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For a control system subject to disturbances, the problem is considered of finding the set in 
state space starting from which an initial state can be brought into a given target set, when the target 
is to be reached "for sure" and the disturbances are bound to belong to a given set. 

The problem is considered for a different information structures available to the controller, 
and the key points for its solution are analized using the concept of geometrical difference of sets. 
For the special case of unbounded controls and disturbances, and of target set given by a linear 
subspace, the determination of the "starting set" is carried out for two among the possible infor­
mation structures, and interesting properties are shown which are valid in this case. 

1. Introduction 

Given a control system subject to partialy unknown perturbations, a problem 
which arises naturally is to find the set X 0 of initial states x 0 which may be transfered 
"for sure" into a given target set XN by an admissible control. 

Many practical examples of such a problem may be found in various fields of 
system science, of operational research and managment science, when a "worst 
case" or conservative phylosophy is to be adopted, that is when the aim is to reach 
a goal for sure, not to maximize the expectation of a given event; an intuitive case 
is for example the problem of determining the zone starting from which a given 
vehicle can reach for sure a target in a noisy environment. This kind of problems, 
as well as the determination of the best control in the worst possible conditions, 
has been formally treated only recently, either in itself or in the framework of diffe­
rential game theory, in which it may be embedded if the partially unknown distur­
bances or environmental situations are conservatively treated as the adversary of 
game theory. 

The algorithms which are presently available for the solution of the problem 
above, even for linear systems with admissible controls and disturbances belonging 
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to convex compact sets, are generally quite difficult to be implemented and it seems 
that further research is needed in order to furnish flexible algorithms for facing 
practical situations. The purpose of this paper is to sketch the key points of the 
methods of solution proposed until now for different information structures available 
both to the controller and to the adversary disturbances, and to show some intere­
sting simplifications which are consequence of taking a subspace as a target set and 
any control and disturbance as admissible; for this case it is possible to state some 
interesting results in a compact form, as we shall do. 

2. Statement of some problems 

As an example of the mentioned problems, let us consider the following linear 
discrete time system 

xx+1 = AxK+BuK+CwK, K = 0, 1, ... , (1) 

where the states xK belong to R", controls uK and disturbances wK to closed compact 
sets U of Rm and W of R' respectively, and the target is a given closed compact set 
XN of R" (many types of extensions, like the one to time-varying systems with sets 
U and Wvarying also with time instant are possible but inessential to our purposes). 

We formulate the problem of reachability of XN from X 0 under disturbances 
by giving two among the main possible information structures. 

PROBLEM 1. Determine the set XJ of initial states x 0 which may be transferred 
into X N at time instant N by an admissible sequence { u0 ( x0), u 1 ( x 1), •.. , u N _ 1 ( x N _ 1)} 

of controls, for any admissible sequence { w0 , w 1 , ... , wN_ 1 } of disturbances. Clearly, 
for each of its "moves" ui the controller may take into account his perfect informa­
tion about the present state xi, but is ignorant about the "move" wi of the distur­
bances. 

PROBLEM 2. Determine the set X5 of initial states x 0 which may be tran­
sferred into XN at time instant N by an admissible sequence {u0 (x0 , w0 ), • •. , 

uN_ 1 (xrv_ 1 , wN_ 1)} of controls for any admissible sequence { w0 , .•. , wN_ 1 } of 
disturbances. 

Obviously, the information available to the controller is in this case "larger" 
than in the previous case, since in each step he knows the "move" of the distur­
bances. 

Even for these simple examples of the general problem, with the mentioned 
clearly defined information structures, the used methods for finding X6 or X~ have 
required the use of the so called operation of geometric difference of sets1 and either 
the use of separation theorems for convex compact sets [1, 2], or the use of support 

1 Given two sets Sand T, their geometric difference Z = S- Tis defined as Z = {z:z+ Tc S } 
(Z = Q)if S ::p T). 
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functions to describe sets and set-inclusion [3, 4], or some ellipsoid-type or poly­
.edrical-type approximation of sets [5, 6], which have the advantage of describing 
sets with a finite number of parameters but can give only sufficient conditions for 
a point x 0 to be transferrable into XN, that is can give only subsets of X6 or X6. 

When the instant of time at which reachability occurs is of interest, game theore­
tical approaches to the above kind of problems are interesting, but computational 
results are rather involved indeed [7, 8] . 

