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For the case of minimizing a quadratic functional in a real Hilbert space with Hessian 
A=A1 +A2 , where A1 is a an algebraic operator and A2 is a compact operator, superlinear 
convergence of the Conjugate Gradient Method is obtained. An example of a functional · of such 
a type is encountered in an optimal control problem for a linear dynamic system with delays. 

The Conjugate Gradient Method (CGM) has been used since its introduction 
t 

by Hestenes [3] in many algorithms of numerical optimization. It was soon noticed 
that CGM is considerably better than the Steepest Descent Method (SDM). The 
theoretical evaluation, however, of the rate of convergence (q11 = (Q 11 + 1 - Q)/(Q11 - Q) 
Q, is suboptimal value offunctional at the n-th step of iterations) for CGM remained 
no better than for SDM, i.e. when sp Ac[m, M], m>O, then 

( 
M-m)

2 

q,:::;; M+m ' n=O, 1, .... 

In [1] can be found a better evaluation 

(v:M -Ji;;)z 
q,::::;; VM +V m +e, Bn~o, n=O, 1, ... 

but this is still linear convergence. 

In this paper we show that for a wide class of minimized functionals we have, 

in fact, superlinear convergence of CGM, i.e., if Q"-Q ~ 0. 

Problem. Let us have the following process: 

x (t) =Dx(t)+Ex(t-h) +Fu(t), 

x(t)=rp(t) for tE[t0 -h,t0 ]. 
(1) 
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We want to find a control function u which minimizes the functional 

t, 

Q(u)=-!- J [(x(t),Nx(t))+(u(t),Ru(t))]dt (2) 
to 

N;:::O, R>O, D, E, F- constant matrices. 
Under these assumptions u exists and is .unique. 
If we want to find the actual solution, we have to solve the two-point boundary­

value problem. Usually we use iterative algorithms for this problem. It is easy to 
compute the gradient of functional (2) with constraints (1) so it is reasonable to 
choose the Conjugate Gradient Method. In the case of a problem with delays (K;fO) 
the numerical procedures typically converge more slowly than without delays. We 
want to show that these numerical difficulties decreases with the number pf itera­
tions, because in the general case of process (1), the CGM assures superlinear 
convergence. 

In [2] we find the solution of equation (1) 

t 

x(t) = x 0 (t)+ J K(t,1:)Fu(r)dr, 
· to 

where x 0 (t) is the trajectory generated by u (t)=O and K (t, r) is a continuous func­
tion matrix. Let us denote x (t) by the shorter notation 

x=x0 +Lu (3) 

where L is above-defined compact linear operator in space U ·of piece-wise conti­
nuous function u (t) (Volterra's operator with continuous kernel). After substitu­
ting (3) into (2) we obtain 

Q (u)=t[(u, (R +V' NL) u)+(x0 , NLu)+(u, V' Nx0 )+(x0 , Nx0 )]= 

= t<u-u, A(u-u))+Q 

where (. .. ) denotes inner product in L 2 (t 1 , t 2 , R") 

A =R+V' NL, u= - 4- 1 L'~ Nx0 , Q=Q(il). 

It is sufficient then to prove the following theorem: 
We use CGM for minimization of the quadratic functional 

Q(u)=t<u-il, A(u-u)), 

u E H- real Hilbert space, 
A EL (H)- set of linear bounded operators on H 
spAc[m, 1], m>O 
A=A1 +A2 

A 1 >0, selfadjoint, l+a1 A 1 +a2 Ai+ ... +aN A~=O 
A 2 ?:: 0, compact, selfadjoint 

(such an operator A 1 is called the algebraic operator). 

(*) 
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The algorithm is the following 

0. Choose u0 - start point; i=O. 
1. Compute g;- gradient of Q in point u;. 

(a) 2. Find s;=g;+IX;_ 1 s;_ 1 ; IX_ 1 =0, for i>O 1X;_ 1 is such, that (s;, As;_ 1)=0. 
3. Find u;+l=u;+rt1 s; where 1'/; minimizes the function f(rt)=Q(u;+1Js;). 

l 4. i:=i+l, go to 1. 

Let us denote cQ;=Q(u;). 

THEOREM. V Qn---* 0 (superlinear convergence). 

The theorem is proved with two lemmas. 

