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The method of dynamic programming is analysed from the general viewpoint of a functional
space. A sufficient condition is given in order that the method can be applied to extremum problems.
Some applications to the calculus of variations will be given in a paper to appear.

Introduction

The method of dynamic programming [1] is becoming more and more important
in the functional field, for instance for its applications to the calculus of variations
[2, 3]. Moreover, in many problems, related to the use of the method of dynamic
programming, the problem arises to know how far the method works. These reasons
made me sure of the importance of studying the foundations of the method. About
the case of real-valued functions of real variables many results already exist; see
for instance [1] and [7]. In the present paper the method of dynamic programming
is analysed from the general viewpoint of a functional space. After some notations
(sec. 1), some introductory properties are given (sec. 2). Then, the multi-stage com=
position of a set is analysed from a functional viewpoint (sec. 3). At last, a sufficient
condition in order that the method can be applied in a functional space is given
(sec. 4). In a further paper some applications to the calculus of variations are given.

1. Some notation

Let (X, T), (22, T") be topological spaces and x, w be elements of X, {2 respecti-
vely. Define a parametric partition of X as a set ofsubsets of X such that any two
of them are disjoint; such that their union is X itself; and such that a one-one cor-
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respondence between them and the elements of £ is given. Denote by X(w), x(w)
the subset of X corresponding to the element w € 2, and the generic element of
X(w), respectively. A parametric partition of X will be pointed out by writting:

X = {x(w) e X(w):w € 2}. (1.1

The parametric partition (1.1) will be said to have the property C, if

(i) the subsets X(w) are closed;

(ii) the function g: 2 — {X(w):w € 2} is upper semicontinuous, in the sense
that, given any open set X* < T, the set 2% = {w € 2:X(w) = X} is an open set
of T

At last, let f: X —> R be a given function from X < T into the subset R of the
reals, and let f,:X(w) — R:w) the restriction of f to X(w). Define

e(w) = Igf f(x) = Inf £, (x(w));
x e X(w)
E(w) =x§g(13))f(x) = Supfo (x(@));

so that we can state two introductory lemmas.

2. Some lemmas

We will now state in a functional space two known properties of real-valued
functions of reals variables?.

LevmMa 1. If X is compact; if the parametric partition (1.1) has the property C;
and if fis lower (upper) semicontinuous, then e(w) is lower (E(w) is upper) semi-
continuous.

Proof. We will demonstrate Lemma 1 with regard to the lower semi-
continuity. To this aim it is enough to show that, for any real a, the set
Q(w) = {weR:e(w) > a} is open. If? ~ (o) # o, then 2(«) is open by
definition. Otherwise, consider w, € ~ 2(x). As a closed subset of a compact
set is compact too®, by (i) of property C, X(w) is compact. As the image of a lower
semicontinuous function from a compact set into the reals has a finite infimum
and contains it*, a x, € X(w,) exists, such that f(xo) = e(wo) < «, this inequali-

1 See [5] and [6] for Lemma 1, and [7] for Lemma 2.

2 By the symbol ~ S we denote the complement of the set .S.

3 See [4] p. 61, Theorem 17’ (ii).

# In fact, it is known (see 4 p. 62, Theorem 18) that, if the function f:X — Y is continuous,
in the sense that the inverse image of any open set of Y (on depending of the particular topology
of Y)is an open set of X (on depending of the particular topology of X), then Y is a compact set
if X is. Thus, as the lower semicontinuity of f:X — R is a particular case of the continuity when
the open sets are ordinary real intervals, the image of the restriction, fw, of f to the compact set
X(w) (such a restriction is lower semicontinuous because such if f) has a finite cover of open sets
of the kind (o, +00), and thus it has a finite infimum e(w). The same conclusion is obtained, if
f:X — Ris supposed to be upper semicontinuous. Assume now that e(w) does not belong to the
image of fy,. Then, the function f,—e(w) would never be zero on X(w), and the function
1/(fo—e(w)) would be upper semicontinuous on X(w), and here upper bounded, as X(w) is compact.
On the other hand, 1/(fo—e(w)) would be upper unbounded, as e(w) is the infimum of f». The
proof ab absurdo is now completed.
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ty being based on the fact that w, e ~ £2(a). On the contrary, if x, € X(wy)
from the inequality f(xo) < a it follows that e(wo) < a. Define %Z(«)
= {xeX:f(x) > a}, so that the equalities () = {w e 2:X(w) N Z () = &}
= {we2:X(»v) = Z(«)} hold. Now remark that, because of the lower semicon-
tinuity of £, Z () is an open set of X, as it is the inverse image of the open set («, + o)
under the function f. Then, by (ii) of property C, 2(x) is open on £. This completes
the proof.