3. Formal solution of problems 1 and 2; definition of set 
regularity 

Referring to problem 1, and using equation (1), we see that at (N - l)th step 
the state xN_ 1 is "transferrable" into XN iff there exists uN_ 1(xN _1) E U such that 

AxN- 1 +BuN- 1 +CwN- 1 E XN, 

for every w,v_ 1 E W, that is iff there exists uN_ 1 (xN_ 1) E U such that 

AxN- l +BuN-l +CWEXN 
or 

that is iff 
AxN- l E (XN - CW) - BU. 

Therefore the set XN _1 of states xN_ 1 which may be transferred into XN in one 
step satisfies the following equation 

YL1 = AXL1= (XN-CW) - BU 

and similarly the set XN-i (i = 1, .. . , N) of states which may be transferred into 
X N in i steps satisfies: 

Y~-i = AiXJ_; = (YJ_i+1-Ai-1CW)-Ai- 1BU, i = I, ... ,N. (2) 

Equations (2), together with the obvious equality 

(3) 

is a recursive algorithm for building YN_ 1, ... , Y0 from U, W, XN and therefore 
X6 which is characterized by 

(4) 

Proceeding in an analogous manner for problem 2, and taking into account 
the different information structure, we have that in this case xN- l may be transferred 
into XN in one step iff for every wN - l E W there exists uN-l (xN-l, WN_ 1 ) E U such 
that 

that is iff 



102 A. MARZOLLO, A. PASCOLETTI 

Therefore the set XL 1 of states xN _ 1 of this type is given by 

YLt = AXJ_l = (XN-BU) - CW 

and similarly the sets XLi, i = 1, ... , N, of states which may be transferred into 
XN in i steps by admissible controls and for every disturbance satisfy: 

y2 . = AiX2 . = (Y2 . -Ai-tBU)-Ai-tCW N-1 N-1 N-r+l , i = 1, ... ,N. (2') 

We have again found a recursive algorithm which, starting again backward 
from 

YR = XN 

gives the following characterization of X5: 

ANXJ=YJ. 

(3') 

(4') 

As it is apparent from (2), (3), (4) or from (2'), (3'), (4'), the determination of 
XJ or of X5 involves essentially the computation of N geometric differences and N 
additions of sets. The analogous ofproblem 1 and problem 2 for continuous systems 
considering only open loop controls would bring to a similar computation for only 
one step, but the matrices Ai-lB and Ai-1 C, i = 0, ... ,N-1, would be substituted 
by linear integral operators from sets U and W of control and disturbance functions 
into R"; separation theorems techniques for convex compact sets have been used 
(see [1, 2]) for this case. For continuous systems and closed loop controls see the 
approach of [8]. 

Going back to consider equations (2), (3), (4) or (2'), (3'), (4'), we see that the 
key difficulty is the description of sets resulting from operations on sets. A natural 
tool to be used for this purpose is the one given by support functions (see for example 
[3, 9]), when sets XN, U, W, and therefore also all other sets involved, are convex 
and closed. Support functions are linear with respect to the addition of such a kind 
of sets; unfortunately, such a property is not enjoyed by the operation of geometric 
difference of sets: if h is the support function of the set X:hx(P) = sup (p, x), 

V p EX*, when X* is the dual of the space X, then for every set S, T 

hs-r(P) ~ hs(p)-hr(p). 

xEX 

(5) 

It is therefore important to find conditions on the sets involved in (2), (3), (4) 
(or (2'), (3'), ( 4')) for ( 5) to be hold as an equality (we suppose for simplicity that 
the geometric differences are never the empty set). In such a case, the construction 
ofthe sets YJ_ 1 , ..• , Y6 from YJ and of YR_ 1 , .•. , Y& from YR would be straightfor­
ward and we would also have the interesting consequence that these two sequences 
of sets would coincide if Y& = YR; therefore XJ would also coincide with X5 and 
the difference in the information structures of problems 1 and 2 would not have 
any effect. 

Defining Sr = (S-T)+S, (S1 c S) as the "regular part" of S with respect 
to T, we define the set S to be regular with respect to Tiff Sr = S. It is easy to prove 
that (5) holds as an equality iff S is regular with respect to T: indeed, from the regula­
rity it follows that 

hs-r(p)+h1(P) = hs(p), 'rip, 
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that is 
hs-r(P) = hs(p) +hr(p) , Vp , (6) 

and the regularity follows from (6) for any couple of sets Sand T completly descri­
bed by the support functions. 

