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The paper deals with the studies on multi pole components of the cardioelectric field using the multi­
electrode network leads constructed following the principle of platonian polyhedra. Numerical 
methods were applied to develop the potential of electric field into a multipole series. Recent stu­
dies reveal that the cardioelectric field has complex structure and attempts to describe it using the 
dipole approximation in an oversimplificat ion. 

1. Introduction 

For simplicity sake, electrocardiography assumes the electric field of the heart 
to have dipole nature [2]. 

Multipole [3] and multidipole [1] assays reveal complex structure of the electric 
field of the heart [13, 14]. 

Our studies on multipole components of the electric field of the heart using the 
multi-electrode network leads constructed following the principle of platonian 
polyhedra [10] reveal t hat the cardioelectric field has a complex structure and at­
tempts to describe it using dipole approximation is an oversimplification [5, 8]. 

In our approach to multipolc description of the electric field of the heart we 
are making use of the definitions accepted in the physical theory of the multipole 
fields [9, 15]. 

This theory enables description of any system of electrical charges of the heart [9]. 
Studies on multipole components of the electric field of the heart were carried 

out qualitatively and quantitatively. The simple selection rules resulting from the 
theory of representations of groups [4, 11] were used for qualitative studies [6, 7]. 
Numerical methods were applied for quantitative studies. 
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2. M ulti pole description ·of the electric field 

Let u (x') denote charge density located inside of a sphere S with radius 
R'; x=(x~, x;, x~)- coordinates of a point located inside of S; r, 8, rp- spherical 
coordinates of a point x =(x 1 , x 2 , x3); Y1m (8, rp) - spherical functions, 1=0, 1, 2, ... 
... ,m= -I, -(l-1), -(/- 2), ... , - 2, - 1, 0, I , 2, ... , l-1, I; q1,.,= J Y1,. (9', rp') u (x') 
r11 d 3 x' - m-th component of 21-pole moment 

Y,, - m (8, rp) = ( - 1)'" Ylm (8, rp) . (1) 

Then the potential cfJ (x ) at a point x~ (xl> x 2 , x 3), (i xi >R') may be written in 
the form [9] 

f, ~ 4 Y,,. (8, rp) f, ~ 
cP (x) = L.; L.J 21 + 1 q,,., ------;:t+-1- = L.; L.; cP,,. (x) . 

1= 0 m= - 1 1=0 m= -I 

According to the usua l terminology, t he terms 

1=0, ] , 2, ... , 

represent the 21-pole contribut ion. 
In particular, for 1= 0, 1, 2 we obtain the following contributions : 

(i) I = 0, 2° = 1 - pole (monopole) moment 

1 1 
tPoo (x) = 4n qoo - Yoo (.9, QJ) = 2 V~ qoo-. 

r r 

(ii) I = 1, 21 = 2 - pole (dipole) moment 

4n 1 
tf>1m(x)= 3 qJm -;:z Yl m(8, rp) . 

(iii) 1= 2, 22 =4 - pole (quadrupole) moment 

4n 1 
tl>zm(x )= s qzm--;:J Yzm (.9, rp) . 

(2) 

(3) 

(4) 

(5) 

(6) 

It is easy to check that if we restrict ourselves to the simplest systems of electric 
charges treated traditionally as monopole, dipole, quadrupole etc., then the respec­
tive potential coincide with the above defined multipole potentials of the degres 
1=0, 1, 2, ... , etc., respectively [9]. 

3. Approximation of electric field potential function 
Program POTENTIAL (see Appendix) 

Application 

The program POTENTIAL is designed to approximate the F=F(p, 8, rp) 
function (p, 9, tp being the spherical coordinates of a point) with given values Fk = 
= F (Pk) upon a finite d iscrete set of points : 

(7) 
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lying upon a sphere having the radix r and the centre in the coordinate system zero 
point, by means of a function 

t I 

a •• (p, 9, rp)= }; p-l- 1 Wt }; qlm Yzm(9, rp), p';;::r, (8) 

where 
l =s m= - I 

- m -UII<P 
(

2/+ 1 (/-m)! ) 1
'

2 
. 

Y 1111 (9, rp) - ~ (/+m)! p 1 (cos9)e , 

p;' (x) is associated legendre function of the first Kind, while the coefficients q1"" 

l= s, s+ 1, ... , t; m=O, 1, ... ,I; q1, _,=( -1)"'- q1m; are determined from a condition 
the expression 

n 

R({qzm})~}; [Fk-Gsr (Pk)JZ (9) 
k=l 

to achieve the least value. 
The program has been written in the language ,ALGOL 1204 for ODRA 1204 

computer. 