The part of Lemma 1 related to E(w) may be shown either directly in a quite
similar way, or applying the above conclusions to — f.

LemmMA 2. The inequalities

Inf f(x) = Inf [Il}(f FACIIR @.1)
xeX weN xeX(w)
Supf(x) = E;lg xgup Jo(0); : (2.2)

hold. Moreover, if X and 2 are compact, if the parametric partition has the pro-
perty C, if the function fis lower, upper semicontinuous, then the equalities

mlnf(x) = min [min ; Ja(; (2.3)
we x € X(w %

maxf(x) = max [max f,(x)]; ' (2.4)

xeX wERN x€X(w)

hold, respectively.
Proof. Define M = Sup f(x), #/ = Sup E(w). To demonstrate (2.2) we

xeX wER
have to show that the equality M = .# holds. As X(w) < X, the inequality M > E(w)
holds, Vo € £, and implicates M > .#. On the other hand, the inequelities

M = E(0) = f,, VYoeQ together with the equality U X(w) = X, implicate

€N

# = f(x), YxeX, and thus 4 > M. It follows M = .#. To show (2.4) remark
now that, because of the compactness of X and of the upper semicontinuity of f, M
belongs to the image of f. Moreover, the property C, together with upper semi-
continuity of f, implicates, by Theorem 1, the upper semicontinuity of E(w). This
fact, together with the compactness of {2, implicates that .# belongs to the image of
the function E(w). In a quite similar way (2.1) and (2.3) may be shown. This comple-
tes the proof.

Remark that the assumptions of the two preceeding lemmas, are verified if X
has only a finite number of elements; this fact often happens in the applications.

3. Some remarks

Consider the following Property C":

(i) the subset X(w) are closed;

(ii) if the set X* < X is closed on X, then the set {w € 2:X(w) () X* # o} is
closed on Q.

3 Control and Cybereticc 3-4/73
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Then, it is easy to show that property C <> property C’.

Proof. Consider the set X* =X and closed on X, and define W =
= {X(w):X(w) X* s o}; so that the equality ~ W = {X(0):X(0) = ~ X*}
holds. Then, by (ii) of property C’, ~ X* is open on X and its inverse image under
the function g is open on £, i.e. g is upper semicontinuous. Then, property C’
= property C. Vice versa, consider the set X* < X and open on X, and define
W = {X(w):X(w) = X*}; so that the equality ~W = {X(0):X(w) [ ) ~ X* = g}
holds. Then, by (ii) of property C, ~ X* is closed on X and its inverse image under
g is closed on £. This completes the proof.

4. Multi-stage composition of a set

Before going on to analyse the method of dynamic programming on a general
topological space, we have now to generalize to such a space the idea of multi-stage
composition of a set of the Euclidean space.

Given a set X < T, consider the subsets X;, X5, ..., X,, of X, such that

DX, cX,c...cXycT;

(i) for any j = 1, ..., N a topological space (22;, T;) is given, and a parametric
partition of Xj, i.e. .

