, S: {!} - >L w spos6b ci11gly rozoiczkowalne wedlug F reche ta na niepustym otwartym 
zbiorze (!} c U. Przypuscmy, :Ze fi jest lokalnym rozwi1jzaniem zadania (L). W6wczas, jezeli i m s,; 
(obraz pochodnej Frechcta operatora S w ii) nie jest wlak iw4 podprzestrzeniq g~Stq w L, to : 

(i) i-. tnicjll Ao -, o, ,. E L*, (.to, /*) #(0, 0) takie, ze 

( .toJ,; I sJt•, tl 11 · 0 Vu r M (2) 



L_ 

---

(it) jc/cli /111 S~ jc,t u omkn ic; tq [1tldpt'/C,I I'/CI1 itj f., podpt'/CSII'/Ct\ SI)'C.t.l111 do zbio ru S 1 (0} 
IV pttnkcic t7 j est r6wna ker s~ oraL. i ll! (!vi tl )n /,er s,; "' 0, to Ao¥:0 w (2). 

Pokazano r6wniez, ze zalozenic o gc;s tosci i111 S,~ IV L nic m oze bye oslabio nc. 

W dalszym cil!gu cz~sci picrwszej r ozwazono problem stcrowania optymalnego zapisany ab

strakcyjnie przy uzyciu r6wnar\. opcratoroiVych spelniaj l!cych tzw. for mulf< G reena. K lasa takich 

r61Vna t1 operatorowych obejmuje r6wnania r6zn icowc, r6zniczkowe zwyczajne i CZ'!Stkowe, wreszcic 

r6zniczko1Ve z op6inieniem. Dla lej og61ncj klasy r6wnat1 wyprowadzono z tiVierdzenia 1 warunkl 

op ly malnosci: r61Vnania sprz~zone, warunki transwersalnosci i nier61Vnosc wariacyjn'!, bc;:dl!ce 

dosyc przcjrzysty m uog61nieniem relacji znanych IV teorii steroiVania oplymalnego poszczeg6lnych 
typ6w uklad6w . 

W czc;sci d rugicj artykulu przedstawiono Lastosowanie 1Vynik61V o t rzym anych IV cz~sci pier

wszcj do optymalizacji uklad6w z op6i.nien iem przy ograniczeniu r6wnosciowym na koitcoiVy 

stan zupelny . K westia istoienia zmiennych sprzc;zonych (mnozni k61V Lagrange'a) byla badana 

najpicrw IV [3] : wyp rowadzooo tam og61ne warunki optymalnosci, nie gwarantuj'!CC jednak n ie

tryw ialnosci mnozn ik6w L agrange·a. W pracy [7] dowiedziono niezerowosci zmiennych sprz~:io
nych przy Zf' lozeniu zupelnej sterowalnosci i przy braku ograniczer\. na steroiVanie. 

W artykule niniejszym podano warunki koniecznc optymalnosci, gwarantujf!ce niezerowosc 
zmiennych sprz~zonych, dla problemu og61nicjszego. Przeprowadzono tez dyskusj~ otr zymanych 

wynik6w. W swietle zalozet1 twierdzenia I istotny staje sic; dob6r mocy topologii w przestrzeni zu 

pelnych stan6w kotkowych L oraz zgodnosc mic;dzy U a L. Przcdstawiono dwie IVer sje slabej (lo 

kalnej) zasady maksimum dla dw6ch r6znych uklacl6w U i L - U= U (t0 , t1 ; R"), L = W 'i ([t, - lt, t] ; 
R") o raz U= C (to, t1 ; R*), L= C 1 (1 1 - lt, r,; R"). 

w punkcie (ii) l w ierclzenia 1 wystc;pujc warunek domknic;tosci podprzcstrzeni im s.~' kt6ra 
dla uk lad6w z op6znieniem r6wna j est poclprzestrzeni sterowalnych (osiqgalnych) stan6w zupel

nych. Podano wstC<Pill! dyskusjf< tego warunku dla uklad6w z op6Zn ieniem. 

Przytoczono r6wniez dwa przyklady. Jeden z nich ilustruje zaleznosc mi~clzy istnieniem nie

zerowych mnoznik6w Lagrange'a a cloborem takiej pt?estrzeni stan6w zupelnych, w kt6rcj spel
niony bylby warunek dom knic;tosci im S~. 

