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The paper deals with modelling of complex development system incluzng production, consumption:
and environment. The production subsystem consists on 7 given sectors described by CES production
functions. The decentralized decision systems allocates the GNP among the given spheres of acti~
vity including investments, consumption, gouvernment expenditures, environment, etc. in such
a way that the given utility function attains the maximum value. The utility function changes along
with GNP per capita. Then the price indices can be computed. The price changes result in the change:
of the production function technological coefficients. The future projections of development pro-

cesses can be derived in the iterative form. All the model parameters can be derived from historical
data.

1. Introduction

The complex normative model, shown in Fig. 1, has been studied in Refs. [2]—
[5]. The model consists of three main subsystems: Production (P), Consumption
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Fig. 1. The complex normative development model
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(C) and the Environment (E). The global production (GNP) is splitted by the decision
center (DC) between the capital investments and consumption; including the indi-
vidual consumption (food, clothing etc.) and the public consumption (gouvernment
expenditures such as education, health service, science etc.). The public consumption
in the form of education, scientific and organizational progress stimulates the system
development rate. Part of global production is also used for financing maintenance
and investments in the environment E. This includes the expenditures for cleaning
and preservation of the environment as well as the discoveries and excavation of
natural resources. _

The development goal (utility), which is adopted in the model takes into account
such factors as individual and public consumption levels, environment quality, etc.

In the present paper the following extension of the model will be investigated:

a) modelling and optimization of CES-production sectors;

b) modelling of utility function change;

¢) modelling of price indices;

d) modelling of technological change.

In order to use the model for forecasting the future development an identification
technique, based on past observation has been applied.

2. Production sub-system

Consider the n-sector production model P (Fig. 2) described by the equations
{compare [4]):

n

Yi= Yii_ Z‘ Yij: (1)
i=1
J#i
L —ay/v )
y“:th{Z % Y;} A ALY ©)
=1
J#i
-“where
V gi=1—0;>0, (©))
Zgji=1, 19.ii>0’ j,i=l’"-:n: .]7&1: (4)
i=1 .
ve[—1,0],
oy, Fry 85, —v — given positive numbers.
A Y, 146,
Y; Vi
Si 5
v Lty

Fig. 2. The production model
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Assume that outputs Y;, Y;; as well as the intersector flows Y;,, i, j=1, ..., n,
are expressed in the monetary units. The first set of equations (1) describes the flow
balances at the sector S; output terminals. The sectors input-output relation (2) is
the so called CES production function and s=1+v is the elasticity of substitution
factor. According to (3) no increasing of scale production effect is possible.

In the model under consideration it is assumed that the decentralized system
of management exists. Namely, each production sector S;,i=1, ..., n, maximizes
the corresponding profit (value added):

D,=Yy,— Z  PT  A 0

=1

J#i
In order to solve that problem one should find first of all the optimum input
mix which maximizes the output (2). That problem. is equivalent to maximization of

I"fil: Yi—iv/a.' Faiviei — 2 (gﬁ)1+v Yj—;v, (6)

Jj=1
J#i

Whel’e (lg/ji)1+v=8ji.
Subject to the constrained total input cost

Yl>Z in, a.nd leZO, jzl, ceey n. (7)
iz
Since (6) is concave and (7) defines a convex bounded set the unique optimization
strategy Y, exists (one can find it by solving the equations §Y,;/0Y;;=0, j=1, ..., n,
J#i):
" di o NS
Yp=ma— Yy 751, aity, J55I, i1, i ®
> 3
j=1

J#i

Setting that strategy into (5) one finds easily

D, (in)ZFf‘ )7?1_7“ )
where
- __f_i_ 14v
F=rd Yo, ° °
J=1
J#i

Now it is possible to derive the optimum value of ¥;= }A’i which maximizes the
+ profit (9). Since (9) is concave the unique optimum strategy can be derived by solving
the equation

D)=o, F& Y= 1-1=0, (10)
which yields .
)%i={“i Fayi/t-simglia F, (11)
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Then the corresponding optimum output Y;; becomes:

a; 1+4+v

3 Bl e e e
=

J#l

Y= Ft P =F, o/t = F,

Multiplying (10) by Y; one also obtains «; ¥;;=Y,, or — using (8)—

A ‘9ji 5

Y.I'i:__n 2%} Yii s J= 15 ceey 1, J#l, (13)
IR i=1,..,n
Jj=1
J#i

For optimum strategy one gets

o % 3, A
Di=Y;|1- ~ag %|=% Y. (14)
( j—Z; 2 i i)
FES

Changing the summation order one obtains also:

n n n n R
DESHUERSEALHIEES ¥
i=1 i=1 Jed, i=1 i=1
J#i
It is interesting to observe that under optimum strategy the outputs ¥;; do not
depend on the inputs ¥j;, j=1, ..., n, j#1, or in other words, the interactions between
sectors S;, S;, represented by ¥;; have been completely relaxed.
The formulae (12)—(14) can be treated as an extension of the relations obtained

in [3] and [4] for the Cobb-Douglas production function

Yu=Fr [ [ v, (15)
i7i

" (which can be obtained from (2) when v—0 and $;; o;=0;;, j, i=1, ..., n, j#i).
In the last case one gets instead of (12)—(14)

Pomm[Jape, 09
i=1
J#i s
ij:ocji Yin (17
Di:qi Yiia i=1,..,n. (18)

The present method can be also easily extended for the production functions
which are composed of Cobb-Douglas and CES functions, i.e.:

N—1 {n(k+1) —aik/v

— qi — Vi
Y, =Fj E & Y™ ,
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where
N
Nii=n, v,e[—1, 0], Z D =
k=1
) ¢
N-=1  n(@+1) —aify
Yii=ng‘Z'9ji n Yk_iakiv s
Jj=0 k=1-l.i
n@i+1)
where Ni=n, > wu=1, j=0,...,N-1.
k=nj

The advantage of the present decomposition approach consists in the possibility
of representation of the total production (GNP):

Y= qYu (19
i=1

in the form which does not depend on the intersector production flows. It depend;,
however, on the exogeneous factors, such as capital investments, employment,
technical and organizational progress etc., which enter into F; factors (production
capacities).