These last remarks seem an important reason for further research for finding 
conditions easy to be expressed on couples of sets (representing respectively target 
sets and reachable regions) in order the first one to be regular with respect to the 
second one. 

4. Unbounded controls and distarbances, and subspaces as 
target sets 

A case in which the regularity conditions are trivially satisfied is when the sets 
under consideration are linear subspaces. Sets of this kind enjoy the further following 
absorption property: 

{
SifS::JT 

S -T= . 
0 if S ::p T 

(7) 

An interesting consequence of this property applies to our problems 1 and 2 
when U and Ware Rm and Rr respectively, and the target set XN is a linear subspace 
M of Rn. In this case we can define the orthogonal complement N of M in R n: Rn 
N +M and the projection operator TI of R" onto N. We have 

nx EN, V X E R", nx = {0 }, V X E M. 

The target set XN is therefore characterized by 

MN = TIXN = TIM = {0}. (8) 

Referring to problem 1 and using equation (1) we have therefore, for xN_ 1 to be 
transferrable into M in one step: 

Vw,v_ 1 E W, 
that is 

TIAX~_ 1 = (MN- CW) +BU = MJ.r-1 

and using again equation (1) 

MJ.r_; = TIAiX~-i = (MJ,_;+ 1-TIAi- 1CW) -TI Ai- 1BU, 
(i =l, ... N) 

which gives an iterative algorithm for the construction of sets X&_; of states which 
may be transferred into XN in i steps, until 

Ma = TIANXo = (Mi-AN- 1CW)-TIAN-1BU 

which characterizes X6. 
Recalling U = Rm and W = R', and defining 

Pi= TI(spanAi- 1B), Q; = TI(spanAi- 1 C), (9) 
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we have 

ML; = TIAiXN-i = (M},_i+I-Q;)+P;, i- 1, ... ,N, 

that is, using the absorption property of geometrical difference for subspaces 

Ml,_; = TIAiXJ_; = MN-i+l +P;, if M},_i+l =::> P;. 

MN-1 = (2), if M},_i+l ::pP; 

From (11) we see that M;_ 1 is not empty iff 

i-1 

(10) 

(11) 

Q1 = {0}, and P1 => Qz , (PI +Pz) => Q3 , • • . , ~ jPj => Q;. (12) 
1 

Proceeding in an analogous way for problem 2 in this case, we have again (8) 
and 

Mk_; = TIA;Xk_; = (Mk-i+l +P;)-Q; (10') 
until 

M6 = TIANX6 = (M'f+PN)-QN. 

Using again the absorption property we have 

Mk_; = Mk-i+l +P;, if Mk_i+l +P; => Q; 

Mk-1 = (2), if Mk-i+l +P; ::P Q;. 
(11 ') 

From (I 1 ') we see that Mk_; is not empty iff 

i 

P1 =::> Q1, (PI +Pz) => Qz, .. . , L jPj => Q;. (12') 
I 

As it is intuitive condition (12) for the existance of some x 0 which can be brought 
into XN in i steps (for example in i = N steps) is more strict than condition (12'), 
which corresponds to an information structure more favorable for the controller. 
Nevertheless, it is very interesting to notice that when (12) is satisfied, then 

N 

Ma = Y jPj = M6 . 
.:........; 

1 

We may summarize the proceeding results in the following: 

THEOREM 1. The set Xa solution of the problem 1 for U = Rm, W = Rr and 
XN given by a subspace M of Rn is not empty iff equations (12) are satisfied, and is 
characterized by 

nANxa = Ma , 

where M6 is given by the recursive algorithm (11) starting from M}, = {0}. Analo­
gously, the set X6 is not empty iff equation (12') are satisfied, and is characterized by 

TIANX6 = M6, 
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(10) 

(11) 

(12) 

again (8) 

(10') 

(1 1 ') 

(12') 

= R' and 
and is 
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where M5 is given by the recursive algorithm (11') starting from M~ = {0}. Further­
more, if X6 is no't empty, then X6 = X5, with 

N 

M5 .= M5 = LJPj. 
I 

For the particular system 

K = 0, I, ... , 

we have the following 

COROLLARY. Considering problem 2, if X5 is not empty for some N, then 
(a) any x 0 EX~ can be brought into M in an arbitrary number of steps, 
(b) X~ = R". 