Jiol\a.tiLHhlil npmtJlllll MaKcn:uyMa rrpu onepaTopnLIX orpa

Hn'fellmfx 11 upnMenemre ero " cucTe:Ha~l c 3ana3,1l.LIBanueM 

CntTbR COCTOIH H3 .Zl.B)'X 'faCTeit. 

B nep~oli •meT» ,a:aiOTCH Heo6xoi!HMI>IC ycJtOBIHT, KOTopr.te .n,omtmo y)losneTsopRTr. pemenue 
3C'Lltttllf. 

{ 

MIHH1MI13ai..\IHI J (11) 

np11 orpaHI1~elltHIX u e Jfc U, S(u) = OeL, 
(l) 

r .:te U, L o6o3Ha'fatOT 6aHaxosbt npocrpaHCTua, J - <f>yHKliiWHarr, S- oneparop. 3ra Ja.Qa•m 

paCCMaTp~!llaJJaCb HCO,ll;HOKpaTHO C MOMCI!Ta l10.f!BJICHIHI pa60Tbl (1). ffpe.QCTaBJJCHHaf! B CTaTbC 

uepCHSI HC06XO.llflMbiX )'CJJOBill1 HCCKOJ!bKO CHJJbRCe npC,ll;biA)'WHX. 0CHOBHOl!: pC3)'1lbTaT nepsoj:j 
't3CTI! $1 BJI.f!CTCR CJJC)l)'Kll.i(H.M. 

TeOpeMa 1. flyCTb JV[ 6y.ZJ.CT BblnyKITbtvl 3aMKH)'TbiM H BH)'Tpl! HCII)'CTblM MHOJKCCTBOM, a 

onep:lTOpbi J: {!}- >R, S: (!}-+L nenpepbiBHO D;11<j>QJepeHI..\IfP)'C:I.fbl 110 <DpemeTy B HCil)'CTOM OTKPLI

TOM MHOJKecrse {!} c U. ITpeJt.nOITOJKitM, '!TO 1i l!BJIRCTCll JIOK::t.ThHLtM peweHifCM 3a.ZJ.a'IR (1). Tor.ZJ.a , 

CCJ1l1 im S~ (o6pa3 IlPOI13BO.D;HOl!: <t:>peweTa onepaTopa S B tt) HC f!BJIRCTC.fl C06CTBCHHblM 
nJJOTIIbtM no.ZJ.npocTpaHCTBOM b L , TO: 

( i) CyuteCTBYKlT ).0 > 0, I* EL *, (Ao, / *) ;6 (0, 0) TaKifC, •no 

(-4oJ,;+S";;t•,o u' 0 Vu E M (2) 

I 

Mi ICf'lhY li!l4hi'IICIIII f · * » -~ ""!" 

(lJ) I 1 111 /111,\11 llll'llll'It:ll IIIMKIIYihiM IIO/liiPO!.! t pallt:IIIOM L, IIO!lnpoc qXtiiCTOO KacarcJtbiiOC 

l1 Mlllllll~'t ll )' .\' 1 (()) 11 111'11(1! r? 1)!111110 f.er S~ a TllK>ICC ill/ (i'vf - tl)nker S~ ;= 0, TO 4o#0 b (2) 
l l lltm'lllllll 111 101\1!, •r 1"0 II PCHIIO~ biJl Kll 0 llJlOTIIOCHI im S~ D L HC MOJKCT 6btTb OCna6n eHa. 

/~IIJlCC ll III!J) IlOil 11HCTI1 paCCMOTpCHa npo6nervm OllHIM3JlbHOf O ynp<lOJICHI1Sl, a6CTpaKTHO 

:33m1Carlllall C IIOMO II~biO OrtCpaTOpllt..IX y paBHCH11 H y.!.IOll,1CTBOpR10WHX T3K H33btBaCM)'IO CpOpM)'JI)' 

rp11 11a. Knacc T<lKHX onepaTopt-t &tx y paBHCH11H oxsaTbwaeT pa3HOCTHbte ypall ftCHHil, )l11<l>cJ>epeH

J..li1aJtbHt..le ypa131·1Cmlil 06btKI"IOBCHHbiC 11 C 'IaCTHbiMH npOI1300llHblMH ){ H3KOHCI..\ ,a:HciHpepCHliMaJib

HbiC ypamtetHIH c 3ana3,a:btsaHHCM. )lnR :nor o o6wero Knacca ypaaHeHHi1 st.roe.ueftbt 111 TeopeMbt I 
ycrros11a onTH~taJJbiiOCTI1: conpHJKCHHbtC ypaBHCH11ll, yc,l OB11ll TpaHcsepcanbHOCTH 11 sapHaUHOH· 

HOC HepaBeHCTOO, iiBJ!iiKlWI1CCll AOBOJJbHO liCHbiM o6o6wetiHCM COOTIIOWCHfiH, l13BCCTHbiX 113 

TCOIJHH 011THM3flbHOf O yrtpaBJJCHfill OT,ll;CJ!bHb!X Tffi10B CIICTC~f . 

