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The paper deals with the studies on multipole components of the cardioelectric field using the multi-
electrode network leads constructed following the principle of platonian polyhedra. Numerical
methods were applied to develop the potential of electric field into a multipole series. Recent stu-
dies reveal that the cardioelectric field has complex structure and attempts to describe it using the
dipole approximation in an oversimplification.

1. Introduction

For simplicity sake, electrocardiography assumes the electric field of the heart
to have dipole nature [2].

Multipole [3] and multidipole [1] assays reveal complex structure of the electric
field of the heart [13, 14]. '

Our studies on multipole components of the electric field of the heart using the
multi-electrode network leads constructed following the principle of platonian
polyhedra [10] reveal that the cardioelectric field has a complex structure and at-
tempts to describe it using dipole approximation is an oversimplification [5, 8].

In our approach to multipole description of the electric field of the heart we
are making use of the definitions accepted in the physical theory of the multipole
fields [9, 15].

This theory enables description of any system of electrical charges of the heart [9].

Studies on multipole components of the electric field of the heart were carried
out qualitatively and quantitatively. The simple selection rules resulting from the
theory of representations of groups [4, 11] were used for qualitative studies [6, 7].
Numerical methods were applied for quantitative studies.
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2. Multipole description of the electric field

Let o (x") denote charge density located inside of a sphere S with radius
R’; x=(x;, x,, x3) — coordinates of a point located inside of S; r, 4, p — spherical
coordinates of a point x=(x,, X,, X3); ¥ (3, @) — spherical functions, /=0, 1, 2, ...
wom=—L —(-1), =(-2), ..., =2, =1,0, 1,2, ..., I-1, L; gip=[ ¥ (&', 0 0 (x')
r't d® x'—m-th component of 2-pole moment

YI, -m (‘9, @):(_' l)m ?!m (9~ (P) 3 (I)
Then the potential @ (x) at a point x=(xy, x,, x3}, (|x|>R’) may be written in
the form [9] ! i Y, (5. 9) g
= im E CD >

e@W=) DY sgtm—mi— = D Tw® )

=0 m=~] 1=0 m=-1

According to the usual terminology, the terms
4 Y.lm (‘9: (ﬁ)

qjlm (X) =T‘H Gim r1+1_= IZO: ]! 2? LELT ] (3)

represent the 2'-pole contribution.
In particular, for /=0, 1, 2 we obtain the following contributions:
(i) 1=0,2°=1— pole (monopole) moment

1 - 1
Do (¥)=47 qoo & Yoo(3, p)=2 l/n Goo "5 4)

(i) /=1,2"=2 — pole (dipole) moment

4n 1
q)lm(x)=T qbnr_z Ylm('ga (0) (5)

(iii) /=2, 2*>=4 — pole (quadrupole) moment

47 1
Dy (x)= 5 T3 You (9, 0). (6)

It 1s easy to check that if we restrict ourselves fo the simplest systems of electric
charges treated traditionally as monopole, dipole, quadrupole etc., then the respec-
tive potential coincide with the above defined multipole potentials of the degres
=0, 1, 2, ..., etc., respectively [9].

3. Approximation of electric field potential function
Program POTENTIAL (see Appendix)

Application

The program POTENTIAL is designed to approximate the F=F(p, 9, p)
function (p, 9, ¢ being the spherical coordinates of a point) with given values F=
=F (P,) upon a finite discrete set of points:

Pk=(r’ Sk‘s qgk)’ k=19 2’ ey 11, (7)
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lying upon a sphere having the radix r and the centre in the coordinate system zero
point, by means of a function

t 1
G;:(P: '9, (”)= Z P—l~1 Wy Z qun Ylm(‘gs (0), P??'s (8)
where e =
4r
TS

21+1 (I—m)!
dr (I+m)!

