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A criterion for the existence of a generalized inverse of a Boolean rela tion matrix is derived and 
a way of determining the generalized inverses is given. 

1. Introduction and basic concepts 

In his papers [3] a nd [4] Plemmons has motivated the research fo r genera lized 

inverses of a Boolean relatio n matrix by applications in network and switching 
theory [5, 6], in nonnegative generalized inverses of matrices over the reals [4], and 

in the general theory of graphs [5]. In th is paper we shall give a criterio n for the 
existence of a genera lized inverse, a nalogous to tha t o f the existence o f a solu tion 
for a Boo lean matrix equatio n A X = B. Further, a way of determining all the 

generalized inverses of a Boo lean relation matrix is given. The results h( re are based 

on the ideas o f the paper [2]. 
By a Boolean relation matrix of o rder n is meant an 11 x n matrix of zeros and 

ones. The product, jo in and meet of such matrices are defined as in case of Boolean 

mat rices of zer os and ones, see e.g. [ I ]. Any solution of the Boo lean relation matrix 
equation 

A = AXA ( I ) 

is called a generalized inverse of the given matrix A. 
Any Boolean rela tion matrix B= [bul can be m a pped o nto a biparti te graph 

G(B) = (V8 U V~, E8), where the vertices of V8 correspo nd to the rows of B a nd 
those of V~ to the columns of B. A n undirected edge (x, y') belongs to G (B) if and 
only if bu= 1 in B, where i corresp onds to x and j to y '. Conversely, a ny bipa rti te, 

undirected graph, for which the numbers of elements in V8 and v;1 eq ual, i.e. I V8 l = 
= IV~ [, can be t ranslated into a ,Boo lean r ela ti on m at rix. 

Consider the product 8 1 B2 of two Boolean rea lti on matrices 8 1 a nd 8 2 . This 

pmd 111t ' '11 11 he mupped ont o a chai n o f bipartite gmphs G (/J 1) nnd (,' (!Jl ). dcno t~·d 

,---



I 

I 

hy c; (IJ 1) U (lJJ}, when; the vertex :-.et-. I ·; nnd I J of'(/ (/J 1) und </ (11
1

) , r·c~pt•ctrvdy, 
coincide. Let 13 , 82 = B3 -= [b~1]. According to the definition of the Boolcun mutl'ix 
product, bz1 = I if and o nly i f there is a path of length two from a vertex x e V, 
of G (8 1) to a vertex y' E V~ of G (82 ), where i corresponds to x and j toy'. As an 
illustration, see the product B, B 2 = 83 described in Figure J, when 

x' y' z' x' y' z ' x' y ' z' 

B1 = 0 1 0 y, 
[

l 1 O]x 
B 2 = l 0 1 y, [

0 1 0] X 

and B3 = 1 0 l y . 
- [l 1 l] x 

1 0 0 z 0 T 0 z 0 1 0 z 

According to the associativity of the Boolean matrix product any product of n 
Boo lean relation matrices, where n ;?: 3 a nd finite, can be represented as a chain of n 
bipartite graphs. 

2. ·A criterion 

Let A be a given Boolean relat ion matrix and consider the product AXA. For 
~ake of clarity, we shall denote the first matrix of AXA by B 11 the second by B

2
, 

.and the third by B3 . Consider the chain graph G (B 1) G (B2 ) G (B3 ) obtained from 

X~: .; ~ 

z' 
G(B,) 

XX X. YX Y 
z' z 

C(B2) 

:~:· :~:: 
C{ 81) C( B2) C(B3) 

Fig. 1 

biparti te graphs G (B1), G (B2 ), and G (B3) by identifying the vertex sets V~ and 
V2 , and the sets v; and V3 . The graphical description G (B,) G (B

2
) G (B

3
) of the 

matrix product AX A implies immediately tha t there is a generalized inverse fo r A, 
i.e. there is a solution for the equation (l), if a nd only if 

(i) for any edge (x, y') E EA there is at least 011e path of length three from x e V
1 

of G (B 1) to y' E V~ of G (B3 ) in the graph G (B 1) G (B
2

) G (B
3
), and . 