BTopaR 'faCTb cTaTI>H npeaCTaBJJHCT npnMenen l1e pe>yJibTaTOll nony•JCHHbtX o nepsoit •racnt 

)lJJll 011THM11"lal..\1111 Cl1CTCM C 3ana3.ZJ.btBaHl1CM npl! OrpaHn'lCtntllX B BlfAC paseHCTB Ita KORC'IHOC 

ITOJIHOC COCTORime. flpo6rreMa C)'l.l(CCTBOB3HI1Sl COllplln.<CHHbiX I}CpCMCHHbl X (MttOJKHTCJJCI\ Jiarpan

?Ka).HCCJJCAOBaiTaCb B Ha'!aJJC B (3) : Ta~t BbiBC.!lCHbl o6WtiC )'Cil0811ll 0 11TKMallbHOCTI1, He rapaHTl1-

pyKll.l(HC onHaKo tleTpi1BiiaJJbHOCTb MHOlKI1Tenel!: J1arpaHJKa. B pa6ore [7] ,noKa1aHO cyl.l(eCTDO

nauue HCHYITCRbtX conpmt<eHHbtX nepeMellltbtx npH npen nonolf<CH11l1 nonHoli ynpaamteMOCTH 

H npH OTC)'TCTBI11! orpatHL'lCHHfi Hll ynpaBJICHHe. 
B AaHHoit CTaThC nptiBC.llCHbt Heo6xo.UHMbte ycrroBHll onTHMallbllOCTl1, r apaHn ipyioutHe 

HCH)'JI CBblC 3Ha'ICHflll COilplllKCilHbtX ncpeMCHIIhiX, .llJlll o6UJCH npo6JJCMbl. .np11BC.!.ICHO TaKJKC 

paccMorpeHl1C nony•teHHblX pe3yJlbTaToB. Y•mTbiBall npe!lnonoJKemrn TeopcMt.t I cyl.l(eCTDCH

H&IM CT3HOBI1TCH IIOD.60p M01.l(HOCTI1 TOilOJ!OfHl1 B npOCTpai!CTBC DOJJ HbiX KOHC'Ift&IX COCTORHHH L , 
a TaKJKe corrracosattHOCTb MCJKllY V H L. D pc,a:cTaB:IeHbJ rll3e oepcl111 ocrra6nem10ro (noKaJtbHoro) 

np!!HU.Itna MaKCHMyMa nrrR l.IBYX pa3HbtX cHcTeM U u L -U= L 2 (r0 , 11: R"), L = W 7([r - h, 11]; R") 

a TaKJKe U=C (to, 11 ; R"), L = C' (t, - h, 11; R"). 
B D)'HKTC (ii) T eopeMbl I }IMCCTC51 )'CJIODHC 3aMKHYTOCl ~~ noa n pOCTpaHCTBa im s.~' KOTOpbiC 

A!lf! CHCTCM C 3arta3)lr..tBaHHCM 3KBI1 BaJICHTHO llOllllpOCTpanCTB)' y npaBiliiCMbi.X (.llOCTHraeMbtX) 

ITOJJHbiX 3Ha•!CIHtl!. }J,aeTCll npeasapl1TCJibHOC paCCMOTpeltHC JTOrO yCJIOBIIll D.llll CIICTCM C 3l

na3):(btllaHHC~1 . 

I1p11aeneHbt TaKJKe .usa npHMCpa. O,a:HR 111 m tx l1.1!HOCTp11pyeT 3UBHCII~IOCTb ~ICJKAY cyl.l(ecToo

nal:ilieM HCH)'JlellblX MUOJKl1TCJJCif J1arpaHJKa li DO.U.60p0~1 laKOf O npocrpaHCTlla llOJlllblX COCTO

JIHitH B KOTOp0,\1 Bbli10JlHllll0Cb 6bl )'CJlOBIIll 3a~IKH)'TOCTH i111 S~. 

,--
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