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Am optimal control problem for a system described by abstract linear parabolic equation (state 
equation) is investigated. 
Coefficients of elliptic operator of this equation depend on control function. 
We consider weak solutions of the state equation. These solutions belong to some functional space, 
·called the space of observation. The cost functional is defined on the space of observation and de
pends on control by means of solution of state equation. Tt is to be minimize on a given set of ad
missible controls. 
Two different spaces of observation are investigated. Sufficient conditions for existence of an optimal 
·Control and necessary conditions of optimality are formulated. 
Using so called generalized adjoint state equation a simple formula for the gradient of the cost 
·functional is obtained. Some examples of parametric optimization of concrete boundary value 
problems for second order partial differential equations of parabolic type are presented. 

''0. Introduction 

Let us consider an abstract linear prabolic equation (1he state equation) of 
ihe form 

(
dy ) . dt (t), z v· v +a8 (t; y (t), z)=(f (t), z)v•v \fzEV 

(0.1) 
y (O)= Yo, 

where V is a Hilbert space, V' denotes its dual and a8 (t; y, z) is a family of bi!inear 
~forms defined on V, which depend on parameter e. 

Let us suppose that there are given: 

(i) U1 - Banach space of parameters B; 
(ii) U - Hilbert space of controls u; 

(iii) set of admiss ible controls Uad c U; 
{iv) linear mapping 

(0.2) 
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The object of this paper is to study the following optimization problem: 

find u E Uad such that 

e=Lu, 

(0.3) 

where Ye denotes the solution of the state equation (0.1) with ()=Lu, u E Uad· 

I ( ·) is a given continuous functional defined on Hilbert space X called the 
space of observation. 

Problem (0.3) is well posed if the state trajectory has the following property 

y 0 EX, ()=Lu, \fu EUad· 

In the paper we discuss two kinds of observation. 
In section 1 there are presented some basic results from theory of abstract para

bolic equations which will be used in next sections. 
In section 2 we consider simpler case of observation of the state trajectory in 

the space W (0, T). We give sufficient conditions for existence of an optimal para
meter fJ =Lit and for differentiability of the cost functional J (u). Then there are 
given necessary conditions of optimality for the problem (0.3). 

In section 3 we consider the observation in the spece W1 (0, T) (in particular 
W1 (0, T) cC (0, T; V) with continuous injection) and we prove similar results as 
in section 2. 

In this case a simple formula for gradient of cost functional J (u) is given. 
Acknowledgements. The author would like to express appreciation to doe. dr 

hab. inz. K. Malanowski for his many helpful comments and his encouragement 
during preparation of this paper. 

1. Abstract parabolic equation 

In this section we define an abstract parabolic problem [1] and then we shortly 
recall sufficient conditions for existence and uniqueness of the solutions of such 
a problems. 

We recall also some regularity results [2] which we will need in the sequel. 
Let V and H be two Hilbert spaces with 

V c H, V is dense in H with continuous injection. (1.1) 

Identifying H with its dual and denoting by V' the dual of V we have V c H c V' 
each space being dense in the following one. 

V (0, T; V) denotes the Hilbert space of (classes of) functions 

y (.): [0, T] H V 

strongly measurable with the norm 
T 

IIYIIZ2(0,T; V) = J IIY (t) ll ~ dt. 
0 
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In the same way are defined Hilbert spaces L 2 (0, T; H) and L 2 (0, T; V'). 

We recall [1] that we can identify function yE L 2 (0, T; V) with distribution 

yE .@'(]0, T [; V)c .9& '(]0, T [;V') and hence there is defined the derivative in the 
sense of distribution 

: E.@'(]O, T[ ; V'). 

We set 

provided with the norm 

IIYIIw(O,TJ=( IIYIIZ2(0,T;v) +/I : l/:,(o,T;v'))
112 

W (0, T) is a Hilbert space [1 ]. 

If y E W (0, T) then [1] after a possible modification on a set of measure zero 
y E C (0, T; H) and inclusion W (0, T) cC (0, T; H) is continuous. 

As it was mentioned in Introduction by e E ul we denote functional parameter 
which depends on control u E Uad by linear mapping (0.2). We assume that there 
is given family of forms 

(1.2) 

Such that: 

for all t E [0, T] the fo rm a8 (t; y, v) (1.3) 

is bilinear with respect to y, v E V and uniformly bounded, i.e. 

lae(t; y, v) I ~M IIYIIv llvl lv, Vy, v E V, 

for all y, v E V function 

t f-7 a8 (t, y, v) (1.4) 

is measurable there exists a number },;:;,0 such that 

cx>O, VyEV, VtE[O,T]. (1.5) 

If we can choose }, = 0 then family (1.2) is said to be coercive (V- eliptic). 

Remark. In this section we denote family (1.2) by a9 (t; y, v) instead of aLu(t; y , v) 

U E Uad· 

In the next sections we will write a.,(t; y, z) to denote aLu(t; y, z). 

Example 1. Let Q be an open subset of R with smooth boundary T= oQ. We set 
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and bilinear form 

n oy oz 
a0 (t; y, z)= }; J cii(x, t, B) ox- ox dQ+ 

i,j= 1 Q ' j 

+ J b (x, t, B) yz dr, \:fy, z E H 1 (Q), (1.6) 
r 

where 8=() (x, t) is a functional parameter. We assume: 

(i) B=L00(Q) and there exists trace er.E EL"'(I) where 

O~B(x,t)~M a,e. in Q=Qx]O,T[ 

O~B!.E(x, t)~M a,e. in I=rx] 0, T [; 

(ii) cii(·,·,r)EL00 (Q), \:fre[O,M] 

b ( ·, ·, r) EL00(I), \:fr E [0, M] 

cu (x, t, ·) E C (0, M) a, e. in Q 
b (x, t, ·) E C (0, M) a, e. in I; 

(iii) Furthermore there exist constants M 1 , M 2 <= such that for all 
r, sE [0, M] 

!cii(x, t, r)-au(x, t, s) I ~M1 I r-s l 

!b(x, t, r)-b (x, t, s) ! ~M2 !r-s ! 

a,e. in Q, 

a.e. in I. 

