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Let G be a point weighted communication graph. Using the Malgrange method for determining
a point cutset of a graph as a base, a bivalent programming scheme is constructed for calculating:
the point outsets of minimum weight in G.

1. Introduction and definitions

A central problem in communication graph analysis is the determination of
point cutsets of a graph. There are several ways for trying to find a point cutset
of minimum weight in an undirected communication graph, but non of them seems
to be appropriate to solving this problem as stated in the monograph of Frank
and Frisch ([2], p. 176). In this short paper we shall translate the Malgrange method
[4] for determining the point cutsets of a commlnication graph G into finding,
maximum complete subgraphs of a derived graph G'’. This translation offers im-
mediately a base on constructing a linear bivalent programming scheme for calcu-
lating the point cutsets of minimum weight in a point weighted communication
graph.

In this paper, a communication graph, briefly graph, will be finite, undirected
and connected, and will contain no loops or multiple lines. If G is a graph, its set
of points will be denoted by ¥V (G), and its set of lines will be denoted by X (G).
We assume that the reader is familiar with the central concepts in graph theory;
the terminology of graph theory follows that of Harary in [3].

By a Boolean matrix we shall mean a nx A matrix M=[m;;] of zeros and ones.
A submatrix B of M, in which the elements are ones, is called a complete submatrix
of M. A submatrix of M is prime, if it is complete and not contained in any other
complete submatrix of M. By a maximum prime submatrix B of a Boolean matrix
M we shall mean a uxw matrix B for which the sum u-+w reaches its maximum
in M.
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A complete subgraph of G is called maximal, if it is not contained in any other,
and a complete subgraph of greatest cardinality in G is called a maximum com-
plete subgraph of G. '

A point cutset S of a graph G is a minimal set of points whose removal from G
separates the graph into two or more non-empty connected components.

2. A translation

Let A=[a;;] be the p x p adjacency matrix of a given graph G and A=[d;,] its
Boolean complement. By a submatrix B of 4, 4 or matrix derived from these we
shall always mean a matrix determined by a pair (Rg, Cp) of rows and columns of
A (or A) such that b;; is an element of B only if there is a row r; and a column ¢;
of A(4), rye Ry and c; € Cy, and b;; is an element of r; and ¢; in 4 (4). As the
results in [4] show, a prime ux w submatrix B of 4 determines a point cutset S (B)
in G if and only if any two points v, v.; represented by row r; and column ¢; of
B in A, are distinct. Furthermore, S (B)="V (G)—{Tr1, --» Vpu Ve1s ++» Vorp}. INOW
v,;=1,; only if the corresponding element in the matrix 4 is one; this can be avoided
by putting any diagonal element d;; of 4 fo a zero. The matrix thus obtained from
A is denoted by A*=[a]. _

Let G be a given graph and 4 its adjacency matrix. We associate with 4* a graph
G"'=(V(G'"), X(G")) defined as follows: X (G'")=V,UV, where the points
of the sets V,= {0y, ..., ¥,p} and V.={v.y, ..., ¥.,} correspond to the rows and col-
umns of A*, respectively. A line (v, v.;) € X (G”') only if d:"jzl. Further, for any
row i of A* the-points v; , ;. , ..., vc;, Which correspond to the ones in this row,
form a complete subgraph in G'’; analagously, if the points ,; , ..., v,; correspond
to the ones in the row j of A4, they determine a complete subgraph of G’’. There
are no other lines in G'’. The following lemma reduces the determination of point
cutsets of G to that of a class of maximal complete subgraphs of G''.

LemMA 1. Let G be a given graph and A* a Boolean matrix associated with G.
For any prime submatrix B of A* there is a maximal complete subgraph GB in the
graph G’ such that V(G,)NV,£#8#V (G,)NV,, and conversely. Moreover,
any maximum prime submatrix B of 4* determines a maximum complete subgraph
among the graphs G, with V(G,)NV,#8=V(G,)NV,, and conversely.

Proof. Let B be a prime ux w submatric of 4*. Then any row i (B) of B in A*

contains a one at least with the elements ;g ;). Gy imyp - )@, Where

the indices j(B)y, ..., j (B),, correspond to the columns of B in A*. An analogous
fact holds for any column j(B) of B in A*. From the definition of the graph G'’
it follows now that the points v, gy, - Zri(my, Uej(B),s -+ Uej(my, iNduce a complete
subgraph G, in G''. If a point, say 9,,, can be added to G in G”’. If a point, say
9, can be added to G, such that G, U {v,,} would be a complete subgraph of
G'', then a’fj(B)s=1 for any value of s, s=1, ..., w. But then the elements a'fj(B)s can
be added to B in A*, and B would not be prime, which is a contradiction. The
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proof is similar for a point v,,. Hence, G is a maximal subgraph of G'’. Hence,
G, is a maximal subgraph of G'’. Trivially, V (G,)NV,#B=V (Gy)NV,.

The validity of the remaining assertions is obvious according to the proof above,
and hence we omit the detailed proofs.

The methods for enumerating maximal complete subgraphs of a graph [1],
can now be applied to generating point cutsets of a given graph G. The main diffi-
culties are in selecting away those subgraphs G° for which V(G)NV,.=9 or
V(G°) NV ,=@. In addition, if S divides G into- k& connected, non-empty compo-
nents, there are 2k disjoint maximal complete subgraphs G, which determine S.