1/2
Yin (9, ca)=( ) py (cos 9) e=?,
Py (x) is associated legendre function of the first Kind, while the coefficients gy,
I=s,5+1, ..., t;m=0,1, ..., I; ¢;, _u=(—1)"" Gy are determined from a condition
the expression

n

dr
R({qud)= Y [F—Gu (PP ©)
k=1
to achieve the least value.

The program has been wriiten in the language ALGOL 1204 for ODRA 1204
computer.

Method used

Let U, and V,,, denote real and omaginary pért of Gim (q1o="U)q is real).
As (1) then the formula (8) may transformed in the following manner

T
Gu(p, 9 )= D' wi p™' =1 Hy(3, 0),
where = '

I )
H,(3, 9)=Uso Qi0(c0s H+2 D' (Us c0s mp—Vy, sin mp) O (c0s 9)

AU+1 (J—m)! |12
Q!m(x)=( an EW) o7 ()

The necessary condition of obtaining minimum value by the function (9) leads
to the set N9 (¢+1)>—s? of linear equations with N unknowns:

o ll=g, sl it =0, 1, 0 13
Vlma I=SJ s+ 1) vy t; mzl, 2: Ty I
This set is solved by elimination method with partial pivoting as described

in many manuals of numerical methods.

Data

n — number of points (7)
r —radius of a sphere
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9, @ — spherical coordinates of the points (7)

s, t — numbers appearing in the formula (8)

D — number of the first cell of the drum area allocated for the use during the

program run

S — string, comment dealing with further following data

T — number of detailed data (see note below)

F, — values of function F in the points (7).

Data should be perforated on the tape in the following order:

" n r ]
’913 @1, '9'21 ¢'2 ‘911= (0" I
s 1 { (10)
D |
S J
TF,F,..F, (11)
999

Note. In the practice it frequently occurs that the problem of approximation is
solved for an established network of nodes (7) and for many systems {F,}. The data
tape should then contain data (10) and data (11) pertaining to the first system {F£,},
second, etc. The number 999, as an accesory datum is a conventional end of data
sentinel.

Resuits

q1m — coeflicients appearing in (8). The results are tabulated in 7—s+1 lines.
Moreover, a table with a heading

k pot mes pot calc,
is printed which combines the values F, and G, (P,). We gixe also the mean square
error M=R ({g.mp)"/>.
Run time

The program tun time depends mainly on s, 7 and n. In the test runs the follow-
ing times have been obtained:

Run time in seconds

n s t | for the second and |
for the first set Fx | sk Snbinn seis: |
i

|
18 i
61
180
152
14
30
105
317
276

MO OONMNMNODOON
LN E R W RN
N0V W NG W
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Correctness check

The program was checked among others for n=30 and s=7=2. The results
were obtained for which relative mean square error equalled fo about 39,.

4. Conclusions

The use of numerical methods enables to develop practically the potential of
cardioelectric field into a multipole series. This made it possible to determine exper-
imentally the dominating role of miltipols components of cardioelectric field,
in particular of those of rank six [16]. The multipole description gives access to new
information on the heart being not revealed by dipole interpretation of electro-
cardiograms.

At the current status of development of the quantitative studies on the multipole
components of the electric field of the heart the conclusions are of approximate
character.
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APPENDIX
Program POTENTIAL for multipole description of the electrical field of the heart

begin
comment Program POTENTIAL;
integerabl,ab2,al,all,al2,al13,be,drumpl,drumpl1,i,il,j,i1,k,L11,12,13,11m,12m,m,n,p,p1,p2,p4,t,t1,12;
real cabk, ctk, c,cl,c2,clmk,fk,gj,gl,Qik,Qlm,r,s,sabk,slmk,s0,s1,52,s3,Vk;
;ezd(n,r);
begin
—;ray ct,f,V[1:n];

real procedure Q(l,m,t);
value t;

integer l,m;

real t;
begin
Heger Im;
real st,itttl,c;
;a procedure P(l,m); |
]teger I,m; .
if i abs(t)=1.0 then m>0 elsc false
gtien P:=0 o -

else

—t;gin

integer i,lm;
switch wl:=10,11,12,13;
go to wifif I<2 then 1+1 else 4];

