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For the case of minimizing a quadratic functional in a real Hilbert space with Hessian
A=A+ A,, where A; is a an algebraic operator and A4, is a compact operator, superlinear
convergence of the Conjugate Gradient Method is obtained. An example of a functional of such
a type is encountered in an optimal control problem for a linear dynamic system with delays.

The Conjugate Gradient Method (CGM) has been used since its introduction
by Hestenes [3] in many algorithms of numerical optimization. It was soon noticed
that CGM is considerably better than the Steepest Descent Method (SDM). The
theoretical evaluation, however, of the rate of convergence (g,=(Q,+1—0)/(Q,—0)
0, is suboptimal value of functional at the n-th step of iterations) for CGM remained
no better than for SDM, i.e. when sp A<[m, M], m>0, then

< (M—-m)2 0,1
qn ~ M+m 5 n= s Ly see o
In [1] can be found a better evaluation
¥ (Vﬁ—m
qn =S ey
VM +l/m

but this is still linear convergence.

2
) +e,, 6,20, n=0,1,...

In this paper we show that for a wide class of minimized functionals we have,

in fact, superlinear convergence of CGM, i.e., IH/Q,,—Q - 0.
Problem. Let us have the following process:
x(t)=Dx(t)+Ex(t—h)+Fu(t),

6]
x(®)=p(¢) for te[to—h, t,].
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We want to find a control function # which minimizes the functional

Q@)=4 [ [(x(), Nx()+(u(®), Ru(r))] dt ®)

N>=0, R>0, D, E, F — constant matrices.

Under these assumptions # exists and is.unique.

If we want to find the actual solution, we have to solve the two-point boundary-
value problem. Usually we use iterative algorithms for this problem. It is easy to
compute the gradient of functional (2) with constraints (1) so it is reasonable to
choose the Conjugate Gradient Method. In the case of a problem with delays (£#0)
the numerical procedures typically converge more slowly than without delays. We
want to show that these numerical difficulties decreases with the number of itera-
tions, because in the general case of process (1), the CGM assures superlinear
convergence.

In [2] we find the solution of equation (1)

x()=x,)+ fK(l,‘L’) Fu(z)dr,

To

where x, (¢) is the trajectory generated by u (#)=0 and K (¢, 7) is a continuous func-
tion matrix. Let us denote x (#) by the shorter notation

x=xo+Lu 3)
where L is above-defined compact linear operator in space U of piece-wise conti-

nuous function u (¢) (Volterra’s operator with continuous kernel). After substitu-
ting (3) into (2) we obtain

O ()=%[<u, (R+L* NL) u>+(xo, NLuy +<u, L* Nxo>+{xo, Nxod]=
=4u—a, Au—a))+0
where (... denotes inner product in L? (¢, t,, R")
A=R+L* NL,u=—A~1L* Nxo, 0=0(#).

It is sufficient then to prove the following theorem:
We use CGM for minimization of the quadratic functional

Q(u)=7<Ll—l}2,A(u—l}l\)>, (*)

u e H — real Hilbert space,

AeL (H)—set of linear bounded operators on H
spAc[m, 1], m>0

A=A,+A4,

A, >0, selfadjoint, I+a, A;+a, A3+...+ay AY=0
A,>0, compact, selfadjoint

(such an operator A, is called the algebraic operator).
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The algorithm is the following

0. Choose u, — start point; i=0,
1. Compute g; — gradient of Q in point u;.
(a)y 2. Find s;=g;+o;_1 8;_1; w1 =0, for i>0 «;_, is such, that {s;, 4s;_,>=0.
3. Find wu;,,=u;+#;s;, where #;, minimizes the function f()=0 (u;+7ns,).
| 4 it=i+1, go to 1.

Let us denote ‘Q;=0 (u,).

el
THEOREM. I/Q,, — 0 (superlinear convergence).
The theorem is proved with two lemmas.

LemMA 1. lim Qk+N=

koo Qk

Proof. It is a well known fact [1] that if we have directions s, §1, .., Sk—1»
then Qk—_—’%‘mln <g0“Z, A_l (go—Z)> fOI‘ Sk_1=lin {AS(), ASl, weey Ask_l}. (Qk

Z€Sk—1
is a suboptimal value of Q on subspace S;_4).

From algorithm (a) it is easily seen that

0,

Sk—l =lin {AgOa A? 805 ++es AF gO}
and '

Or=1% min {(go+1; Ago+...+ L A¥ go, A7 (go+ ...+ 1, A o)) =
Iiea I
={go+c{PAg, + 4> go+---+c(¢k)Ak 8o, A1 () ={g, A" g .