X; = {xj(0;) e Xj(w;):wj € 2} 4.1

exists, such that, given any subset X;, ;(w;, 1) of X;, 1, a bijective and bicontinuous
(homeomorphism)?®, i.e.
Pi+1:X; = Xjp1(@jeq),
and a closed subset 2;(w;, ;) of 2, exist, such that the set{¢p, (xj(@)) )epis1 (Xj(w))):
iwj € Q(wjq)} is a parametric partition of X, 1(®;44);
(iii) {xy(wy) € Xy(wy):wy € 2y} is a parametric partition of X.
Then, we define a N-stage composition of X as the set of subsets

Xi(@y), ..., Xy(wy), 4.2)

satisfying the equations
Xjv1(wjyy) = {‘Pj+1(xj(wj))e‘l’jH(Xj(wj)):wj E‘Qj(wj+1)}: J= Ll vs . @&3)
The sets (4.2) will be said first stage, ..., N-th stage of the N-stage composition,
respectively. At last, the N-stage composition, (4.2)-(4.3) will be said to have the
property C, if the parametric partitions (4.3) have it, whatever w;,; € 2;.4) j =

=1,..,N—1, may be.
Now remark that, if X is compact and the N-stage composition (4.2)—(4.3) has
the property C, then the subsets @;,; (Xj(w;)) of Xj.;(w}4,) are compact®. Thus, as

® Xj(w;) has the same meaning as X(w), but it is referred to X; instead of to X. wj, x;(w;) are
generic elements of 2;, X;(w;) respectively. For sake of simplicity we write @;.; instead of @wj4 1
as we should; in fact, the function ¢;.; depends on the fixed element w;, ; and not only on the stage
J+1. .

¢ As they are closed subsets of the compact set X.
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the inverse function
Pri1 @i (Xi(0))) = Xj(w;) 4.4)

is continuous, the set X;(w;)? is compact,

Remark also that, if X is compact and the N-stage composition (4.2)-(4.3) has
the property C, then the parametric partition, (4.1) has the property C too. In fact,
the image of the closed set ;. ¢ (Xj(wj)) is closed, as it is an homeomorphism; thus
Xj(wy) is closed. Moreover, the intersection of Xj(w;) and every set X7 < X; and
closed on X; is closed®; and, as (4.2)-(4.3) has the property C, the set of w;, cor-
responding (in the parametric partition) to the image of such an intersection under
the function ¢, ;, is closed on £;. )

5. Some examples

Now we will give some examples of a N-stage composition of a set to explain
the preceding considerations.

. [
X

()

| | I |
I [ |
I I |
V78 ! - |

=PI | } | 0= P4
A\ I § 1
l Lo |
| | l | |
t= | I | | ] t;
.0 0 a=ty t B, t3 b=t4
Fig. 1 Fig. 2

(a) Define X as the set of continuous single-valued functions, defined on a (clo-
sed) interval [a, b], and joining two points P and Q of abscisses @ and b, respectively
(Fig. 1). The natural metric d(x’, x"’) = max|x'—x"|, V x', x"" €X, determines

[a, b]

a set T of open sets, so that (X, T) is a topological space (as it is a metric

space)®. .
Let ¢,,¢,,t; be a given abscisses, with a < #; < ¢, < t3 < b, and P;, P,, P,

denote the points of a geometric element of X, , having abscisses #,, 7,, t3, respecti-

7 Xj(wj) is the image of the function (4.4).
8 In fact, the equality X}kﬂXj(wj) = X}" UXj(w;) holds; moreover, as the union of two open

sets of a topological space is open too, the set X*(N.X;(w;) is closed.
® (X, T)is well known and it is usually denoted by Cla, b].

3*
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vely. For every j = 1, 2, 3, 4 define X; as the set of the restrictions of the elements
of X to [a, ], so that we have!®

Xl CX2CX3CX4=X-

Xz (wz)

A= P4

o
)
il
N

<

\

i~

Figures 2 and 3 show the sets X;, X, respectively. Define ©; as the set of the
restrictions, w;, of a generic element of X to [#;_;, #;]; the same kind of the above
metric determines a set T} of open sets, so that (£;, 77) is a topological space. Now
define Xj(w;) as the set of the elements of X;, which coincide with w; on [#;_4, #].
Then, {x;j(w;) € Xj(w;):0; € 2 is evidently a parametric partition of Xj.

Figure 4 shows the set X 5(w,), w, being the function pictured on #,, ¢,. Remark
also that X, (w,) = ®,, as shown by Fig. 2.