10: P2 =_I.0;
go to endP;

11: IT::iE m=0 then t _eiﬂe —st; |
go to endP;

12: P_=—1f m=0 then .5x (3 xtt—1) else if m=1 then ——3xtxstﬂ: I xttl; \
g0 to_ endP; o T o

13: P:=if m=0vm=1 then (0+1—1)x tx P(—1,m)—(I-+m—1) x P(—2,m))/(l—m)

) else —2 x (m—1) x t/st x P(l,m—1)—(—m-+2) x (1+m—1I) x P(,m—2);
endP: end p;
tt:=txt;
ttl: =1.0—tt;
st:=sqrt(ttl);
c:=1.0; &
Im:=14+m; :
for i:=1—m+1 step 1 until Im do

=i i
Q:=sqrt(.0795774715 x (14 1+ 1)/c) x P(l,m)
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end Q;
for k:=1 step 1 until n do
begin
read(s,ctk);
ct[k]: =cos(ctk);
flk]:=s
end k;
read(t,p);
tl:=t—1;
12r—=tets
pl:=p+1;
p2:=.5xpl x(p+2)—t2;
p4:=pl xpl—12;
pl:=pl—5x(t241);
format(*121111%);
line(4);
if t=p
" then print(‘lLi=",p)
fgprint(‘lminu:’,t,‘lmax=’,p);
begin

integer array sub[l:p4];

array a[l:p4,1:p4],cQ,c1Q,5Q,51Q[1:nl,glt:p].QO[t:p,1:n],rh,w[l:p4];
drumpl: =drumplace: =ininteger;
for j:=1 step 1 until p4 do

sub[jl:=j;
for I:=t step 1 until p do
begin

gll]:=12.5663706143/(c] (1+1) x (1+1+ 1));
for m:=1 step 1 until 1 do

j)egin
" for k:=1 step 1 until n do
ﬁbegin ) o
 fke=mx f[k];

Qlm:=Q(,m,ct[k]);
sQlk]: =sin(fk) x Qlm;
cQ[k]: =cos(fk) x Qlm
end k:
todrum(n,sQ[1])
todrum(n,cQ[1]);
end m;
f_of k:=1 step 1 until n d_o
QO[L,k]: =Q(L,0,et[k])
end 1;
@‘ il:=¢ step 1 until p do

begin
ir=il—t1;
for j:=t step 1 until p do
_begin S R A
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for k:=1 step 1 until n do
~ s:=s+QO[iLK] x QO[iK];
afi,j—tll:=g[ilxs
end j;
drEpiace: =drumpl;
for 1:=t step 1 until p do

-;begin

13:=5%xIx(1—1);

12:=p2+13;

:=pl+I13;

gl:=2xgll];

for m:=1 step 1 until 1 do

begin

s:=5l:=0;
fromdrum(n,sQ[1]);

fromdrum(n,cQ[1]);
for k:=1 step 1 until n do
begin
Qik:=QO0[i1,k];
s:=s+cQ[k] x Qik;
sl:=s1+3sQ[k]x Qik
end k;
afill+m]: =gl xs;
afi,)2+m]; =—gl xsl
end m

end 1
end T,_
drﬁplace: =drumpl;
for al:=t step 1 until p do

_begin
al3:;=.5xal x(al—1);
all;=pl-+al3;

al2:=p2+al3;
for be:=1 step 1 until al do
begin ) T

abl;=all +be;
ab2:=al2+be;
fromdrum(n,sQ[1]):
fromdrum(n,cQ[11);
drumpll: =drumplace;
for jl:=t step 1 until p do

ubegin
Ji=iE ¥l
g:=gli=10;

for k:=1 step 1 until n do

_Begin
Qik:=Q0[j1.k];
s:=s+cQ[k] x Qik;
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sl:=s14sQ[k]x Qik
end k;
gi:=g[jll;
afabi,jl:=gjxs;
alab2,j]:=gjxsl
end j;
drumplace: = drumpl;
for I: =t step 1 until p do
begin
13:=.5xIx(1—1);
1:=pl+13;
12:=p2+13;
gl:=2xgll];
for m:=1 step 1 until | do

w_begin

s:=5l:=82:=53:=0;
fromdrum(n,s1Q[1]);
fromdrum(n,clQ[1]);
for k:=1 step 1 until n do