(ii) for any edge (z, w') if= EA there is no path of length three from z e V , of 
G (B1 ) to w' E V~ of G (83 ) in the graph G (81) G (B

2
) G (B

3
) . 

As the Boolean matrix product is distributive with respect to the join operation on 
matrices, there is a solution X 0 for 1 such tha t Y~X0 for each solution Y fo r (1), 
if any solutions exist. Clearly G (X0 ) contains each edge n ot contradicting the 
condition (ii). In the follo wing we shall determine a matrix M , or equivalently 

a biparti te graph G (M) with I V,11 J = I V~ J , conta ining each edge not contradicting 
the condition (ii). According to the maximality of M. A has generalized inverse if 
.and only if of a solution for a Boo lean matrix eq uat ion A X = B, or X A = B, see e.g. [I). 
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lt11 1: , \ cll' lllll c l ht• NC I ol' vcr·ticcs adjacen t to x in the graph G (A). l n order 
llr 11l (11) i ~ v11 lid , 11 vertex x e V2 ( =·v;) can be joined to a vertex y' e v; (=V3) 

only If' l'or· nny : G 1'11 , x t he re1ation F 8 , z 2. Tn, y' holds. In other cases there would 
be a put h of length three in G (B1) G (B2 ) G (B3 ) from a vertex z 1 e V 1 to a vertex 
w' e F0 , y' , while (z , w') if= EA- Consider the translat ion of this condition, which 
determines the edges of the graph G (M), into a serie of suitable Boolean matrix 
operations. 

The notation D" means the Boolean complement of the Boolean rela tion matrix 
D and nr the transpose of D. Let us consider the matri?< product A (AT)"= C= [cuJ. 
In the chain graph G (A) G ((A T)") the vertex sets V~ of G (A) and V~ of G ((AT)' ') 

coincide. Assume that X corresponds to i and y to ). Then cl)= 1 if rA X et rAy, 
and Cu= O, if rAx~TAY· Indeed, if rA x~ TA y, then for a ny z'eTAx the edge 
(z', y) does not belong to the graph G ((AT)") according to the. completmentedness, 
and hence there are in G (A) G ((AT)") no path of length two from x toy, which 
implies eu= O. The proof for cu= 1 is similar. Note that B1 =B3 =A, and thus we 
have found a matrix form to the condition T8 , z2.1v, , y'. 

Consider now the matrix product Ar cr=Ar [A (AT)"Y =F= [,ft1]. Letft1=0= 
s= tr 

= u a{. c~. Then for any z E V,~o if (x, z) E EA, (z, y) if; Rc1', i.e. rA z 2 rAy, where i 
• = 1 

corresponds to x andj to y . If fu = 1, t hen for some z, (x, z) E E11 , also (z, y ) E Ec r, 
i.e. rA z'/!.TA y. But then, according to the condition for the edge in G (M), an edge 
(x, y) E EM exactly then, when fu = 0, and thus we have found the expression 
(AT [A (AT)''V) " for M. The criterion wri tten formerly in terms of M gives now 
the theorem 

THEOREM 1. A Boolcan relation matrix A has a generalized inverse if and only if 
A =A (Ar[A(A1)"JT) " A. 

3. A determination method 

In this section we shall follow the lines of the ·paper [2] without trying to find 
solution algorithms analogues to those proposed by Rudeanu in [7] and Ledley in 
[1] for the Boolean matrix equations AX= B and XA =B. The way of th is paper is 
appropriate for moderate values of n. 

In the following we shall construct the graph G (M") by a graphical way; note 
that B1 =B3 =A and B 2 =M". Consider a vertex x e V1 • We can immediately 
determine the vertices in the sets {V~-rn,x} and {w1Tn

3 
wn{V~-Tn3 x}#0}. 