Method used 

Let U1m and V1m denote real and omaginary part of q1m (q10 = U10 is real). 
As (1) then the formula (8) may transformed in the following manner 

t 

G_.r(p, 9, rp)= .2; W1 p- 1
-

1 H 1(9, cp), 

where 
l=s 

I • 

H1 (8, cp)= U10 Q10 (cos 9)+2 I; (U1m cos m rp - V1m sin mrp) Q1m (cos S), 
m=·l 

(
2/+ 1 (/-m)! )1

'
2 

Ql, (x) = 4;- (/ +m)! p~n (x). 

The necessary condition of obtaining minimum value by the function (9) leads 
to the set N df (t + 1 )2 - s2 of linear equations with N unknowns: 

U1111 , l=s, s+ 1, ... , t ; m=O, 1, ... , I ; 

V1m, l=s, s+1, ... , t; m =1, 2, ... , /. 

This set is solved by elimination method with partial pivoting as described 
in many manuals of numerical methods. 

Data 

n - number of points (7) 
r- radius of a sphere 
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!)k, rpk - spherical coordinates of the points (7) 
s, t - numbers appearing in the formula (8) 
D - number of the first cell of the drum area allocated for the use during the 

program run 
S - string, comment dealing with further following data 
T- number of detailed data (see note below) 

Fk - values of function F in the points (7). 
Data should be perforated on the tape in the following order: 

n r l 
31, rpl, 92, (/12 •• . 9,., rp, I 
s t ~ 
D I 
s J 

999 

(10) 

(11) 

Note. In the practice it frequently occurs that the problem of approximation is 
solved for an established network of nodes (7) and for many systems {Fk}. The data 
tape should then contain data (10) and data (11) pertaining to the first system {Fk}, 
second, etc. The number 999, as an accesory datum is a conventional end of data 
sentinel. 

Results 

q,,- coefficients appearing in (8). The results are tabulated m t-s+ 1 lines. 
Moreover, a table with a heading 

k pot mes pot calc, 

is printed which combines the values Fk and Gst (Pk)· We gixe also the mean square 
error M=R ({q1111})1f2. 

Run time 

The program run time depends mainly on s, t and n. In the test runs the follow­
ing times have been obtained: 

I Run time in seconds 
; 

I ll s t I for the second and 

I 
for the first set F. I next in-turn sets 

I 30 2 2 

I 
8 2 

I 0 2 18 3 

I 0 3 61 5 

I 
0 4 180 7 
2 4 152 6 

60 2 2 14 2 I 

I 0 2 30 3 I 0 3 105 I 5 

I 0 4 317 

I 
8 l 

I 2 4 276 7 I 
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Correctness check 

The program was checked among others for n=30 and s=t=2. The results 
were obtained for which relative mean square error equalled to about 3%-

4. Conclusions 

The use of numerical methods enables to develop practically the potential of 
cardioelectric field into a multipole series. This made it possible to determine exper­
imentally the dominating role of miltipols components of cardioelectric field, 
in particular of those of rank six [16]. The multipole description gives access to new 
information on the heart being not revealed by dipole interpretation of electro­
cardiograms. 

At the current status of development of the quantitative studies on the multi pole 
components of the electric field of the heart the conclusions are of approximate 
character. 
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APPENDIX 

Program POTENTIAL for multipole description of the electrical field of the heart 

begin 

comment Program POTENTIAL; 

integer ab 1 ,ab2,al,all ,al2,al3,be,drumpl,drumpll ,i, il ,j,jl ,k,l,ll ,12,13,11 m,l2m,m,n,p,p 1 ,p2,p4,t,t1, t2; 

real cabk, ctk, cO,cl ,c2,clmk,fk,gj,gl,Qik,Qlm,r,s,sabk,slmk,s0,s1 ,s2,s3,Yk; 

read(n,r); 
begin 

10: 

11: 

12: 

13: 

array ct,f,V[l:n]; 

real procedure Q(l,m,t); 

value t; 

integer l,m; 

real t; 

begin 

integer lm; 

real st,tt,ttl,c; 

real procedure P(l,m); 

integer l,m; 

if if abs(t)=l.O then m>O else false 

tben P:=.O 

else 

begin 

integer i,lm; 

switch wl: = 10,11,12,13; 

go to wl[if 1~2 then 1+1 else 4]; 