ﬁlnacgin
clmk: =clQjk];
slmk: =s1Q[k];
cabk: =cQ[k];
sabk:=sQJk};
s:=s+clmk x cabk;
sl:=sl1+slmk x cabk;
s2:=s2+clmk x sabk;
s3: =83+ slmk x sabk

end k:

IIm:=114m;

12m:=12+4m;

afabl,llm]:=glxs;

afabl,12m]); =—gl xsl;

alab2,llm]: =gl xs2;

afab2,2m]:=—gl xs3

end m
end TT
drumplace: =drumpli
end be

end al;

forT::I'step 1 until p4 do
—begin T o
s:=0;
for j:=1i step 1 until p4 do
" begin -
s1:=abs(afi,sub[j]]);
if sl>s

then
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begin

s:=sl;
k:=j
end sl>gt s

end j;
if s=.0
~ then
begin
-Ent(‘?macierzuosobliwa’);
go to ENDP
endfs;.();
11: =sub[k];
sub[k]:=subl[i];
sub[i]:=11;
s:=alill];
il:=i+1;
for k:=il step 1 until p4 do
e i o T o
T 12:=sublk];
sl:=ali,12]:=ali,12}/s:
for j:=il step 1 until p4 do
" ali,J2]:=alj)2]—al,]xs1

end k
end I,—
end ‘ﬁfgt;
begin
integer array title[1:100];
instring(title[1]);
line(10);
outstring(title[1])
end;
NEWDATA:
i:=ininteger;
if 1i=999
" then go to ENDP;
read(V);
format(‘LUTIME( :111234%);
line(10);
print(i);
for il:=t step 1 until p do
“begin
gi=1
for k:=1 step 1 until n do
s:=s+QO[ilkIxVIkl;
rhfil—t1]: =s
end il;

dnEpIace s=drumpl;
for al:=t step 1 until p do
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begin
al3:=.5xalx (al—1);
all:=pl +al3;

al2;=p2+al3;
for be:=1 step 1 until al do
begin o
sl:=52:=0;
fromdrum(n,sQ[1]);
fromdrum(n,cQ[1]);
for k:=1 step 1 until n do
begin '
Vk:=V[k];
sl:=sl+Vk x cQ[k];
s2: =524+ Vk xsQ[k]
end k;
rh[zl_l_l+bc]:=sl;
rhal2+be]: =52
end be
end al;
for i:=1 step 1 until p4 do
7begin
11:=subli};
s:=rhl[i]:=rh[i)/a[i,l1];
for j:=i+1 step 1 until p4 do
th[j}: =rh[j}—a[j,1]xs
end i;
f01'—i:=p4 step —1 until 1 do

begin
s:=rh[il;
for j:=i+1 step 1 until p4 do
begin
k:=subl[j];
s:=s—alik] xw[k]
end j:
wlsublill:=s
end i;
Iine(4);
print(‘
1 m Re g[l,m] Im g[l,m]
s
for 1:=t step 1 until p do
Pﬁbegin
format(*?12010 120 —1234.123457);
print(LO,wl—t+11); i
format(‘12111—1234.123454 11—1234.12345%);
Ilm:=.5x1x({1—1);
for m:=1 step 1 until 1 do
begin

T lm:=lm+1;
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print(*? > m,w(pl+1im]w[p2+11m]);
end m;
end [;
format(‘?2123010—123.12011—123.12");
print(*