Foe every j = 1,2, 3, given an wj,; € £2;,, define Q}(wjﬂ) as the set of the
functions of Q;, which equal the function w;,; at ¢ = #;; so that Q;(w;,,) = ;.
Figufe 5 shows the given element w;,; and Qj(wj,r 1) at j= 3. It follows that
X;.1(wj.,) may be regarded as the set of the functions of Xj(w;), w; € 2(wj41),
“extended” with the function w;, ; . Figure 6 shows, at j = 3, the given element w;.,,
the correspdnding [jj(wjﬂ); the set Xj(w;) with w; = o}, i =1,2,3; and the set
X,(w,), regarded as before indicated.

Now remark that the function ¢;,; may now be regarded in the following way

Pj+1: U Xj(wj) = Xji1(@j41) ‘ 5.1

®jeRj(®j+1)

and is evidently bijective, as the equality

Xjp1(@41) = Xie1(@140)5 X £ 1(0j41) Xip1(@41) € Xji1(w541)
implicates the same equality on the interval [a, #], i.e. the equality of the correspon-
ding functions of the domain of (5.1). Also the bicontinuity of (5.1) is quite evident,
if we observe that the same kind of topology has been adopted for the domain

10 We regard the space Cle, d], with @ < ¢ < d < b, as subspace of C[a, bl.
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and the image of (5.1): the image and the inverse image, under (5.1), of an open
set is open.

A 4-stage composition of the set X has been thus obtained by the sets Xj(w;),
ji=1,2,3,4.

Fig. 5

(b) Define X ‘as the set

X =06y 9) 0+ +ys<a;y 20,0 = 1,2,3},a4> 0,
of the 3-dimensional Euclidean space'!. For every j = 1, 2, 3 define

X, = {0, V)t Lty < ay > 0,i=1,..,j},
so that we have
Xl = X2 = X3 = X

Figure 7 shows a geometric interpretation of X, X. 2, X3 as a segment, triangle,
tetrahedrom, respectively. Define Q; = {0 :0 < w; < a}; so that w; is now a real
number and 2, = Q, = Q, = [0, a]**. Define Xj(w;) = {15 s )iy + ... +y;
=32 0,i=1,...,j}. Now it is easy to remark that {xi()) € Xj(w)):00; € 2}

a parametric partition of X;13,

Figure 8 shows a geometric interpretation of X, (1), X5(w,), X3(w3), as a point,
as a segment, as a triangle, respectively.

Foreveryj =1, 2, givenan w;,, €841, define Qi(w;y,) = {w;:0 < 0; < 0,1}
so that Qy(w;,,) = Q.

Figure 9 shows !jj(wH 1) at j = 2. It follows that Xj+1(w,41) may be regarded
as the set of (j+1)-dimensional vectors, whose first j coordinates Y1, ..., yj are given
by the coordinates of the points of Xj(w)), w; e!jj(wjﬂ), respectively, and whose
(j+1)-th coordinate is Jj+1 = Wiy —w;. Then, the function @j+1 which may be
regarded in the same way as (5.1), is now evidently bijective and bicontinuous.

"1 The meaning of (X, T) in now trivial.
2 The meaning of (£, T) is now trivial.
3 xj(w;) is now the vector 15y ¥ € Xj(w;)).
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Figure 10 shows ¢;.; at j = 2:¢; appears to be the following one-one cor-
respondence between the triangle 04B,ie. U  X,(w,) and the triangle 4BC,

w3z € 2,03
i.e. X3 (CO3) -

Pjr1t U X5 (w3) = X3(ws3)

w2 €203

or
i1 {1, ¥2)iy1+ys = 03,91 2 0;9, 20,0 < 0, < 03} =
= {1, Y2, ¥3)y1+y2+ys = 03,92 0,j=1,2,3}.
The restriction of @3 to X,(w,), i.e. the segment DE, given us the corresponding
subset of X5(w3), i.e. the segment FG, as shown by the arrows of Fig. 10.

] 4

wy=Xg(wy)
(7 ‘ Xz (wz)

Fig. 7 Fig. 8

X

8
Yz X2 (w2) e )

Fig. 9 Fig. 10

The set X;(w,), X5(w,), X3(w3) thus obtained give us a 3-stage composition of X.