In the present model it is assumed that Y;;, 7,j=1, ..., n, are functions of time
and?)

F@)= [k@-o)|[[1ZuG-T)Pde, i=1,..,n, (20)

Z,; (t) — expenditures intensities in investment (v=0), education and training,

research and development health and social care etc.; k; (f) — given nonnegative
N
functions; f,, T,; — given nonnegative numbers; 2 py<1.

v=1
The factors F; (#) combine, according to (20) all the inertial effects in the produc-
tion processes, such as, e.g. the depreciation of capital and technical and scientific
progress, depreciation of education and training etc. For that purpose the k; (7)
function in (20) is assumed in to be

Ki eX —5it9 t>0,
Ki(’)={0 Py 1<0

where K;, J; — positive constants.

The delays T,; correspond to construction delays in investment processes. In the
similar way T,; (for v=1) correspond to education, research and development etc.
delays.

') The integrals instead of sums are used in the present paper (when dealing with dynamic
problems) for convenience in notation mainly.
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As shown in [4] the production system parameters o, i, j=0,1, ..., n, i#],
K;, 6;, T,; can be estimated from historical data using the relations (16), (17), (20).
Assuming that the total amount of expenditures Z,; is limited, i.e.

Z Z,(O<Z, (1), 0<t<T, v=0, 1, ..., N. (21)

i=1

The problem of optimum allocation of Z, among the sectors S;, i=1, ..., n, which
yields the maximum value of total integrated production (19)

T
Y= f (1+¢)~t Y () dt, 22)

where ¢ — given discount rate, can be formulated. As shown in Sec. 3, the unique
optimum strategy Z,;=Z,;, v=0,1,..., N, i=1, ..., n, exists and the corresponding
value of Y becomes

T N i N
r=[r@[] 2@ de, g=1- D) B, (23)

When Z% (1)=Z%=const for 7 € [0, T] the last expression can be written in the
“static”” form:

7=Av]sz{,’V, A=0fo‘1(‘c) dr.

In the model under consideration the labour was not introduced explicitely yet.
A possible way to do that is to consider the labour force as exogeneous factor and
assume instead of (20):

F0=X;(0) [k(G=)[[1ZuG@-T)Pde, i=1,..n, (24)

and

Z X.()<X (@), O0<i<T,
i=1

where X (¢) —the total labour. :
Another extension of (24) one obtains when X7 (f) represents a group of noniner-

tial factors X33, i.e.
xio=[] x50, Y w=q

VEN

and k
Z YaXid, baer,
=1

In the case (24) when X;(¢f)=X;=const, e [0, T], one gets instead of (23):

N
Y=Ax" ” Zb. (25)

v=0
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It is interesting to compare (25) with the macroeconomic Cobb-Douglas produc-
tion function [1]:
Y=aexp (uT) K% X=, (26)

where K — productive capital, u — coefficients of technical and organizational
progress; o+ By~ 1; a=const.

N
Obviously in the model (25) uT corresponds to In[ [[ Z%] which gives more

v=1
detailed description of the factors (Z,) which contribute to the technical and orga-

nizational progress. Besides Y—Y when T increases and Z,=w; K.
Introducing the notion of the growth rate p, of a differentiable function x ()

px:x/x

the relations (25), (26) can be written
N
py=apet D) B pu, @7)
v=0

Py=Hp+apetPo pis (28)
respectively.
Since p.xx*—1, where x'=x (f) x(t—1) the last relations (for the case o+

N
+ > B,=1, a+p,=1) can bealso written as

v=0

N
Yi=aX'+ M 8,7, (29)
v=0

Yi=p+oX'+p, K. (30)

It should be also noted that when the values of Y?, X*, K are known the value
of the technical and organizational progress can be derived by (28) or (30).

As shown in [4] a possibility also exists to consider the labour as the output
of an additional sector S,, which cooperates with the production system (S, ..., Sp)-
The production function of that sector (for v=0)

n

Y,o=F2 [] Yi, go=1— Y a;>0,
=1

Jj= Jj=1

where Y;, — cost of goods produced by sectors S; and consumed by sector S,
Y,0=Do Xoo+ ¥,,—total value of employment in monetary units, p,—average net
wage, X,, —number of employies denoted by X in (26), Y,,— other means
of income.