P:=l.O; 
go to endP; 

P: =if m=O then t else -st; 

go to endP; 

P: =if m=O then .5 x (3 x tt-1) else if m= 1 then -3 x t x st else 3 >< ttl; 

go to endP; 

P:=if m=Ovm=l then ((1+1-l)xtxP(l-l,m)-(l+m-l)xP(l-2,m))/(l-m) 

else -2 x (m- 1) x t/st x P(l,m-1)-(l- m+2) x (l+m-1) x P(l,m-2); 

endP: end p; 

tt:=tx t; 
ttl: = 1.0-tt; 

st: =sqrt(tt1); 
c:=l.O; 
lm:=l+m; 
for i: = 1-m+ 1 step 1 until lm do 

c: = cxi; 
Q: =sqrt(.0795774715 x (1+1+ 1)/c) x P(l,m) 
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end Q; 

for k: = 1 step 1 until n do 

begin 

read(s,ctk); 
ct[k]: =cos(ctk); 
f[k]: = s 

end k; 

read(t,p); 
tl:=t-1; 
t2: = t x t; 
pl:=p+l; 
p2:=.5 x p1 x(p+2)- t2; 
p4:=pl x p1-t2; 
p] : =pJ-.5 X (t2+t); 
format(' 12u u ') ; 
line(4); 
if t=p 

then print('lu = ',p) 

else print('lminu = ', t, '1max = ',p); 

begin 

integer array sub[1:p4]; -- - -
array a[l :p4,I :p4],cQ,c1Q,sQ,s1Q[1 :n],g[t: p],QO[t:p,1 :n],rh,w[l:p4]; 

dJumpl: =drumplace: =ininteger; 
for j: =I step 1 until p4 do 
- -

sub[j]: = j; 
for l:=t step I until p do 

begin 

g[l]: = 12.5663706143/(r 1 (I + I) x (I + I+ 1)); 
for m: = 1 step 1 until 1 do 

begin 

for k: = 1 step 1 until n do 

begin 

fk: = m x f[k] ; 
Qlm: = Q(l,m,ct[k]) ; 
sQ[k]: =sin(fk) x Qlm; 
cQ[k]: =cos(fk) x Qlm 

end k; 

todrum(n,sQ[1]) 
todrum(n,cQ[1]); 

end m ; 

for k : = 1 step I until n do 
- - - -

QO[l,k]: = Q(I,O,ct[k]) 
end 1; 

for i1: = t step I until p do 

begin 

i:=i1- t1; 
for j: = t step I until p do 

begin 

43 
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s:=O; 
for k: = 1 step 1 until n do 

s: = s +QO[il ,k] x QO[j,k]; 
a[i,j- tl ]: = g[j] x s 

end j; 

drum place:= drum pi; 
for 1: =t step 1 until p do 

begin 

J3: = .5 xlx(l- 1); 
12:=p2+l3; 
ll: =p l +13; 
gl: = 2xg[l]; 
for m:= 1 step until I do 

begin 

s : =s1 :=0; 
fromdrum(n,sQ[l]); 
fromdrum(n,cQ[l]); 
for k: = 1 step 1 un til n do 

begin 

Qik:=QO[il,k]; 
s:=s+cQ[k] x Qik; 
s.l: =sl +sQ[k] x Qik 

end k; 

a[i,ll +m]: =gl xs; 
a[i,l2+m]: = - gl xs1 

end m 
end I 

end i; 

drumplace: =drumpl; 
for al: = t step 1 until p do 

begin 

al3: = .5 x a! x (al- 1); 
all:=pl+al3; 
al2:=p2+al3; 
for be:= 1 step 1 until al do 

begin 

abl:=al l +be; 
ab2: =al2+ be; 
fromdrum(n,sQ[l]); 
fromdrum(n,cQ[J]); 
drumpll : = drumplace; 
for jl: =t step 1 until p do 

begin 

j: = j1- t1; 
s:=sl:= O; 
for k: = 1 step until n do 

begin 

Qik: =QO[jt,k); 
s : =s+cQ[k)xQik; 
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sl: =si +sQ[k] x Qik 
end k; 

gj:=g[jl]; 
a[abl,j]: =gj x s ; 
a [ab2,j]: =gj x sl 

end j ; 

