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The paper deals with a model of production system where a complete decentralization of manage­
ment is assurn~d. The model consists of n production sectors and a sector of investment services. 
Production functions of all sectors are assumed in the Cobb-Douglas form. Each production sector 
maximizes· its own net income with respect to maintenance and investment costs. The optimization 
problem is a dynamic -one. The optimum strategies are found. It was shown that the optimum 
integrated maintenance 'costs and the optimum integrated capital expenditures are in proportion 
to the integrated production in each sector respectively. 

1. Introduction 

In [1] a model of complex development was considered where the capital expen-. 
ditures were allocated by one decision center and the maintenance costs were in­
dependently optimised in each particular sector. In [3] a solution was given in the 
case at a central allocation of both capital expenditures and employment. It is interes-· 
ted to consider a system ahere the decision of maintenance cost ~nd capital expen­
ditures are undertaken independently in each production sector. The decision should 
result from optimization of a sectoral net income. The sector of investment services 
is separated. This paper deals with the model mentioned above. It is assumed that 
the production functions are of Cobb-Douglas form as in [1] and [3]. The optimi­
zation problems of production sectors are dynamic ones. The optimum strategies 
of maintenance costs and capital expenditures are obtained for particular sectors. 

2. Model 
' 

The system considered (Fig. 1) consists of n production sectors and one sector 
of investment services. 

Production functions of production sectors are as follows: 
n 

yii (t)=Fii [/i(t)] n yji (ttJt, 
i=l 
j'f'i 

(1) 
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whei~: > Y;; (t) ~ gl~bai production intensity of the i-th sector; Yi, (t) - actual 
interse<;tor .flows from the . sector j-th to i-th, j= 1, 2, ... , n, j¥-i; I; lt)- intesity of 
capital investment in the sector i; rxit- elasticity coefficients (fixed numbers); 

" 
q;=1- ..2: 1Xj;>0, 

t 

j=l 
j,Pl 

Fl [I; (t)].;. I ki(t-t). [l; (7:}]P1 d7:. 
0 

(2) 

(3) 

It is assumed that the parameters /];, rxit are constant in a given planning time 
interval [O,T] and moreover 0</]1 <1, rxi 1>0,j,i=1,2, ... ,n. 

The function F 1 describes the i,nfluence of the inertial investment process on 
the production of a sector. A typical function k; (t) is shown in Fig. 2. Appropriate 

Y· 
J 

n 

k;{t) 

Yjr 

Fig. 1. Model of the system Fig. 2. The function k 1 (t) and its appro­
ximation 

form of the k, function allows to involve in the model such phenomena as delay 
and production increase with respe~t to the investment process and the production 
decrease according to the depreciation of the production base. 

The description of the production function 1, 2, 3 is assumed as in [1]. The pro­
. duction sector takes resources for cu;rent production from other production sectors 

and the capital investments from the sector I. The current production intensity 
is allocated according to the expression: 

11 

Yii (t) = Y; (t) + ..2: Yii (t) + Y,I (t), 
j=l 
j,Pi 

(4) 

where : Yil (t)- the intensity of a part of production of the sector i, which is taken 
by the investment sector; Yii (t) the intersector flows; 

Y1 (t) the rest of the production intensity assigned out of the system. 
The inve5tment system is described by the production function 

11 

yii (t) = F1 (t)ql n yjl ( t)"-1', 
j=l 
j,Pi 

q;=l- ..2: 1Xj[>0, 
i= 1 

(5) 

(6) 
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where: Fr (t)- a given positive . function · of time; · Yj1 (t) the intensity of :flows to 
the investment sector froni . .the other ones . ·.. . .. -' 

Production of the investment sector is allocated among the production sectors 
as investments. The re&t goes out of the system. It is expressed by the relation 

n 

Yu(t)= Y1 (t~+ _2 IJ (t), 
J=l 
j;"i 

where Y1 (t)- the intensity of investment services assigned out of the system. 
All intensivities of the intersector flows and the production intensities are expressed 
in monetary units. The production of each sector takes no account the part of global 
production used at the same sector. 

As the investment sector can be interpreted the investment building trade sector 
which assures the building services in other sectors and out of the system, 

3. Problem statement 

3.1. Investment sector S1 

Optimization problem consists in finding the functions Yu (t)~ 0, i = 1, 2, ... , n, 
that maximize the net income of the sector in a given time interval [0, T] 

max{D1 = I Yu(t)- ;~ Yu(t)dt} 

subject to the production function described (5), (6). 

(8) 

The sectoral income (8) is computed as the production 
the resources costs taken from the other sectors. 

of the sector minus 

3.2. Production sector S, 

The problem is to determine the investment strategies 1; (t) and the intensities 
of resources used Y J; (t) that give the maximum net income of the sector 

(9) 

j;"i 

subject to the production function (1)-(3). 
In the formula (9) the discount function were introduced in the form 

(10) 

where eJ; are given positive numbers. That way the credit possibly taken by the sector 
is considered. 