When we change the coefficients ¢{¥ is any way, the value of Q, will increase, so

Orsn _<g0+c§"+N)Ago+... +cx(ckf1\lrv)Ak+Ngm ALY
O {go+cPAgo+...+cP A* go, A (..)) A

% {I+ay A+a, A +...+ay A") (go+cPAgo+... +c04* go), A=1(.)) 2
% (go+cPAgo+...+cPA* gy, A= (.))

_(Cg, 471 Cg
¥ i A0S

where

C=Il+a  A+..+ay A¥=I+a,(A;+A)+a, (A1 +4,)* +...+ay (4, + 4,)" =
=[I+a1 A1+...+aN AT]"‘ [a1 A2+a2 Al A2+a2 Az A1+a2 A;‘l‘..] .

The first bracket is equal 0 because of the assumption on operator 4,;. The
second bracket is a linear, selfadjoint and compact operator (because 4, is compact).
So C is compact operator.

5
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Because sp A< [m, 1], then

1 1
g
(A" g {8 81>
and .
Ox+n 8k
<0, AL Cos B =—.
O, (Cgx Zirs Zx 2l
The sequence (g, is weakly convergent to 0 (because {g;, g;>=0,;).
Thus Cg,—0 and Qg L 50, ' : QE.D.
k .
Qk+N

Levma 2. If — 0, then "]/é,,_ - 0.

Ok
Proof. Let n=rN+s, 0< s<N. Then

n/ (¥ e £ Qn QZN QrN : Qn
Vo, =V .
Qo O Q(r—l)N O
For sufficiently large n we have V@: <2,

: N ; ;
By assumption E—r—_ =0, so for any &e(0, 1] there exists an integer r,
(r=1)N , .

(Q)kN
such that for all k> ry, ——— < &V,
Q(lz—l)N
Because
Qn QiN x,
<1, Slii=1,2; .i; ¥os
Oy Ou-1yn
then
n
Ty /s = Q 1 Q 2 QN o= ———— 2
R = e B S
: O Qagrion Ow-1yn ]/aNro+s

For sufficiently large n

Vetrots 5§/ e D > %,
Finally, there exists such n, that for every n > n,.
'll/én— < 4e.
. n e
This means ]/Q,, - 0. Q.E.D.

Convergence with property n]/é,,*ﬁ 0 is, surely, weaker than with Orin S0,

Or
But the first property has a clearer interpretation. Namely, for any & > 0 exists
a ny, such that for n >0

n]/a <ée il/é; (because il/QT, - 1).
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This means Q, < Q, &, i.e., starting from »n > n, the sequence Q, converges
to O faster than a geometrical proression with ratio &. So, we have superlinear con-
vergence ((Q,)7 converges to O faster then any geometrical progression).

Remark 1. The property of superlinear convergence is not general. It is possible
to show an operator 4 and gradient g, such that (Q,)Q has only linear con-
vergence. An example

(e;)¢ — orthonormal basis in H

i 1—-m
Aey=bg 1 1raetbey1,b-1=0, b= A
14+m
&= 5 =051 s

8o=¢€o. :
It is possible to prove that the closure A of A4 is a positive, selfadjoint, linear

o e A Qn%l 1-m &
operator such that when we minimize (*) we obtain S} . i=0,1,

Qll 4
For detailes see [5].

Remark 2. iWhen A=I+A4, Wflere A, is compact, then WP, (because

n

N=1). If we can invert the operator 4; (for problem (1) and (2) 4; =R is a known
matrix) we can obtain the above case by modifying the algoritm (a): we put

-1
§;=A7 gi+o_158_1.

In this way we shall have stronger superlinear convergence.
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Superliniowa zbiezne$¢ metody gradientu sprzeZomego

Dla przypadku minimalizacji funkcjonalu kwadratowego w rzeczywistej przestrzeni Hilberta,
w ktorym Hessian ma postaé A=A+ A4, gdzie A4; jest operatorem algebraicznym, a A4, jest
operatorem zwartym otrzymano superliniowa zbiezno$¢ metody gradientu sprzezonego. Przykla-
dem takiego funkcjonalu jest uktad liniowy z opdznieniem.
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CynepingeiiHag CXOJMMOCTH MeTOAAQ CONPSDKEHHOrO Ipa-
JIAeHTa

It ciydyasi MAHEMA3AIAA KBaAPATHIECKOrO (YHKIMOHANA B JEHCTBUTEIHHOM THIBOEPTO-
BOM IIPOCTPAHCTBE, B KOTOPOM ompenenutens I'ecce mmeer Bum A=A;+A,, roe A; ABIAETCS.
OIepaTopoOM anredpandeckum, a A, SBISETCS KOMIAKTHBIM OIEPATOPOM, MOJIyYeHA CYIepIdHe-
Has CXOOUMOCTh METOIAa COMPSHKEHHOro rpaguenTta. IIpuMepoM Takoro (GyHKIMOHANA SBISETCS
JIHHEWHas CHCTeMa C 3ama3IbIBaHAeM.
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