(13) 

Proof. Since (12') is satisfied with Q1 = IT! = L, we have P 1 :::> Q1 = L; 
i i-1 

on the other hand L,. Pi :::> 'L,. Pi , ... , :::> P 1 ; therefore, since all P; are in L, 
I 1 I 1 

i 

Li pj = L for any i, that is M5 = Mi = ' .. . ' = M~ = L. Recalling M;2 = IT Ai xg' 
I 

part (a) is proved. 
Part (h) follows from the characterization of X5: 

X5 = {x : ITANx E M 0 }, 

from the definition of IT and from M 0 = L. 
i-1 

We may ob~erve that in our case, since C =I, I,.Pi => , ... , :::> P 1 :::> Q1 = ITR", 
I . 

that is IT span [B, AB, ... , AN- 1B"] :::> ITR . .This means the system was controllable 
(in classical sense) at least in the subspace L. 
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0 osil!galnosci zbioru docelowego przy zakloceniach 

Rozwazono zadanie znalezienia dla ukladu sterowania podlegaj:otcego zakl6ceniom takiego 
zbioru w przestrzeni stan6w, ze nalez:otcy do niego stan pocz:ottkowy moze bye doprowadzony do 
zbioru docelowego, przy czym zbi6r docelowy ma bye osi:otgni~ty , z pewnosci:ot" a zakl6cenia nalez:ot 
do pewnego danego zbioru. 

Powyzsze zadanie rozwazono dla r6znych struktur informacyjnych regulatora i zanalizowano 
zasadnicze punkty rozwi:otzania na podstawie poj~cia geometrycznej r6znicy zbior6w. Interesuj:otce 
wlasnosci rozwi:otzania pokazano dla przypadku szczeg6lnego, w kt6rym sterowania i zakl6cenia s:ot 
nieograniczone, zbi6r docelowy jest podprzestrzeni:ot liniow:ot, a wyznaczanie ,zbioru pocz:ottkowego" 
przeprowadza si~ dla dw6ch mozliwych struktur regulatora. 

0 ~OCTHraeMOCTH ~eJieBoro MHOmeCTBa npH DOMexax 

PacCMOTpeHa 3a)..laqa HaXOlli)..leHim )..IJIJI CHCTeMbl yrrpaBJieHHJI, IIO,I..IBepraeMOll IIOMeXaM, TaKOIO 
MHOllieCTBa B IIpOCTpaHCTBe COCTOJIHHH, qro6bi IIpHHa)..IJiemaii:~ee I< HeMy HaqaJibHOe COCTOJIHHe 
MOIJIO 6hi 6biTb ,1..\0Be)..leHO ,1..10 l..leJieBOIO MHOllieCTBa, IIpnqeM l..leJieBoe MHOllieCTBO ,1..\0JI}f(HO 6h!Tb 
,ll;OCTEIHYTO ,c yBepeHHOCTbiO' ', a IIOMeXH IIpHHa,D;JielliaT I< OIIpe)..leJieHHOMy ,D;aHHOMY MHOllieCTBY. 

Bhrure yKa3aHHaJI 3a,1..1aqa paccMoTpeHa ,D;JIJI pa3Hhix HH<j;JopMal..IHOHHbiX crpyKTYP perynJITopa 
ll IIpOaHaJIH3llpOBaHb! rJiaBHbie TO'Il{ll peureHHJI Ha OCHOBe IIOHJITHJI reoMeTpHqecKOll pa3HOCTH 
MHOllieCTB. I1HTepeCHb!e CBOHCTBa peureHHJI IIOI<a3aHbl ,ll;JIJI qaCTHOIO CJiyqaJI, KOr)..la yrrpaBJieHHe 
ll IIOMeXM He orpaHnqeHbl, l..leJieBOe MHOllieCTBO JIBJIJieTCJI JIHHeHHbiM IIO,ll;IIpOCTpaHCTBOM, a OIIpe­
,D;eJieHHe ,HaqaJibHOIO MHOllieCTBa" IIpOBO,ll;HTCJI ,ll;JIJI ,1..\BYX B03MOlliHbiX CTpyKTyp peryJIJITOpa. 
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