drumplace: = drumpl: 
for .1: = t step 1 until p do 

begin 

13: = .5 xI x(l- 1); 
ll: =pl +13; 
12: = p2+l3; 
g):= 2 X g(J]; 
for m:= 1 step 1 until I do 

begin 

s: =si: =s2: = s3: =0; 
fromdrum(n,s l Q[J]) ; 
fromdrum(n,c I Q[l D; 
for k: = 1 step 1 until n do 

begin 

clmk: =clQ[k) ; 
slmk: =s!Q[k] ; 
cabk: =cQ[k] ; 
sabk: =sQ[k) ; 
s: =s+clmk x cabk; 
sl: =s i +slmk x cabk; 
s2: =s2+ clmk x sabk; 
s3:=s3+ slmk x sabk 

end k; 

llm: = ll + m; 
12m: = l2 + m; 
a[ab l,ll m]: =gl x s; 
a [ab I ,12m): = - gl x sl ; 
a [ab2,11m]: =gl x s2; 
a[ab2,12m): = - gl x s3 

end m 

end I ; 

drumplace: = drumpll 

end be 

end al; 

for i: = 1 step 1 until p4 do 

begin 

s:= O; 
for j:=i step 1 until p4 do 

begin 

s1: = abs(a[i,sub[j]]); 

i f si > s 

then 

45 
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begin 

s:=sl; 
k:=j 

end si> gt s 

end j; 

if s = .O 

then 

begin 

;r, ;TA.GliELS!KI, S. LEWA.~OWJ.CZ, ;r, MOZRZYMAS 

print('?macierzu osobliwa'); 
go to ENDP 

end s:=.O; 

11 : = sub[k]; 
sub[k]: = sub[i] ; 
sub[i]:=ll; 
s:=a[i,Il]; 
il:=i + l; 
for k:=il step until p4 do 

begin 

12: =sub[k]; 
si :=a[i,12]: =a[i,l2]/s ; 
for j: =il step 1 until p4 do 
- -- -- -

aU,l2]: =a[j,l2}--a[j,Il] x sl 
end k 

end i; 

end first; 

begin 

integer array title[ I: 100]; 
----

instring(title[l]); 
line(IO); 
outstring(title[l]) 

end; 

NEWDATA: 
i: =in integer; 
if i=999 

then go to ENDP; - --
read(V); 
format(' u TIMEu :u 1234'); 

Jine(10); 

print(i); 

for il: = t step until p do 

begin 

s :=.O; 
for k:=1 step 1 until n do 
- --

s:=s+QO(il,k] x V[k]; 
rb[il- tl]: =s 

end il; 

drumplace: = drumpl; 
for a!:= t step 1 until p do 
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begin 

aJ3;=.5 X aJ X (aJ-J); 
all :=pl +a13; 
al2:=p2+al3; 
for be:= 1 step 1 until al do 

begin 

sl :=s2:= .0; 
fromdrum(n,sQ[l]) ; 
fromdrum(o,cQ[l ]) ; 
for k: = 1 step I until n do 

begin 

Vk: = V[k]; 
s i : =si + Vk x cQ[k); 
s2: =s2+ Vk x sQ[k) 

end k; 

rh[all +be]: =sl; 
rh[al2+ be): =s2 

end be 

end al; 

for i: = 1 step until p4 do 

begin 

l1 :=sub[i); 
s: = rh[i]: = rh[i)/a[i,ll]; 
for j:~i+l step 1 until p4 do 
- --

rh[j): = rh[j]-a[j,ll ) x s 
end i ; 

for i:=p4 step - 1 until I do 

begin 

s:=rh[i) ; 
for j;=i+I step 1 until p4 do 

begin 

k: = sub[j]; 
s: = s- a [i,k) xw[k] 

end j; 

w[sub[i]) :=s 
end i ; 

line(4); 
print(' 

m Re q[l,m] lm q[l,m] 
'); 

for l: = t step 1 until p do 

begin 

format('?l2u u J2u u - 1234.12345'); 
print(l,O,w[l- t + 1)); 
format(' 12u u-1234.12345u u-1234.12345'); 
llm:=.S x I x (I- I ); 
for m:= 1 step 1 until I do 

begin 

llm:=llm+l; 