The sector S, can be treated as a productive sector with the value added
(savings)

n

D,=Y,,— Z’ e

Jj=1
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One can assume that S, objective is to maximize D, (i.e. to maximize wages
subject to the given consumption; the savings obtained in that way can be used
for purchases of durable goods). Then according to (12)—(14) one gets:

n
2 sl
Yoa“Fo I 1 ocj{,a/ 07
=1

on =%jo Yoo ’
Dozqa YOO M
In the similar way as for productive sectors (S}, i=1, ..., n) it is also possible to
introduce in F, the intensities of purchases of durable goods.
The output ¥,, is divided among » productive and N nonprodutive sectors, i.e.
n+N
I’}oo= Z Yoj s
Jj=1
and as a result it is necessary to replace the lower summation limit (j=1) in (1),
@), H—®), (12—(17) by j=0.
Using that approach the total individual consumers expenditures and savings
become equal the total wages. Indeed

[jo+ 2 onz "oa (qo+ Z ocjo) = Yoo C
Jj=1 Jj=1
It is also possible to observe that the present approach is equivalent to the method
which introduces labour X as the egzogeneous factor (compare (24)).

3. Utility and consumption-structure change

Assume the gros national product (GNP) Y, generated by the productive system
“in the year 7—1 to be allocated in the year ¢ to the different spheres of activity accor-
ding to the multi-level hierarchic structure shown in Fig. 3.
At the first level Y, should be alloted to the two spheres of activity: accumulation
of capital K (by investments Z°) and consumption Z* (by labour L). The factors K, L
are responsible for creation of the new GNP: Y (¢) according to the known
macroeconomic relation [1]:

Y=AKPI'~5, 0<f<1, A— positive constant. 3D

Following the known imputation approach (see e.g. [1]) we assure also that the
prices w;, @, can be attached to the capital and labour respectively, so that

wy K+w, L=Y,. (32)

As shown in [1] @, can be treated as the discount rate of capital used and w, —
the average gross wage ?).

2) 1. e. w,=(1+2)po, where Q2 — wage tax, po— average net wage.
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Fig. 3. The multi-level structure of allocation of GNP

The basic I-level optimization problém consists in finding K=K, L=L, such
that Y attains maximum subject to the constraints®) '
w; K+w, LLY,, K=0, L>0. (33)
It is easy to show that
K=(Blwy) Y, L=[(1-P)e,] Y,

or
Rw,=20=8Y,, Lo,=Z2'=1-87,.

The I-level problem can be easily extended to the II-level case of allocation
of Z°, Z* in the structure of Fig. 3. For that purpose consider the utility function

PR i B . S . . e

N+1
u=0, [[ x1,
i=-1
where
N+1
2 yi=1, 7,>0, i=—1,.., N+1, Uy>0,
i=-—1

X;=Z;/wy, w; — prices attached to X;, Z_,— inventories, Z, — productive
investments, Z; —Zy— gouvernment expenditures on education, B4R, health
and social care, administration, environment, etc. Zy,, — individual consumption
(net wages)=2' — p, 2+ 7, where ¥,,— other means of in come (retirement
pay, social benefits, etc.).

3) That strategy based on the imputation principle (32) is some times vafled “the standard
strategy’ [1]. As a result one gets p =wE [1].
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The optimum allocation strategies Z,=2, i=—1,..,N+1, which maximize
the utility

N+1 N+1
Uz)="0, 2 Zn, 0,=U, H ;M. (34)
i=-1 i=—1
N+1
Subject to > Z;<Y,, Z;>0, i=—1, .., N+1, become
i=—1
Z2,=9Y, i=-1,0,..,N+1,
or
Z(O=0@) Y(-1). (35)
Since
N+1
U@)=0, [] 7.
i=~—1
N+1
it is possible to choose the arbitrary factor U, in such a way that U, [] (yi/w,)" =1
i==1

and U (2)=7Y,. In that case the utility under optimum allocation strategy can be
- measured in monetary units and is equal to the GNP attained. When the allocation
strategy differs from (35) utility is less Y,.

We shall assume that the decisions concerning the allocation of Y, are optimum.
In the centrally planned economies they are derived by the central planning systems,
in the form of annual budget, and proposed for approval to the parliament.Then
from the historical data it is possible to identify the numerical values of y; (f)=
=2,)]Y (t=1), i=—1,..,N+1, t=0, 1, .... These values change usually in time
as a result of GNP, prices, population etc. changes. In the present section the simple
models of allocation structure changes will be considered only. In a class of model
it is assumed that 2Z; depends mainly on the GNP per capita (in constant prices)
in the preceeding year, i.e.

ZiH=a [Y(f—l)/i(f‘l)]j‘ Fr—1), (36)
i=—1,.,N+1,
where @;, &; — constam coefficients, Y (f) — GNP in constant prices, L (f) — po-

pulation.
Since Z; (t—1) are assumed to be known it is convenient to introduce the indices ,

Zi=Z,(0|Z:(t—1), Y'=Y(0)/Y(t~1), L'=L(#)/L(z—1)
and express (36) in the form
E Z§=)}§ Yt_1:[7t—1/Lt—1]a, Yt—l (37)

where y;=7; (t)/7: (¢ —1).
The expression (37) does not satisfy, however, the balance condition

N+1 N+1

2 2= ) ZiZ(-1)=Y(-1),

i=—1 i=—1
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and in the model under consideration we can assume instead

Y(l‘—l) [Yt—l/Lt—l]si

% ;
(= = N e (38)
Zi(t 1) Z [Yt-—l/Lt—l]sv
v=—1
and [Yt—l/it—l]si
V() = , d=~1,.,N+1. (39)
Z [Yr-l/it—llsv
V=1

Similar relations can be obtained using =0 as the base year. In that case
one can write:

Zi=Z,(0|Z:0), Y'=Y(0)/Y(0), L'=L(1)/L(0),
5 ()=2Z,()/ Y (0).
Obviously k=t-1
W@O=n@ ¥, P=[] 7H-n
k=0
“ 3(O=Z, ()Y (-1).
Using the least square method and statistical data it is possible to estimate the
values of ¢;. As an example consider calculation of the models of consumption

share in GNP: 7 (1)=[y (t)/y (0)] [¥*~1/T*~*] in Poland (for the base year #=1960)
given in Table 1 and Fig. 4.