The weight function 
W; (t)=(l +e;)-• (11) 

takes into account the depreciation of production value in time.· 
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The sector considered pays the values of resources used Yi, (t) and the capital 
expeditures I, (t) from the value of the its own. production. · 

Wj;{t) 
W; (t) 

Fig. 3. The discount function ·w,""(t) and w1, (t) 

4 .. Solution ~f the optimization problems 

4.1. Investment sector S1 

The optimization problem is solved as presented in [1]. The net income of the 
sector can be maximized at each time rp.oment independently. -

The solution takes the form: 

(12) 

n 

Yn(t)=F,(t)·n [cx,rJ'"ti /qi, (13) 
i= 1 

T n 

' Dr= J F;(t) dt· qr· n (cx;rt''*1
• (14) 

0 i =: 1 

4.2. Production sector S, 

In the optimization problem (9) of the production system the investments influ­
ence on the sectoral production takes the form of a nonlinear operator F, [I, (t)l 

(see expression (3)). It is a dynamic problem. 
At first, the problem (9) subject to the constraints (1)-(3) will be solved in the 

parametric form. The parameters are the values of global integral expenditures 
in both investments and 'maintenance costs of the sector, that are denoted by 1,, 
Yii respectively, j , i=l, 2, ... , 11 , j#i. 

Parametric problem 1. The values Yi,, 1,, j, i= 1, 2, ... , 11, are given. Find the 
function 1, (t), Yj, (t) such that 

T T T 

maxJ w;(t)·Yu(t)dt-}; J wj;(t)·Yji(t)dt- J Wn(t)·I,(t)dt (15) 
0 j = 1 0 0 

j#-i 

holds subject to the constraints: 

Y;;(t)={j k,(t-r) ri,crW'drr!] Yj,ctt'', (16) 

i#i 
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T 

I Wji (t)· yji (t) dt= yji. 
0 

T 

I Wn(t)·I1(t)dt=l1 , 

' 0 

g 

11 (t);;i'O for : t E [0, T]. 

(17} 

(18} 

(19} 

The solution is looked for in the parametric form with respect to .Yii and 11• 

The above problem can be reduced to the form 

max { Yii = l w;(t) · Yii (t) dt} ' (20} 

~ubject to the constraints (16)-(19) because of the expenditures Yi1, 11 being gi­
ven. ' 

The following denotation is introduced: 

11 

~(t)=w;(t)·n F;[l;(t)], 
J=l 
h"i 

Applying the generalized Holder inequality one obtains 

j;ti j;ti 

The relation (23) becomes the equality if 

_ ~(t) 1 fq'=C1 i·rp;(t) 1 1~i', j=1,2, ... ,n, ji=i for te[O,T], 

11 

(21} 

(22} 

(23) 

where Cli are constant, and q1 + .2; = 1 the last one holding according to the 
assumption (2). ~#~ 

The Holder inequality is applied once again. The following consequence of the 
relation holds: 

j;ti 

T T 

=I [wn(r}l1(-r)]111 [wn(-r)]- 11 ' I w1(t)k;(t--r)dtd-r=(. 
0 t 

(24) 



lO 

where it was denoted 

The relation: (24) becomes equality . if .. 

l;(t)=C2 g;(/) for tE[O,T], .. 

where C2 is a constant. Then the relation 

.... 

holds, where 

n 

Y- -]Pillin Y-",IF-qi 
ii- i J,i i' 

i= 1 
j#i 

n 

iji=1-..}; rt.ji -{Jiqi . 

j=l 
j,<i 

(25) 

(26) 

(27) 

(28) 

The constants C2 , C1i, j= 1, 2, ... , n, are found from the relation (17), (18). ' 
Then the solution of the problem (20) is obtained in the following form 

where 

gi (t) 
l;(t) = T f;, 

J Wn(t)g(t) dt 
0 

j(tyl}/lll 
Ydt)= T yji' 

Wji. J ](tYij/lli dt 
0 

n 

j(t)= W; (t) n wji (t)-IZJI X F; [li(t)]. 
j=l 
j,<i 

(29) 

(30) 

The expressions (17)-(30) are the solution of the problems (20), however the 
formulae (29), (30) give the optimum strategies 11 (!), Yi 1 (t), j, i = 1, 2, ... , n, fl= i, 
·of the problem (15)-(19) as well. The aggregated production function (27) has 
the Cobb-Douglas form with respect to the maintenance costs and the capital 
investments integrated in the time interval [0, T] . 

The idea of applying the Holder inequality was given in [2] where the similar 
·Optimization problem was solved for n= 1. 
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The solution of parametric problem 1 allows to continue the consideration, in 
the static case. 