3. A bivalent programming scheme

If G is a graph and 4* a matrix associated with G, we denote by G* the graph
with A* as its adjacency matrix. As well known, the concept of maximal complete
subgraph of a graph G coincides with that of maximal independent set of G*. As
noted e.g. in [5], a maximal independent set / of G can be found by a linear process
in which the complement 7, the minimal point cover of G, is determined. Thus the
reduction of the determination of a point cutset to that of a maximal independent

set of G''* allows us to construct a linear bivalent programming scheme for finding
the point cutsets of minimum weight in a point weighted graph G.

Let K=[k;;] be the incidence matrix (point-line matrix) of the graph G'’%,
when the original graph G is point weighted. We shall call a graph G point weighted
only if the weight w; of point v; in G is real and w; >0, i.e. there are no points of zero

weights in G. A bivalent variable z; corresponds to the point v; of G''*, i=1, ..., 2p.

~ We assume that the points vy, ..., v, of G''* correspond to the rows of A* and
Vpy1, ooy Uap tO the columns. Hence, if in G a point #; corresponding to the row
and column with label s, s=1, ..., p, has a weight w?, then v, and v,,, have in

G''* the wegihts w, and wy,,, respectively, and wl=w,=w,,.

LemMa 2. Let (zy, ..., z,,) be a solution of the following bivalent programming
scheme with an object function: minimize

S 21y e0s.Z2p) =Wy 21 FWo ZpFove +Wap Zops @))
and with constraints i=2p
Z kijzt>1 ]=1’ 7q (2)
i=1
and 5:_11; s=p
ngp—la Z Zp+s<p“15 (3)
s=1 s=1

where ¢ denotes the number of lines in G''*. If (z}, ..., zép) is an absolutely mini-
mizing point of the function (1) with subject to the conditions in (2) and (3), then
the points {g;, ..., gu} corresponding to zeros in (zj, ..., z;,) determine a point
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cutset S,;, of minimum weight in G, S,n=V (G)—{g, .., gu}» and any S,;, is
determined by an absolutely minimizing point of the bivalent programming scheme
of (1), (2) and (3).

Proof. Let T={v;(r, ---» Un¢r)} be a set of point of minimum weight in a point
weighted graph G whose removal separates G into at least two non-empty connected
components. As the weight of any point is greater than zero, 7 must be a point
cutset of G.

Let (z, .. z;p) be an absolutely minimizing point of (1) which satisfies also
the conditions in (2) and (3). As shown in [5], since (zj,...,z,,) satisfies the

constraints in (2), the points of the ones in (z, ..., z;p) form a point cover of G''*,

and hence the points of G''* corresponding to the zeros in (zy, ..., z,,) determine

an independent set of G''*. According to (3), this independent set has points both
from V, and from V.. This independent set is also maximal, as in other cases by
chaning a one in (zi, s z;_p) to a zero, we would further have a solution satis-
fying (3) and (2) with lower value of f(zy, ..., z,,) than before; this is a contra-
diction. So, V(G)—{g4, ..., &} is a point cutset of G according to Lemma 1 and
the proof above. v

The construction principle of G'’ was such that a maximal complete subgraph
G° of G"' cannot have two points such that they correspond to a single point of
the original graph G. The same fact holds also for any maximum independent

set of G''*, i.e. any two zesros of (zy, ..., z,,) correspond two distinct points of the
original graph G. But then any point of G is represented by a one in (zi, ..., z;p),
and, in particular, if a point 7, of G belongs to the set V (G)—{gy, ..., gm}> then
the variables z; and z,,, are ones. .

Let us denote by indices dy, ..., d,, p+dy, ...,p+d, the variables corresponding

i=p
to the points in the set V' (G)—{g1, ...r &u}- Then f(z1, ..., 25,)=( 3 w;) +wy +
2 5

+wq,+...+w,, and hence the minimum of the function f(zy, ..., z,,) is equal
to the minimum value of the sum of weights wg, ..., wg, the weights of the points
in the cutset ¥V (G)—{gs .. G}

The remaining assertions are obvious according to Lemma 1 and the proof
above.

Clearly the programming scheme can be used for determining the connectivity
of a graph G, but for this object there are several rapid labelling algorithms as
reported in [2].

I would like to express my sincere thanks to the referre for his comments and
suggestions on this paper.
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O optymalnych przekrojach grafu waZomego z wagami
przypisanymi wezlom

Omowiono wazony graf komunikacyjny G z wagami przypisanymi weztom. W celu wyzna-
czenia przekrojow grafu G o minimalnej wadze konstruuje si¢ schemat programowania dwuwar-
toSciowego zgodnie z metoda Malgrange’a wyznaczania przekrojow grafu.

00 onTuMaJbHBIX CEYEHHSX B3BemicHHoro rpada c Becamum
IPHNHCAHELIMA Y3712M

PaccMOTpeH B3BEIICHHBIH TPAHCTIOPTHLIM rpad G ¢ Becamu NpunucaHHbMY y3naM. C Ieseio
onpenenenvsi ceueHdit rpadga G ¢ MHUHAMAIBHBIM BeCOM pa3padarbhiBaeTCsl CXeMa ABOUYHOTO
IPOrpaMMUPOBAHMS COIJIACHO MeToay Manbrparka sl OIpE/eNieHus: cedeHuil rpada.