47 
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print('? ',m,w[pl + Ilm],w[p2+llm]) ; 
end m ; 

end I; 

format('?123u u -123. 1 2u u - 123.12'); 

print(' 

u u ku LJpotu mesuuu potu calc 

') ; 

drumplace: = drumpl ; 
for k: = 1 step 1 until n do 
- -

slQ[k]:=.O; 
for 1: = t step 1 until p do 

begin 

!Jm:=.S x lx(l- 1) ; 

for k: = l step 1 until n do 

c1Q[k]: = .0; 

for m: = 1 step 1 until I do 

begin 

llm:=llm + 1; 
fromdrum(n,sQ[ I]); 
fromdrum(n ,cQ [ l]) ; 
sl:=w[pl+ llm]; 
s2: = w[p2+1lm] ; 
for k:=l step 1 until n do 
- - - -

clQ[k]: =c1Q[k]+cQ[k] x s l-sQ[k] x s2 
end m; 

gl: = g[l]; 
s:=w[l- t+l]; 
for k: = 1 step 1 until n do 

~1Q[k] : =sl Q[k] + gl x (s-; QO[l,k]+2 x clQ[k]) 
end I; 

s :=.O; 
for k: = l step 1 until n do 

begin 

sl: =s!Q[k]; 
Vk: = V[k] ; 
print(k,Vk,sl) ; 
sl:=Yk- sl; 
s :=s+sl x sl 

end k ; 

format('??meanu erroru = uu 123.12') ; 
print(sqrl(s/n)) ; 
go to NEWDATA 

end ; 

ENDP : 
end 

·end 
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C OMMENTS 

The program has been formulated generally, and i t is possible to widen its application for 
multipole description of the electric field. This program has been tested on the Odra-1204 compu­
ter. T he input values are those of potentials measured over the sphere. The application of the 

above described program to the study on the cardioelcctric field became possible due to potential 
measurements using the resistor network which reduced the measurement to the conditions of 
a sphere. 

Practically, there were input the values measured a t the points of the sphere corresponding 
with the vertices of dodecahedron, icosahedron, icosadodecahedron and 62-hedron being various 
modifications of the output of network lead system based on the principle of Platonian dual poly­
hedra [10]. Out of these modificat ions, the icosadodecahedron output point set can be obtained 
by means of numerical equivalent of the diamentoid network as proposed by Paszkowski [12]. 

Zastosowanie metod numerycznych do badania skladnikow 
multipolowych pola elektrycznego serca 

Om6wiono badania skladnik6w multipolowych pola elektrycznego serca z uzyciem wielo­
elektrodowych odprowadzen sieciowych skonstruowanych zgodnie' z zasad<! "figur platonskich". 
D o rozwini'<cia polencjalu pola elektrycznego w szereg multipolowy uZ.yto rnetod numerycznych. 
Wykonane badania wykazuj'!, i:e pole e lektryczne serca ma struktur'< zloi:on'! i pr6by opisania 
go za pomoc'l aproksymacji dipolowej S'! nadmiernym uproszczeniem. 

IIpuMeHeHne qncJieHHhiX MeTO,l.l.OB ,l.l.JISI MttormtomocHoro 
onucaHml ::>."Ieinpuqecrmro fiOJIH cep,l.l.qa 

CTaTbll KaCaeTCll HCCJIC,!J;OBaHHi:i MyJibTJlUOJibOBbTX MOMeHTOB 3JieKTpll'!CCKOfO UOJI!l cep,n:l.(a 
npH HCUOJib30BaiDrn. MHOfO)JICKTPOAHblX CeTeBbTX OTBO,l(OB, IIOCTpOeHHbTX COr JiaCHO TipliHUHny 
rrrraTo~toeoro MHororpaHllliKa . 

.[l;rrll pa3JIO:>KeillUI llOTeHqRaJTa :meKTPll'feCKOfO TIOJill B MliOfOITOJUOCHbTX p11,n: HCilOJlb3YIOTC11 
'HICJieHHble MeTO,l(bi. ilOCJie,!J;HHe HCCJTC)J,OBaHID! DOKa3aJIH, '!TO 3Jieh1Pll'feCKoe IlOJTe Cep,n:l.(a HM.\1eT 
CJTO:>KHYJO CTPYKTYPbi H TIOUblTKa om!caTb ero C nOMO~IO ,u;m:IOJibHOii: annpOKCHMaUHH liBJIS!eTCSI 
'lpe3MepKbTM yrrpor.u:eHHeM. 
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