6. Multi-stage dynamical problems

The preceding lemmas and definitions enable us to consider now the extremum
problems. To this aim and without loss of generality consider the following problem
2: maxf(x),

xeX
where f:X — R is the function of section 1. We assume the following
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Hyrotuesis 1. The set X is compact and the function fis upper semicontinuous
by which at least an optimal solution of & exists.

We will say that the problem £ may be regarded as a N-stage dynamical problem
when the following conditions are satisfied.

(i) At least a N-stage composition of X exists; such a composition is given by
(4.2)-(4.3).

(ii) For every j=1,...,N—1 it is possible to define a function fi:X;—R;,
whose restriction to Xj(w;) is said fuw;, such that the restriction of fo;.; to subset
@re1 (X)) of Xjy1(@j4 1), i€ fojes (@r41((e)))), is a function of the kind

& Giyy (fwj(xj(wj))’ Wj, Wj+ 1)
where G;,(u, o, w,-+1) is a real function from the Cartesian product R; X £2; X £,
into the reals increasing in relation to u.
When £ may be regarded as a N-stage dynamical problem, the following problems

are considered
‘@j(wj): Sup fwj(x(wj))aj =1,..,N, (61)

x(wj) € Xj(wjy)

whose feasible regions satisfy the equalities
X 1(0p41) = {@re1 (xi(@) € (941 (@) ):e0; e Qiwp4)},j=1,...,N-1; (6.2)
and whose extremizing functions satisfy the equalities

fqu_1(q)j+1 (xj(w)j)) = Gjp1(fo;(x5(@))s @5, @j11), 7 =1, ..., N=1. (6.3)

The problems (6.1) are said first stage, ..., N-th stage of the representation of
2 as a N-stage dynamical problem.

Moreover, if the N-stage composition sub (i) has the property C, wesay that the
representation (6.1)—(6.3) of & as N-stage dynamical problem has the property C.

New remark that the considerations we made at the end of section 4 could be
here repeated. In particular, if X is compact and if the representation (6.1)—(6.3)
of &2 has the property C, then the sets X;(w;) are compact, as they are closed subsets
of a compact set. In such a case the supremum of #; belongs to the image of f,,;.

Now define

E,(COJ) = . Sup fwj(xj(wj))aj = 1, s iy N; (6.4)

xj(w)) € Xj(w))
then, we can state the following theorem on which the method of dynamic program-
ming is based.

7. The fundamental theorem of dynamic programming

(A) The set X = T and the function f:X — R are given. Assume that the problem
2: Sup f(x)

xeX

may be regarded as a N-stage dynamical problem, and that (6.1)-(6.3) be a repre-
sentation of & as N-stage dynamical problem.
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Then the following equalities hold
Fii1(0y41) = S_uP Gip1 (Fi(@), 5, @541), j=1,...,N—1; (7.1)
0j€Rj(®j+1)
Sup Fj(w;) = Sup fi(x), j=1,...,N, (7.2)
wj€Rj XjEXj
where f; is the restriction of f'to Xj.
(B) Moreover, if we assume that
(i) the sets X and X; are compact;
(i) the representation (6.1)—(6.3) of £ as N-stage dynamical problem has the
property C;
(iii) the functions f and f; are upper semicontinuous on X and X;, respectively;
then the equalities

Fip1(wps1) = max Gj+1(Fj(wj), Wj, wj+1), j=1,..,N-1 (7.3)

wjeRj(wj+1)
max Fy(w;) = max fj(x;), j=1,..., N, (7.4)
wj€ 2j xje Xy ’

hold.
(C) Assume that (i)-(iii) sub (B) hold; denote by x7(w;), w} optimal solutions
of problems 2;(w;), (7.3), respectively. Then
Xfi1(@j41) = ‘pj+1(x}g(w;c))
is an optimal solution of Z;, {(w;,,).