. Qk+N 
LEMMA 1. hm -Q =0. 

k-+oo k 

Proof. It is a well known fact [1] that if we have directions s0 , s1 , .•• , sk_ 1 , 

then Qk=-!min (g0 -z, A- 1 (g0 -z)) for Sk- 1 =lin {As0 , Asr. ... , Ask_r}. (Qk 
zESk-1 

is a suboptimal value of Q on subspace Sk_ 1 ). 

From algorithm (a) it is easily seen that 

and 

!, ... lk 

When we change the coefficients c~k) is any 'way, the value of Qk will increase, so 

Q < + (k+N)A + + (k+N)Ak+N A-1 ( )) k+N go C1 go ··· ck+N go, ··· 
-Q = ( 1- (k)A + + (k) Ak A- 1 ( )) ~ 

k go- cl go ··· ck go, ... 

((/+a1 A +az A 2 + ... +aN AN) (g0 +cik)Ag0 + ... +ckk) Ak g0 ), A- 1 ( ••. )) 

~ ( + (k)A + + (k)Ak ·A-1 ( )) go C1 go ··· ck go, ··· 
(Cgk, A- 1 Cgk) 

(gk> A- 1 gk) 

where 

C=l+a1 A+ ... +aN AN =l+a1 (A 1 +A2 )+a2 (A 1 +A2 )
2 + ... +aN(A1 +A2 )N = 

= [I+a1 A1 + ... +aN A~]+ [al Az +az A1 Az +az A 2 A1 +a2 A;+ ... ]. 

The first bracket is equal 0 because of the assumption on operator A 1 • The 
second bracket is a linear, selfadjoint and compact operator (because A 2 is compact). 
So C is compact operator. 

5 
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Because spA c [m, 1], then 

1 1 

a_nd 

The sequence (gk)~ is weakly convergent to 0 (because (g;, gi) = Ou)· 

Thus Cgk~o d 
Qk+N O 

an -----o; ~ . Q.E.D. 

Qk+N ~~-
LEMMA 2. If ~ ~ 0, then V Q11 ~ 0. 

Proof. Let n= rN+ s, 0:::;; s<N. _Then 

V- r:;- -."/ Q" QzN QrN 
Q" = V Qo Jl -Qo QN ... Q 

(r - l)N 

For sufficiently large n we have V Q0 :::;; 2 . 

By assumption Q QrN r->- oo -> 0, so for any e E(O, 1] there exists an integer r0 
(r-l)N 

(QhN 
such that for all k ;;:::: r 0 , Q :::;; eN. 

(1'-l)N 

Because 

. Q" 
1 

QiN 
-Q :::;; , :::;; 1, i = 1, 2, ... , r0 , 

rN Q(i-l)N 
then 

For sufficiently large n 

Finally, there exists such n0 that for every n;;:::: n0 • 

VQ" :s;;4e . 

This means V Q" ~ 0. Q.E.D. 

Convergence with property V Qn ~ 0 is, surely, weaker than with Qk+N ~ 0. 
Qk 

But the first property has a clearer interpretation. Namely, for any e > 0 exists 
a n0 ; such that for n ;;:::: 0 

V Q" < e V Qo (because v' Qo -? 1). 
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This means Q11 < Q0 e11
, i.e., starting from n ~ n0 the sequence Q11 converges 

to 0 faster than a geometrical proression with ratio e. So, we have superlinear con­
vergence ((Q~~)~ converges to 0 faster then any geometrical progression). 

Remark 1. The property of superlinear convergence is not general. It is possible 
to show an operator A and gradient g0 such that (Q11)~ has only linear con­
vergence. An example 

(eJ~- orthonormal basis in H 

1+m 
a;=--

2
-, i= O, 1, ... 

go=eo. 

l-m 
b;=--4-, 

It is possible to prove that the closure A of A is a positive, selfadjoint, linear 

.. .. (') b. Q11+1 (1-m)2 

operator such that when we mm1m1ze '·' we o tam ~ ~ -
4
-- , n=O, 1, .... 

For detailes see [5]. 