Join any vertex u E T0 , x to any vertex 1v and repeat this process fo r any x of V1 • 

The bipartite graph G (82 ) of the chain graph G (B1) G (B 2 ) G (B3) is G (M"), since 
we have constructed all the edges contradicting the condition (ii) of the previous 
section and only those, as the construction immediately shows. From T heorem 1 
it follows that one cannot from the graph G (M") conclude the existcnco of a 
annt>r11 1ized inverse for A. 
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The existence of a generalized invc1 se l'o r A will be tc~tetl by veril'ying the validity 
of the condi tion (i) for any edge (x, y') e E;~- This can be performed as fol lows : 
Join any vertex u E v3 (= Vz'), for which y' E Tn u, to each vertex z ' E r/J x c= 3 I 

c= V
2 

( = v;) and remove all the edges contained in G (M"). If the edge set Ell of 
the graph G (B2 ) in the graph G (8 1) G (B2 ) G (B3) constructed by this manner is 
non-empty for aby edge (x, y') e EA, (i) and (ii) are valid (cf. the rem oval of the 
edges in G (M")), and hence a generalized inverse exists. We shall form ulate the 
observations above in a theorem giving a criterion for the generalized inverse for A. 

Denote by Z (x, y') the B~olean relation matrix of the edge (x, y') e EA determined 

by the manner reported above. 

THEOREM 2. Let A be a given Boolean relation matrix. A has a generalized inverse 
if a nd only if the matrix Z (x, y ') is non-zero for any edge (x, y') e EA- Furthermore, 
ifthere is a generalized inverse for A', then any Boolean relation matrix Q ~ U Z (x, y'), 

(x , y') 

where (x, y") e EA, is a generalized inverse for A, if Q n Z (x, y') is non-zero for a ny 

edge (x, y') e EA-
Proof. The validity of the first part of the theorem was shown previously. 

According to the construction rules of the graphs G (Z (x, y')), G ( U Z (x , y')) 
(x, y') 

does not contain edges contrad icting the condition (ii). Since Q~ U Z (x, y '), 
(x, y') 

G (Q) has this property as well. As for any (x, y') e EA the meet Q nz (x, y ') is 
a non-zero matrix, G (Q) is a graph for which the condition (i) hold, and hence Q 
is a generalized inverse for A. This completes the proof. 

Note that U Z (x, y ') =M, since only those edges contained in G (M" ) were 
(.<, y') 

removed by t he construction of G (Z (x, y ')). Further, if there is a generalized inverse 
for A. Theorem 2 offers a way of enumerati ng all the generalized inverses for A. 

x' 

y :m:: y' 

z 

v ' V 

C(B, ) G(Bz) G( 83) C(Br) G{Bz) C(B3) 

F ig. 2 Fig. 3 

Finally, consider an example. Let A be a given Boolean relation matrix, 

x' y' z' v' 

[

1 0 1 1 ] X 
A = 1 O I O y ThenM= (AT[A(AT)"f) "= 

1 1 1 0 z' 

[ 0 l 0 V 

x' y ' z' v ' 

[

0 1 0 llx 
0 1 1 1 y 
0 1 0 1 z 
1 1 0 1 V 

\~litlli i- 11 prm·1'1iliml hrvl' l'"l' lol' I, ns one can r'clldily veril'y. Figure 2 shows the 
l'tlll" lrlll'li on 111 ll ll• ~o~rnph UIH.I let us consider nearer the vertex x. Now F8 x = 

l'u, ·' 1.\ ', ',"'1, {V; - 1'11 , x}= {y '}={v;-r u, x}, and {wi TIJ, wn{y'} ;e0}= 
lz}, wh ich cnn be easily seen from the figure. According to the construction rule 

or G (M"), (x, z' ), (z, z') , and (v, z') belong to the edge set EM" · 

> ~ 
c~ < " 

(. 

c(z ru·:i c (z (> .t'J) C(l(;,v)) r:(l (11. >.')) G(l (y,z')) 

~ v :~o 

0 " " / / . . ' 

~ c~ 

v 0 

~· 
• 

G(l ( z, x')) G (l (z. y'!) G(Z (z, z')) G(Z(v,x')) G(l(v.z')) 