Proof. (A) As (6.2) is a parametric partition of Xj;;(wj4;) by Lemma 2 the
following equalities hold

Fip1(wj44) = Sup S (xj+l(wj+ 1)) =
Xj+1(wj+1) € Xjr1(wj+1)
= Sup Sup fwj+1((pj+1(xj+1(wj+1))j = 1s.4s N—1. (1.5)

@1 €R(@j41) Pr+1(xi(@1) €11 (Xs())

Now remark that, given (wj, ;) € 2;x£;., the only argument of the fun-
ction (6.3) is the generic element, x;(w;), of the inverse image of ;.4 (xj(coj)). Thus,
the following equalities follow

Sup f ml+1((pj+1 (xj(a’j))) =

Pi+1(xs(0)) € pre1(Xy(@))

= Sup Gii(foxi(®), wj, w541) =

xj(wj) € Xj(w))

= Gj.1(  Sup fwj(xj(wj)awjawj-{-l):

xj(@j) € Xj(w))
= U1 (Fj(wj)a wj, wj+1), (7.6)
the second one of them holding, as Gj,,(u, w;, ;. ;) has been assumed to be an
increasing function on respect of u. (7.5) and (7.6) with (6.3) and Lemma 2, impli-
cate (7.1).
(B) From (i), (ii) it follows that the sets X;(w;) are compact Vo; € £;; and that
the parametric partition
X; = {xj(w)) € Xj(w)):0; € 2}
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has the property C. Because of this fact and of the upper semicontinuity of f; on Xj,
and by Lemma 1 it follows that Fj(w;) is upper semicontinuous on £2;. Thus, becuase
of the continuity of Gj4,(u, w;, ®;4,) it follows that Gj,  (Fj(w;), wj, ;) is upper
semicontinuous on the Cartesian product 2; (o j+1) X £2;, 1, which, under the present
assumptions, is compact. All these facts, together with the compactness of X and
X, turn (7.1), (7.2) into (7.3), (7.4) respectively.
(C) Remark that the following equalities evidently hold
@) = fay (F(@)); Fppr(@ps1) = max  Gpoy(fo, (¥5(@)), 0y @j41)

®j€Rj(w)+1)
Gj+1(fw}k (x;k(w;k)) s w}k; wj+1) = fj+ 1(99j+1 (x;"(a)j‘))),

and they complete the proof of (C) and of the theorem.
As a complement of the preceding theorem, remark now that, instead of the
symbols X7, ..., Xy of section 4, we could introduce a parameter #; N determination
, ty of #; and the sets X(#), £2(z), such that

X)) =X;; LQ@)=%2, j=1,..,N.

With obvious changes in the remaining part of the symbols introduced since
section 4, instead of (7.3) we would find

Flo@t)) =  max  Gyu(F(o@)), o), o(ts1))- (1.7)

o(t)ER(11,0(1+1))

In this case it is possible to obtain a punctual relation for the function F, by
evaluating (7.7) when #; tends to #; ;.
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Aspekty funkcyjne programowania dynamicznego. Wyniki ogélne

Zanalizowano metod¢ programowania dynamicznego w przestrzeni funkcyjnej. Podano waru-
nek konieczny stosowalnosci metody do zagadnien ekstremalnych. W nastepnej pracy zostana
podane pewne zastosowania metody programowania dynamicznego w rachunku wariacyjnym.
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DyHKOHOHAIHLHAA CTOPOHA UHAMHIECKOT'0 IPOrpam-
MupoBanua. O0mque pe3ynbTaThI

AnanusupyeTcsi METOJ JMHAMHUYECKOrO IIPOrPAaMMUPOBAHHA B (DYHKIHMOHAJIPHOM IPOCTpaH-
crBe. IIpUBOANTCS HEOBXOMEMOE YCIOBHE NPUMEHAEMOCTH METOJa IJIS SKCTPEMasbHBbIX 3a[1ad.
B crenyrormeii paGore OyIyT paccMOTPEHbI HEKOTOPBIE IIPUMEHEHHs METOAA JUHAMIUUECKOTO IIPOr-
PaMMHDPOBAHUSI B BapHUaHIMOHHOM MCUWCIJICHHH.
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