UkUUpotimesLiLIT ! potiicale
KA
drumplace; =drumpl;
for k:=1 step 1 until n do

© s1QIK]: =.0;
for I:=t step 1 until p do
begin

T Hm:=.5x1x (—1);
for k:=1 step 1 until n do
TelQklL=.0;
for m:=1 step 1 until 1 do

begin
T HUm:=llm+1;
fromdrum(n,sQ[1]);
fromdrum(n,cQ[1]);
sl:=wlpl+1lm];
s2:=w[p2+1lm];
for k:=1 step 1 until n do
clQ[k]: =cl1Q[k]+cQ[k] x s1—sQ[k] x s2
end m; .
gl:=glll;
s:=w[l—zr+1];
for k:=1 step 1 until n do
s1Q[k]: =s1Q[k]+ gl x (s x QO[Lk]+2 x c1Q[kD
end 1;
:=.0;

for k:=1 step 1 until n do

begin _—
sl:=s1Q[kl;
Vk:=VI[k];
print(k,Vk,s1):
sl:=Vk—sl;
s:=s+slxsl
end k;
format(‘??meantlerrorl) =[J11123.12%);
print(sqri(s/n));
go to NEWDATA
e
ENDP:
end
end
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COMMENTS

The program has been formulated generally, and it is possible to widen its application for
multipole description of the electric field. This program has been tested on the Odra-1204 compu-
ter. The input values are those of potentials measured over the sphere. The application of the
above described program to the study on the cardioelectric field became possible due to potential
measurements using the resistor network which reduced the measurement to the conditions of
a sphere.

Practically, there were input the values measured at the points of the sphere corresponding
with the vertices of dodecahedron, icosahedron, icosadodecahedron and 62-hedron being various
modifications of the output of network lead system based on the principle of Platonian dual poly-
hedra [10]. Out of these modifications, the icosadodecahedron output point set can be obtained
by means of numerical equivalent of the diamentoid network as proposed by Paszkowski [12].

Zastosowanie metod numerycznych do badania skladmikéw
multipolowych pola elekérycznego serca

Omowiono badania skladnikéw multipolowych pola elektrycznego serca z uzyciem wielo-
elektrodowych odprowadzen sieciowych skonstruowanych zgodnie' z zasada “figur platonskich”.
Do rozwinigcia potencjalu pola elekirycznego w szereg multipolowy uzyto metod numerycznych.
Wykonane badania wykazuja, Zze pole elekiryczne serca ma strukture zlozona i proby opisania
g0 za pomoca apreksymacji dipolowej sa nadmiernym uproszczeniem.

lemeue}me HUCHSHHAIX METOIOB /It MHOIOGHOJIICHOIO
ONMHCAHMA 2JIEKTPHYECKOro NoJsl cepana

CTaThs KACACTCH HCCICIOBAHHMN MYJIbTHITOJBOBBIX MOMEHTOB 3NIEKTPHMYECKOTO OIS Cepaua
NpYU UCHOJB30BAHHN MHOTO3TEKTPOAHBEIX CETEBBLIX OTBOAOB, NOCTPOSHHEIX COTJIACHO IPHHIHITY
IJIaTOHOBOI0 MHOTIOTPDAHHKKA.

I{J’TH pasinoXeHyuA NOTCHOHMATA JJICKTPHYECKOrO IO B MHOTOOOJKOCHBIX DA HCOOIB3YHOTCH
ypcrieHHble MeToasl. Tlocne ane HCCneaOBaHMs IOKA3AIN, YTO IMEKTPAYECKOE MOJE CEPALA HMMET
CIIOAHYIO CTPYKTYDHI ¥ TIOMBITKA ONHCATH €ro ¢ MOMOIILIO IAOJILHON aIlpOKCHMALINH ABISETCA
YPe3MEPHBIM VIPOIIEHAEM.
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