Table 1
Year
1950 1960 1965 1970 1972 1972
YL} 0.563 1 1.249 1.601 1.744 1.950
y (@) 0.79 0.758 0.732 0.721 0.707 0.684
7@ 1.04 1 0.965 0.950 0.932 0.902
ny@® 0.041 0 —0.035 | —0.051 | —0.070 | —0.093
In Y} —0.570 0 0.222 0.470 0.555 0.669
Iny(®/ln VYL —0.0703 — —0.158 | —0.108 | —0.126 | —0.139
lln 7t
1950 %%
T 196Q | 1 | 1 7 1:,7 fyrr
. 1.0 i
s N ’ e= (.12%
Fig. 4. The consumption share in GNP
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As follows from Fig. 4 in the period 1960—1972 elasticity of consumption share
& was arround —0.125 with comparatively small square error. The corresponding
value of In §(#)/In Y*/L* for t=1950 differs much as compared to —0.125. It cor-
responds however to the past and obrolete situations.

In order to attach less weight to the past data a weighted least square method
can be used. According to that method the estimate &; can be derived by solving

t=0
min > w(f) [ln 3, () -, In Fr-YL 12,
LT S——
‘where w (£)=(1-9)", 0<d<1, T — estimation time.
Since the ,,éging” of an economy depends on the discount rate # it was proposed
to assume d~#, which is in Poland arround 0.1.

Using estimates of g; derived by that method, i.e.

(o]
S w@®Iny,(f) In¥r-1/Lr-1
5= = , i=—1, .., N+1 (40)
S w@ Mo Y11
3 t=—T A
one attaches to all the data before T=12 years the weight less 0.912=0.28.

Another model of allocation of GNP takes into account the change of price
indices attached to Z,. It is especially suitable when one studies the consumers
expenditures ¥;,, i=1, ..., n+N, with the budget (income) Zy,, (see Fig. 3) on the
market.

The consumers strategy Y;,, i=1, ..., n+N, depends not only on the wages
per capita

Zyy 1/L= Iver (@) [Y (2= 1)/1-4 fr=13]

but as well on the prices p; of the goods Yj,.
Then instead of (36), one can assume

Yio(®=bi[yn+1 (0 Yt~ D/LE—DI[p: (1= DI pys1 () Y(¢~1) (41)

where g;, E; — income and price elasticities respectively.
Introducing the relative factors pi=p; (/)/p; (t—1)

n+N
y} (t):Yio(t)/ZN+l(t)’ l:()o 13 L] 71+N, Z yzl (t):la
i=1

(the index i=0 corresponds here to the savings D,=g, ¥,, in the model Sy),
one gets in the similar way as (39)

ECT e i ol Vi

l [y5v+1 Yt—-l/Lt—l]sr [Pz_l]E‘

i=0

()= , i=0,1, ..., n4+N, (42)

s
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Obviously

n+N

Z o) = 2 210 Zysr (=Zy1(1).

Since on the other hand ¥y, ()=, ¥, ()=t Zy4 1 () then oy, =yl (2), i=
» n+N, g,=75(t). In other words, the change of ¥*~1/L*~1, »% ., and price p’ 1
changes the consumption structure expressed by «;, coefficients (elasticities of utility
function) in S, sector.
It remains to consider the allocation of Z;,i=—1,0,...,N, resources among the
sectors S;, i=1, ..., n, of the production subsystem (III-level in Fig. 3).

As already mentioned in Sec. 2 that problem consists in maximizing the functional
{22), i.e.

T n
Y@= [+ D) ¢ Yur (1) di=
0 i=1

-Yo+f(1+s) ka (t—7) H By (v —T,,) dr dt,

=10 ve=w—1
where
0

Yo_f(1+a) ’Z fk,(t—f) H Z% (c—T,;) dr dr,

i v=—1

represents the inertial effect of allocation of resources Z,; (z), i=1, ..., n,v=—1, ..., N,
in the past (7<0).

Since Y, is a given number the present optimization problem can be formulated
as follows. Find the nonnegative strategies Z,; (1)=2,; (t), v=1, ..., N, i=1, ..., n,
£ € [0, T'] such that the functional

Y(2)= 2 f H Z8 (e~ T,0) f1(2) dk, 3)
=10 v=~-1 :
‘where
T
fi@= [ ki(t=7) (L+o)™" dt,
: N
g=1- D' §,>0,
v=—1
is maximum subject to the constraints \

D Zu@®<Z,@), v=—1,0, .., N, te [0, T] (44)
i=1

‘where Z, (t) — given functions of time.
The functional (43) will attain the maximum value, when the function

p()= 2 nz T=T,) f4(2)

i=1 v=-1
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attains the maximum value for each #e [0, 7] subject to the constraints (44).
As shown in [5] the optimum strategy in that case becomes

] Fi@) yv=-1,0, .., N,
bk e V0] 2.z}, i=1, vy ¥, (49
f@= 1@,
and 7 i e :
YO)=[r@ [] Z@ad. (46)

Then when T—oo, Y,—0, and ¥— Y, the aggregated production function (46)
4 08

assumes for given Z,(1)=Z,=Z,(r), where Z,= [ Z,(1)dr, the statical form
(0]

similar to (34) and it is possible to assume f,=7y, (¢),v=—1, 0, ..., N. Since generally
7, is a function of time one can also assume B, (1)=yp, (¢), te[0, T], v=—1, ..., N,

1 T
or assume that B, is equal the averaged (2), i.e. /?v=~T~ f v, (7) d.
0

Since Z, () can be determined in the iterative manner by (36), (39) it is also
possible to derive the Z,;(¢), v=—1,0, .., N, i=1,..,n in the given planning
interval [0, T].