Fig. 4 

In Figure 4 all the graphs G (Z (x , y')) are given, a nd Figure 3 shows the 
construction of G (Z (x, x')). Now F8 , x= {x', z' , v'} and for each vertex t of the set 
{x, y , z, v}, x ' E rJJ, t . H ence, in G (B2) any t E {x', y ' , z' , v'} is joined by a n t:dge 
to any q e {x, y , v}. The dotted edges correspond to the edges of G ( M " ). All the 

generalized inverse can now be fo rmed according to Theorem 2. 
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Wyznnczanlc uogolnloucj muclc•·zy odwrotnoj wzgl~dcm 
(boolowskiej) macierzy relacji 

W pracy podano kryterium istnienia uog61nionej macierzy odwrotnej wzgl~dem (boolowsk iej) 
macierzy relacji oraz przedstawiono metod~ jej wyznaczania. 

Onpe.n;e.rJeJme o6o6~I.~eHJJOii MaTpnJ.1bi o6pa-rnoil no OTHOme­
umo K 6ynenoii MaTplll(C COOTIIOUJCJillli 

B pa6ore ~aH Kpln epuli cymecroooamr.ll o6o6meuHoii MarpMI.\bl o6parHoii no OTHOUJCilHIO 

K 6yneool1 MaTPH~e cooraowemiii a raKlKe npe~craoneu Mero~ ee onpe~eneuun. 
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Wlll,n~:t\wld din Autorow 

W wyclnwnictwic "Control and Cybernetics" drukuje si~ prace orygrnalne nle publikowane 
w itlll\11 h r1n~opismach. Zalccane jest nadsylanie artykul6w w j~zyku angielskim. W przypadku 
i1111h lottt ht 1111ykulu w j~zyku polskirn, Redakcja moze zalecic przcllumaczcnic na j<,:zyk angielski. 
ill olt llo•ll' IIIIYkulu nic powinna przekraczac l arkusza wydawniczcgi, czyli ok. 20 stron maszynopisu 
filtlll•llll A·l 1 ;achowanicm intcrlinii i marginesu szcrokosci 5 cm z lewej strony. Prace nalezy 
Jl,u i,H w _, ~:~vcmplarzach. Uklad pracy i forma powinny bye dostosowanc do nizej podanych 

1\'illo t '11\Wk . 

I W 11111-dc'nvku nalczy podac tytul pracy, nastl(pnie imi~ (imiona) i nazwisko (nazwiska) autora 
l•tiiiiiiiiW) w por;qdku alfabctycznym oraz nazwQ reprezcntowancj instytucji i nazw~ miasla. Po 
1\'lllh llnil•;.y umicscic kr6tkie strcszczcnic pracy (do 15 wicrszy ma~zynopisu). 

1 Mllh.'rial ilustracyjny powinicn bye dol:tczonY. na oddziel nych stronach. Podpisy pod rysunki 
ll tl ll' v podn~ odd.t.iclnic. 

I, W1ory i symbolc powinny bye wpisanc na maszynic bardzo starannic. 
HIV/uf.\(l ln:t uwagQ nalczy zwr6cic na wyra:i.nc zr6znicowanic malych i duzych litcr. Litcry grcckie 

pnwl 11ny hyc objasnione na marginesic. Szczeg6Jnie dokladnie powinny bye pisanc indeksy (wskazni -
1.1) I 0/1\IICI.Cnia pot~gowe. Nalezy stosowac nawiasy okrqg!e. 

•1. Spis literatury powinien bye podany na km1cu artykulu. Numery pozycj i literatury w tekscie 
/ll ll(lll trujc s i~ w nawiasy kwaclratowe. Pozycje literatury powinny zawierac nazwisko autora 
(IIIIIOt'llw} i pierwszc li tcry imion oraz dokladny tytul pracy (w j~zyku oryginalu), a ponadto: 

11) PI'I.Y wyclawnictwach zwartych (ksiqi:ki) - miejsce i rok wydania oraz wydawc~; 
h) pr.ty artykulach z czasopism: nazwl( czasopisma, numer tomu, rok wydania i numer biei:qcy. 
I'Mycje li teratury radzieckiej nalci.y pisac alfabetem oryginalnym, czyli tzw. grazdankq. 
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