. , Qll+l 
Remark 2. 1When A =l+A 2 where A2 is compact, then -Q ~ 0 (because 

11 

N= 1). If we can invert the operator A 1 (for problem (1) and (2) A 1 = R is a known 
matrix) we can obtain the above case by modifying the algoritm (a): we put 

In this way we shall have stronger superlinear convergence. 
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Superliniowa zbieinosc metody gradientu sprz~zonego 

Dla przypadku minimalizacji funkcjonalu kwadratowego w rzeczywistej przestrzeni Hilberta, 
w kt6rym Hessian ma postac A=A1 +Az, gdzie A1 jest operatorem algebraicznym, a A2 jest 
operatorem zwartym otrzymano superliniow'! zbieznosc metody gradientu sprz~zonego. Przykla­
dem takiego funkcjonalu jest uklad liniowy ~ op6znieniem. 
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CynepJIHHeiiuaH cxo)J.HMOCTL MeTo.n;a conpmKeHHoro rpa­

JJ.HeHTa 

Z. FORTUNA 

,ll;ml CJiy'!al! MHHHMH3a!Ulli KBa.n:paTH'!eCKOf O <iJYHICI.\ROHaJia B .n:eiicTBHTe.JlhHOM fHJih6epT0-

130M rrpoCTpaHCTBe, B KOTOpOM orrpe.n:eJIHTeJih recce HMeeT BH.ll: A=A1 +A2 , r.n:e A 1 l!BJilleTCl! . 

orrepaTopoM anre6paH'!eCKHM, a A2 HBJIHeTCH KOMnaKTHhiM onepaTopoM, rrony'!eHa cynepnnHeil:­

llaH CXO.lJ:HMOCTh MeTO.ll:a conpiDKeHHOfO rpa.n:HeHTa. llpHMepoM TaKOfO <iJyHKQHOHana HBJIHeTCH 

JIHHeil:HaH CHCTeMa C 3ana3)J;brBaHHeM. 



Wskazowki dla Autorow 

W wydawnictwie "Control and Cybernetics" drukuje si~ prace orygmalne nie publikowane 
w 111nych czasopismach. Zalecane jest nadsylanie artykul6w w jc;zyku angielskim. W przypadku 

nadcsbnia <lrtykulu w j~zyku polskim, Rcdakcja moze zalecic przetlumaczenie na .i\zyk angielski. 
Oh.i\'llls0 ;u ty kulu nic powinna przekraczac l arkusza wydawniczegi, czyli ok. 20 stron maszynopisu 
formatu A4 z zachowaniem interlinii i margincsu szerokosci 5 cm z lewej strony. Prace nalezy 
skladac w 2 cgzcmplarzach. Uklad pracy i forma powinny bye dostosowanc do nizej podanych 
wska zowek. 

l. W nagl6wku nalezy podac tytul pracy, nast~pnie imit; (imiona) i nazwisko (nazwiska) autora 
lautorow) w porz4dku alfabctycznym oraz nazwt; rcprezentowancj instytucji i. nazw~ mia~ta . Po 

tytule nale:i:y umiescic kr6tkie strcszczcnic ·rracy (do 15 wierszy ma>zynopisu). 
2. Material ilustracyjny powinien hyc doli')czony na oddzielnych stronach. Podpisy pod rysunki 

naleiy podac oddziclnic. 
3. Wzory i symbolc powinny bye wpisane na maszynie bardzo starannic. 
Szczcg6lnq uwagc; nalezy zwr6cic na wyraine zn'>:i:nicowanic malych i duzych !iter. Litcry greckic 

powinny bye objasnione na marginesie. Szczeg61nie dokladnic powinny bye pisanc indeksy (wskazni­
ki) i oznaczenia pot~<gowe. Nale:i:y stosowac nawiasy okrqgle. 

4. Spis literatury powinien bye podany na kor'icu artykulu. Numery pozycji literatury w tekkie 
zaopatruje si~ w nawiasy kwadratowe. Pozycje Iiteratury powinny zawierac nazwisko autora 
(autor6w) i pierwsze Iitery imion oraz dokladny tytul pracy (w jc;z.yku oryginalu), a ponadto: 

a) przy wydawnictwach zwartych (ksiqzki) - miejsce i rok wydania oraz wydawcc;; 
b) przy artykulach z czasopism: nazwc; czasopisma, numer tomu, rok wydania i numer biei:qcy. 
Pozycje literatury radzieckiej nalei:y pisac alfabetem oryginalnym, czyli tzw. gra:i:dank'l. 
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