As shown in [5] the optimum allocation problem can be solved effectively also
in the case when F; () contain a group (N;) of noninertial (e.g. the above) as well
as inertial (V,) factors (compare (24) of Sec. 2) i.e.

Ny t N2
Fl(t):”Xglv(t) fkt (t_T) ” [Zvi (T”‘Tvi)]ﬂv df: l=1, ey 1, ]\'Tl +N2<N+1,
v=1 —© v=1

and when besides the amplitude constraints (44) the integral type of constraints

fTZ Xy () di<X,, fT ) Z, () dt<Z,,
0 i=1 0 1

o
where X,, ve N, Z,, ve N, — given numbers; should be valid.

It should be observed that in the centrally planned economics the optimization
of total investment strategy is a common practice. The optimization of the gouver-
nment expenditures Z,;, v#0, is not so evident. The efforts are being done, however,
to increase the training, R+ D, etc. effect on the production efficiency. That can be
done by a better allocation of resources Z,; among the Sz sectors which help to
increase production in S; sectors. Fore example the part of budget spent on research
and development can be assigned to these areas which maximize the total production
output. Then the “production function” of the S, sectors can be written as

n

n
Yo =Py [[ X3t a=1= 3] 0sz,>0.
The value added =00 =0
Dy =q, Xz,
corresponds here to the expenditures spent on sectors Sz own activity (e.g. the basic

research in the case of R+D sector).
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Summarizing the results obtained in the present section one can observe that
the allocation strategies in the multi-level stiucture of Fig. 3 have been completely
determined.

They can be used for prediction purposes when the system parameters such as
&;, E; have been estimated by historical data. However in order to derive the future
projections one have to determine also the price indices.

4. Price indices

Studying the sector of aggregated M different products it is convenient to deal
with the aggregated proce p instead of detailed products prices, p;, i=1, ..., M.

M
When the sector production in natural units (e.g. in tons) is X= > X;, the aggre-
gated price is defined as b=

=Y —p,. 4
p i; ¥ P (47
When that prices changes with respect to the previous year it is convenient to
introduce the price index p'=p (£)/p (t—1).
Using the price index it is possible to derive the value ¥ (¢) of production X (7)
in the prices of the year t—1, i.e.

Y=Y ®/p", (48)

or in the prices of the basic year =0
t
T =Y, po=[ [ -
=1

Now we shall investigate the price-change mechanism resulting from the change
of demand and supply in the model of Secs. 2, 3.

It is necessary to observe that since the model flows Yj;, j, i=1, ..., n, are specified
in monetary units the net outputs (i.e. the supplies) ¥;, i=1, ..., n, are determined
in an unique manner. When the demands Y; change in time as a result of consumption
structure change, described in Sec. 3, the prices attached to Y, j, i=1, ..., n, should
change in such a way that ¥;,=Y,, i=1, ..., n.

Consider the n-sector production system with the Cobb-Douglas production
functions in natural units (compare (2) for v—0):

X () =[F' )] ” X9, i=1,wsn.
fas
Introducing prices p; ()=Y;; (1)/X;; (1), j=0, 1, ..., n, one gets

n n

Yu@=IE OFpi@) [ [ oo [ [ vgp=tF00 [ [ ¥5e
= i
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where

n 1/q;
F()=F; () [Pi (t)npj(t)““ﬂ] _ (49)
o
Introducing the indices pi=p, ()/p; t—1), Y=Y, @/ (=1), F''=
=F; (¢)/F] (t—1), i=0, 1, ..., n, one gets by (49)

% [T =, =L (50)
171 |
As follows from (46)

Fi(@=Yu(@ [ ] ()=,
i=0
J#i
so F;(7) is measured in monetary units. On the other hand (49) suggests that a
price p; can be attached to the production capacity F; so that

F()=F; (O p; (). (51

The price p; (¢) can be treated as the price of productive capacity. It may change
in time as a result of changes in depreciation rate of productive capacity, i.e. the
change of discount rate, deterioration or improvement in training, R+D, etc.4).

Taking into account (50), (51) and observing that Fj = ¥/,= Y} (see (16)), one gets

- Yitil’?t
In p} — 2 ay In pi=gq; ln[ I +o,Inph, i=1,2,..,n (52)
J=0

i

J#i

where according to Sec. 3

X! =X,, (#)]X,, (t—1) —employment index (egzogeneous variable).
Assuming that the determinant

1: — %21, s T Oy
= — g2, 17 s — Gn2 #0 (53)
—%ins s » 1

it is easy to observe that a system of positive price indices pi, i=1, ..., n, exists.
In the stationary situation when Y?p}'/Fi=pi=1, i=1,..,n, the prices
derived by (52) pi=1, i=1, .., n.