Parametric problem 2. The numbe_t ,ye 1s given. The problem is to find the 
~ -

numbers Yi1 and 11 such that 
n 

max F?l JPt'ql.n y~~l 
' u 

j=l 
_j"' i 

is obtained subject to the constramt 

n 

}; Yjt+l;= Ye. 
j=l 
j,Ci 

(31) 

(32) 

In order to solve the problem the Kuhn-Tucker conditions were analysed. 
The solution obtained is in the form 

where 

~ 

Yji =Ye ct.idYt' 

I! 

Yt=qtf3t+ ,2_; ct.j;, 
j=l 
j,Ci 

Then the following optimization problem is consideted : 

(33) 

(34) 

(35) 

(36) 

(36) 

(37) 

with respect to the parameter Ye- The derivative of (37) is set to zero and that way 
the optimal Ye is obtained. ' 

The final solution of the problem (15)-(19) takes the form 

n 

Yu =Fi (f3t qi)/3' q;jq; n [ct.j;]atj/q; 
i=l 
j,Cj 

A A 

Yit =et. it Yu, 
A A 

l; = /3; q; Yu' 

(38) 

(39) 

(40) 

(41) 
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where · n 

q;=l- .2) (/..J!• 

J=·l 
j#! 

n 

q, = 1- .2) (/..ji :- fJ1 qi. 

J=l ·'· 
j#! 

· L •. KDUS 

The solution (38)-(41) is given for the values integrated in the time interval 
[0, T]. In order to find the stategies of the investments and maintenance 'costs as. 

a functions of time, the values Y11 and l 1 should be introduced in the relations. 
(29), (30). 

4. Final remarks 

We can find the similar relation (39) and the results obtained in [1]. The optimum 
maintenance costs and production of the system i are in proportion. The ratio of 
them is equal to the elasticity coefficient C/..11 • In [1] the proportions hold at each 
time moment whereas in tills paper for 'the values integrated in the whole planning 
time interval. The similar propo1tion holds for the investments, and ' the ration 
is equal to [J1 q1• In the planning period the investment costs ate concentrated in 
the first part of the period- relations (29), (25). 

The maintenance costs increase with the increasing production capacity of a 
sector. The aggregated costs are relatively equally distributed in time. There is no 
solution of the bang-bang type as it is characteristic in the case of the linear dynamic 
Leontief models. However the relation of the intersectoral flows described by (39), 
(40), being characteristic for those models, are hold. 
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Optymalizacja systemu produkcyjnego calkowicie zdecentra­
Iizowanego 

~ozwa:i:ono system produkcyjny o calkowicie zdecent~alizowanym zarzljdzaniu. Model zawiera 
n sektor6w produkcyjnych i jeden sektor swiadcz::tCY uslugi inwestycyjne. Funkcje produkcji wszyst­
kich sektor6w Sl! postaci Cobba-Douglasa. Ka:i:dy sektor produkcyjny maksymalizuje sw6j wlasny 
doch6d wzgl~dem koszt6w bie:i:ljcych i naklad6w inwestycyjnych. Problem optymalizacji jest dy-



Optimi"Zation of a completely decentralized pr·oduction 13 

namiczny. Znaleziono optymalne strategie. Pokazano, ze optymalne scalkowane koszty bie:Z11ce 

i naklady inwestycyjne Sll proporcjonalne do scalkowanej produkcji, odpowiednio w poszczeg6lnych 

:sektorach. 

· 0DTUMH3a~HB llOJIHOCTbiO ):(C~CHTpaJIH30BaHHOH llpOH3BO):(­

·CTBCHHOH CHCTCMbl 

B pa60Te paCCMaTpHBaeTCH IIpOH3BO,!\CTBeHHaH CHCTeMa C IIOJIHOCTbiO ,[\eD;eHTpaJIH30BaHHbiM 

:yrrpaBJieimeM. Mo,!\eJib CO,!IeplKI!T n rrpOH3BO,!\CTBeHHhiX CeKTOpOB H 0,!\HH CeKTOp IIO KaiiHTaJIO· 

.BJIO)KeimHM. <l>)'IIKl.l.IDii rrpon3BOACTBa Bcex ceKTopoB HMeiOT BHA Ko66a-.lJ:yrrraca. K~Ablli 

rrpOH3BO,!\CTBeHHbrii: ceKTOp MaKCHMH3HpyeT CBOIO IIpH6biJib IIO OTHOIIIeimiO K TeKyiD;HM 3aTpaTaM 

H KaiiHTaJIOBJIO)Ke!mHM. 3a,[la'ia OIITHMH3all;HH HBJIHeTCH ,[(HHaMH'ieCKOH. Ha.li,!leHbi OIITHMaJibHbie 

.CTpaTenm. IJOKa3aHO, 'iTO OIITHMaJibHbie HHTerpHpOBaHHbie TeKyUJ;He 3aTpaTbi H KaiiHTaJIOBJIO· 

)KeimH IIpOIIOpu;HOHaJibHbi HHTerpHpOBaHHOMy IIpOH3BO,!\CTBy, COOTBeTCTBYIOUJ;He IIO OT,!\eJibHbiM 

<CeKTOpaM. 