4) Taking into account relations (34), (46) it is also possible to express pf (?) in terms of prices
o,, v=—1,..., N+1, attached to the X,=Z /o . As shown in Ref. [5] the present prince model
can be explained in terms of the general economic equilibrium theory.
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The factor Y7 p}*/F! expresses the ratio of the final demand change (¥7}) to the
supply change F!/p;.
As shown in Sec. 3 the demand, specified by the 7, (¢#) coefficients, changes as
a tesult of GNP-change. In other words, a system of nonnegative coefficients 4;,,
i=1,..,n v=—1,.,N+1, exists, such that
N+1
D A, Z,=Y,, i=1,...n, where ¥,=¥,,— D)y ¥y

Vy==1

Since Z, )=y, (1) Y (t—1), v=—1, ..., N+1, the last relation can be solved

with respect to Yy, i =1, ..., n, and the solution Y;; (y) can be written also as

Yi()=L(@® Y1)
or
Yi=I Y1, i=1, .. 0. (54)

The relation (54) specifies the demand indices Y7 for the year ¢ in term of GNP
and consumers structure change.

On the other hand the investments and other gouvernment expenditures (Z,;)
change F}, according to the formula (24)

fk (t—1) [] Zh@=T,) dr

5 = g Al s T
f ki(t—1-=1) HZ’“ —-T,,) dt

v=—1

The numerical values of p;* can be estimated from historical data.

In the simpliest case of one sector economy when the numbers pi, pf, Fi/Y*
are given and there is no consumption structure change (/;=1) the price index of
productive capacity can be derived by formula

Fil r - ;
P’:t_'i}"t [(pf))"““ s g1=1—0oy . (55)

When the productive capacity F! increases witg a faster rate than Y the p}’ goes.
up. The increase in wages decrease the price index P*‘

The values of Y7, F{, pi, p} for polish economy in the time period (1961—1972}
according to [6]) are given in Table 2.

Table 2
Year

1961 1966 | 1970 1971 1972
¥t 1.082 1.071 1.052 1.081 1.101
F! 1.042 1.052 1.065 1.055 1.059
2y 1.009 1.012 1.011 1.004 1.000
7 1.040 1.041 1.031 1.057 1.067
¥ 0.9097 0.9375 0.9818 0.8814 l 0.8422
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Assuming ¢, =0.32 (according to [7] that is the average value of capital elasticity
in the production function (f, in formula (26)) in Table 2 the corresponding values
of p;* have been also derived. Strictly speaking the data F} used in Table 2 correspond

. to the productive capital only and they do not reflect the changes in Z,, v#0. Then

the values of p;" derived in Table 2 take into account as well the effects of technical
and organizational progress, R+D, education, etc. The wage indix pj has been
derived using the gross average value of wages per capita (the private sectors of eco-
nomy have been neglected). The average of the values p’;" derived in Table 2 is 0.91.

Since the allocation strategies Z,; (f) are specified, according to formula (61)
by Z, (¢), and the last functions depend on Y (¢r—1) (according to (35)) is is possible
to derive by (52) the price indices p}, i=1, ..., n, by an iterative process starting
with the basic year (¢=0) statistical data.

So far the pricing model has concerned the closed economy. It is, however,
possible to extend that model to the case when one or more external foreign trade
markets are present.

Consider as an example the n-sector production system (the domestic system)
with one foreign trade sector (market) S, (Fig. 5), where Y, represents the total export
of the market S,, D=d I_A;zz — the balance of payment and E, I expoert and import
to the domestic system (in S, currancy).

T ;’ii g ! V229,

" Fig. 5. The model of foreign-trade system

import
The production function of S, sector (in market S, currency) can be written in
similar form to the S;-sectors functions, i.e.

n n

Y.=F [ ] 7o D% g,=1— ) a,,—d>0. (56)
1=1 i=1
It is also possible to write down the sector S, production function in S;-currency

n

Y, =F% [] Y= DY, (57)

i=1

Since Y;,, i=1, ..., n, Y,, are measured in domestic currency it is necessary to
introduce the exchange rates:
a. The export exchange rate

E;= le/ Y. =ﬁizllpi s (58)

where p; is the domestic and p;, — the market, S, price index for goods produced
by S;. '
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b. The import exchange rate
M= Yzz/ Yzz L (59)

It is assumed that sector S, maximizes the net output and as a result the total
export (in S, currency) becomes

= Yizz 2 Uiz = f;zz [1 _(qz_d)] > (60)
i=1
or
E= Y V=) (Vu/B)=T.. } w./E) (61)
i=1 i=1 i=1 x

(in domestic currency).
In the similar way the total import I(/) can be written as

n

I= 2 otz Yy - (62)
i=1
I=M-11=Y..(1-¢). (63)

In the system of Fig. 5 the following balance of payment (in market S, currency)
is observed

E-I=¥_d=D. (64)
As follows from (63), (62)
M : ;2 i 65
I 7.01-q) S
where by (16)
Yi=F; I—[ “;{i/m“:f-im, gi=1- Z i=1,..,n,
= o

n
Y,.=F, ” e g

According to (65) the import exchange rate M increases along with the increase
of demands for import (o; ¥;;) claimed by S; and decreases when the supply of

import (from the market S,) (1—gq,) Yzz increases. From the domestic pomt of
view the lower is the M the bigger are the benefits.

The value of M decreases also along with the increase of balance of payment
d=D|Y,,.

Using in addition a more restrictive balance of payment condition D=0 and

I-E=0 (66)
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one gets by (65), (61)

n
1 oz

E z
A s i;l’ - (67)
Then (67) can be written as
M= D a.lE, (68)
i=1

n
where &;,= Y.-:/,E Y;, is the products of S; share in the total export E.
i=1

As follows from (68) the resulting import exchange rate M is determined by
the export exchange rates £; and the shares &;,. In order to decrease M (i.e. increase
the value of import 7) the domestic system should increase E; by decreasing local
prices p; with respect to p;,. That can be done by investments and technical and
organizational progres in these sectors S; which yield the greatest values of E,.

In the case when E;=E=const for all i=1, ..., n, one gets by (67) M=1/E.

It should be observed that in the case when (66) holds the following condition
(obtained by (65), (67)) relating the parameters of domestic and market S, systems

D [t (Pudd Vo) — 00z (pule0)1=0,

where r" «
i/d
[ a‘j{l/ L
Jj=1 c/“:._i/qi

ii i j#i v

- i dlaz
zz Fz n o:“j:/qz d
L%
Jd=1,

<

is valid. .

Now we can return to the main problem of the present section which is the
solution of price equations (52). When the term Y; is added to the standard produc-
tion function one gets instead of (49)

n 1/ai
Fi()=F; () [Pi (#) pzs (D)~ nl’j(t)—“”] (69)
i
qizl—” wp—uy >0,  i=1, .., 1,
j=0
J#i

where p,; represents the aggregates price of imported goods, which can be written
i =Mp,;, p.; being the imported goods price index. It should be observed that
the expoit and import aggregated prices p;,, p,; differ generally as a result of different
shares (X;/X in (47)) for exported and imported goods.
Consequently the right side of eqgs. (52) should be supplemented with the term

s

Do In MY, (70)

z=1
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where s — the number of different markets, M*=M (t)/M (t—1), p.,=p.; @)/p.; ¢—1)
— the import exchange and price indices.

As follows from (67), (68) M* depends also on the domestic prices p}. That fact
complicates the solution of egs. (52). Taking into account (68) we can assume ho-
ever that E; (1)~ E(f)=1/M(¢), i=1, ..., n, which can be called the “assumption of
rational foreign trade policy”.

Then introducing into (69)

P (O)=p: (/T (1), (71)
where
T (O)=pi: (D[P (1), i=1,..,1,
can be called the “‘terms of trade” for sector S;, one gets instead of (52)

s n * s
(1= 3 e tnpi— 3 i npi= ql[Y;{’ t]ﬂm py— 3 wulnTly,  (72)

z=1 F=1 z=d
ES

where
q=1= D ay— D' 0y>0, TH=Tu@/Tu(t—1), i=l.,n, (73)
K z

Now it is possible to derive p} from (72) in the iterative manner, starting with
the base year 1=0. It should be obserwed that the increase of 77, decreases the
domestic prices p}, i=1, ..., n.

As follows from (71), (74) the domestic price lndlces pi depend much on T},

i.e. the export and import indices p,;, p;,, which should be introduced into the
modell exogeneously. '

5. Technological change

Consider again the production function (16) and relations (17) and (18)

%= in/f}ii By Jl/pl ii» i’j:03 19 ey 11y 17&]3 (74)
Dy=(1-a) ¥y, i=0,1,..,n. (75)

n

The relation (74) 1epresents the input j share in the net output «; ¥y;, a;= > o
Jj=0
J#i

The production sectors S;, i=0, 1, ..., n, maximize D, by choosing the best
mix of inputs YJ-,-, J,i=0,1, ..., n. When the prices p;, p; change the substitution
process should follow in the ideal Cobb-Douglas production function in such a way
that a;; =c;; =const., i.e. the sectors should change X,/ X;; in order to obtain X;;/X;; =
=i pilps-
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That requires, generally speaking, an adaptation delay during which the change
of technologies, investments, etc. follows.

On the other hand in many cases the technology of production requires the
input shares X;;/X;; to be kept constant i.e.

X/ji/yii=cija i, j=0,1, ..., n, i#j,
and in order to satisfy (74) it is necessary to change «;, i.e.
O(-jl:(pj/pi) cij, i,j=0, 1: ey 1, 17'&]
In that case no substitution is possible.
Since each sector S; is an aggregate of different production processes it is reaso-
nable to assume that
[p;(¢—T;)]~

aﬁ(t)zcij[_p.(t—T.i)]ﬂ o bJ=0,1.m i#],
i J

where T-adaptation delay; cj;;, o;, 0; — given numbers.
When o=0 the nonrestrictive substitution follows and when o=1 no substitu-
tion is possible.
Then one can expect that in typical situation o;, o¢; € [0, 1]. In the model under
consideration one is interested mainly in the indices o=, (£)/e;; (t—1)

0('3'1':[p‘t;‘—Tﬁ]aj/[p:-Tﬁ]al’ iaj:()s 1’ s M, (76)

When the values o, (£)=Y; (f)/ Yy (f) and the corresponding price indices p’ =7
are known from historical data it is possible to find the estimates &;, 6;, f, i=0, 1, ..., n,

by minimalization of the weighted square errors

0 n
E(T;;)=min Z w () 2 [In «};—0; In p}~ T+ 6; In p§~T4]2,
o o [gsa i=0,1,..,n. (77)

Computing the values of E (T};) for different 7;;=0, 1, ... it is possible to find
such a value T;;=T;; which yields the minimum value of E.
Then the model of technological change assumes the following form

[Ty
[P’
It should be observed that the process of technological change introduced into
the production system (S;, i=1, ..., n) changes the value of production outputs
and prices. The prices change again «;; (7) etc. but in a delayed fashion which allows
the consecutive computations in an iterative manner 5). The process of iterative com-

putations is explained by Fig. 5, where the production is influenced by two main
feedbacks. One is connected with the utility structure change and allocation of

OCJl(t)=OCJl(t_1) j, i:(), 1, (N j#i. (78)

%) It is assumed also that «; () do not change fast so it is possible to assume in Sec. 4
a_”(t)za,;(t+1).
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investments and other gouvernment expenditures (f,, Z,;). The second feedback
influences the production by means of prices which change the technological coeffi-
cients. The model can be used for forecasting the future development processes
starting with a given base year =0, when all the parameters have been determined
from historical data. All the processes of interest such as e.g. sectors inputs and out-
puts, individual and public consumption, investments employments, price indices,

l tf Pfﬁ X l x50

Production vl Utility v Price
system change indices =5
I s ;
i 1iin[ ‘| } F[f
f Allocation J ‘
1 of investments

] Zyi
R
5
ov; (t+7;) Technological Pi

change

Fig. 6. Feedbacks and iterative computations

wages, foreign trade etc. can be computed (in actual or constant prices) in the itera-
tive manner. Only a few parameters such as population, employment and foreign
price indices should be introduced exogeneously.

Besides a number of relating variables can be also derived such. as e.g.:

a) the labour efficiences

wi= Y5/ X =po ()]0 (), i=1, ..., m;

b) the “input in output” shares
Sjizyjilfiizaji(t)pj(t)/pi(t), i,j=1,..,n;

c) the shares of the components of technical and organizational progress in
the GNP growth (compare (30))

by=FZH T v=1; s NG

d) the components of the aggregated (into one sector) production function (25),
(26), etc.

It should be observed that the main advantage of the model discussed in the
present paper consists in the possibility of aggregation or desaggregation (decom-
position) of the complex multi-sector and multi-level normative structure, shown
in Figs 1—3.

It is also possible [5] to extent the decomposition process along the IV and lower
levels of multi-level structure shown in Fig. 3. In particular the fourth level can take
into account the regional sub-models or the more detailed organization of pro-
duction and consumption sectors.
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Modelowanie systeméw produkcji, konsumpcji, cen i zmian
technologicznych

Praca dotyczy modelowania ztozonych systemow rozwoju zawierajacych podsystem produkcji,
konsumpcyjny i $rodowiska. Podsystem produkcji zawiera n danych sektorow opisanych funkcja
produkgcji typu CES. Zdecentralizowany system decyzyjny rozdziela dochéd narodowy miedzy dane
sfery aktywno$ci (zawierajace inwestycje, konsumpcje indywidualng i zbiorowa oraz §rodowisko)
w taki sposob, aby dana funkcja uzytecznosci osiagnela warto$¢ maksymalna. Funkcja ta zmienia sie
wraz ze zmiana dochodu na gltowe ludnosci. Nastepnie modeluje si¢ zmiany indekséw cen. Zmiany
cen powoduja zmiany wspolczynnikéw technologicznych funckji produkcji. Procesy rozwoju mozna
obliczaé w sposob iteracyjny umozliwiajacy dokonanie projekcji w przyszto$¢ (tj. prognoz rozwo-
jowych). Wszystkie parametry modelu mozna oblicza¢ na podstawie danych statystycznych.

MopenuporanHe NPOU3BOACTBA CTPYKTYPHI HOJIE3HOCTH pac-
XO0JI0B M TeXHOJIOTHYECKHX H3MeHeHHil

Pa6Gora xacaercss MOJAETUPOBAHUS CIIOKHBIX CUCTEM PA3BUTHS CONEPKALLUX IPOU3BOLACTBEH-
HYI0, MOTPEOUTENBCKYIO IIOJICHCTEMBI W MOJCHCTEMBI cpenbl. IIpOM3BOACTBEHHAs MOACHCTEMA
CONEPXUT 7 JaHHBIX CEKTOPOB ONMCAHHBIX (yHxnmamu npoussonctBa tuna CES. Heuentpanu-
30BaHHAS CHCTEMA IPUHSITHS DPEMICHUN pacHpenerisieT HAIMOHAIBHBIMN JOXOX HA IaHHbBIE CPEIbI
AKTHBHOCTH (COIEpIKaIlye KAIMTAJIOBIIOKEHWS, JIMYHOE W KOJIGKTUBHOE IIOTPEOIIEHUE TaKKe
cpeny) TakuMm 00pa3oM, 4TOOBI maHHAs (YHKIUS [OJIE3HOCTH HOCTUINIA MaKCHMAllbHOIO 3Ha-
yeHus. OTa QYHKIUS U3MEHSETCS C M3MEHEHWEM MOXO0a Ha AyIly HaceleHWs. 3aTeM MOIENHpy-
¥OTCS M3MEEEHHS ToKazaTelieil pacXomoB. Vi3MeHEHHS pPacxOIOB BBI3BIBAIOT M3MEHEHMs IIOKa3a-
TeNel TEeXHONOTWYeCKnx (YHKIW TPOM3BOACTBA. 1IpOLecChl Pa3sBUTHS MOXKHO pPacCYUTaTh MTE-
DPAlMOHHBEIM METOHOM MPENOCTABISIOMIMM BO3MOXKHOCTH CHENaTh IPOCKUHMIO B Oyaywee (T.e.
IIOCTABUTE IIPOTHO3BI Pa3BUTHS). Bce mapaMeTpbl MOLCIM MOXXHO DPAacCYMTaTh Ha OCHOBE CTa-
TUCTUYECKUX TaHHBIX.