Remark. (i) (ii) (iii) imply the following estimation which will be useful in the 
sequel: 

!ao1 (t; y, z) -aoz (t; y, z) l ~ M1 llt91- Bz iiL""(QJIIYIIH•(n) llziiH'(!l) + 

+Mz llt911I - t9z i.E IIL""<dl Ylr lle<n llzlr iiLV) a.e. in [0, T]. 

Moreover, if we assume 
n n n 

(iv) M 3 }; ~7~ }; cii (x, t, r) ~i ~1 ~ a};~;, a>O 
i = l i,j=l i=l 

V(x,t)eQ, Vre[O,M], V~=(~1 , ... , ~11)ER"; 

(v) O~b (x, t, r)~M3 
V (x, t) E I, \:fr E [0, M], 

then family (1.6) satisfies [4] (1.2)-(1.5). 

Let us consider an abstract parabolic equation (state equation) of the form 

( ddy (t),v) +a6 (t,y,v)=(f(t),v)v•v, 
t v·v 

y (O)=yo; 

where y 0 E H, f EL 2 (0, T; V') are given. 

\:fv E V; (1.7) 

(1.8) 

We denote by y = y6 (·)eW(O,T) the state trajectory, that is the solution (if 
it exists) of the problem (1.7), (1.8). 

---------------- -- ---
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THEOREM 1. [1]. Let us assume (1.3)-(1.5). Then for each parameter e E 0/1 there 
exists the unique solution y0 of the problem (1.7), (1.8) and the following a priori 
estimation holds 

IIYo llw(o, r; ~ C (IIYo iiH + 11/llv(o, T; v•)) , (1.9} 

where constant C depends only on the constants M, rx, .A from (1.3), (1.5) and on T. 

Remark. From (1.9) we also have 

I IYo llqo,T;II)~ C (IIYo iiH + llf iiL(O,T; V•)) 

hence the value y 0 (T) is a well defined element of the space H, however in general 
Yo (T)rt V. . 

For our purpose interesting is the case where state trajectory is more regular, 
that is 

Yo E C (0, T; V), (1.10} 

but from the theorem 1 we cannot deduce (1.10). 
Now we investigate the problem of sufficient conditions under which (1.10} 

holds. 
We assume 

(i) family (1.2) is symetric 

a0 (t;y v)=a0 (t;·v y), Vy, V E V; 

(ii) for all y, V E V, and for all e E 0/1 the function 

t ~---+ a0 (t; y, v) 

belongs to the space C1 UO, T]) = C 1 (0, T) . 

(1.11} 

(1.12} 

Remark. From (1.3) we can deduce that the family (1.2) generates the family 
of bounded operators 

A0 (·)EL 00 (0, T;2(V, V')), (1.13} 

which is defined in the following manner: 

a0 (t; y, v)=(A0 (t) y, v)v•v, Vy, V E V. (1.14} 

If we assume ( 1.12) then the family (1.13) is more regular: 

A0 ( ·) E C 1 (0, T); 2 (V, V')), 

We use the so called abstract Green formula [5], to obtain another representa-
tion of the form (1.2). 

Let us assume, that there is given a Hilbert space S, and a linear bounded ope
rator yE 2 (V, S'). We denote V0 =ker y, it is a Hilbert space with topology in
duced by V. 

Furthermore we assume that the space V0 is dense in the space H, and operator 
y is onto S. Bilinear form a0 (t; y, v) is continuous on Vx V hence it is continuous. 
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on Vx V0 • By A8 (t) we denote a linear, unbounded operator in H, with domain 
.!» (A8 (t)), which is defined in the following way : 

(i) y E!» (A 8 (t)) if the mapping V0 3 v H a8 (t; y, z) is continuous in .topo
logy of the space H. 

(ii) A 8 (t)y=zEH if a0 (t ;y,v)=(z,v)Ii, VvEV0 • 

We can represent family (1.2) in the following way 

a8 (t;y,v)=(A8 (t)y,v)II, VvEV0 , 

!» (A8 (t)) is a Hilbert space provided with the graph norm 

IIYIIEi! (A8(t)) = ( IIY I I~ + I!Ao (t) Yll~)1 12 
• 

THEOREM 2. There exists the unique linear operator 

:Such that the following abstract Green's formula holds: 

(1.15) 

(1.16) 

(1.17) 

a8 (t,y,v)=(A 8 (t) y ,v)H+(0'8 (t)y, yv)s•s VyE!»(A 0 (t)), VvEV. (1.18) 

Proof is given in [5] (p.l74). 
Let us introduce the following: 

Condition (AI). For any given () Hilbert space !» (A 0 (t)) does not depend 
on t E [0, T]. 

If the above Condition is satisfied then from (1 .12) we have 

A 0 ( ·) E C1 (o, T; !l' (:» (Ao (t)); H)); 

0'0 ( ·) E C 1 (o, T; !l' (:» (Ao (t)); S')). 

Indeed, for any v E V0 we get 

a0 (t ; y,v)=(A0 (t)y, v)H, VyE!»(A8), VvEV0 • 

Hence (1.12) and the fact that V0 is dense in H imply (1.19). Then 

[0, T] 3tH (0'0 ( ·) y, v)5 •5 =a8 ( ·) y, v)- (A(·) y, v)H E C 1 (0, T) 

Vy E !» (A8), v E V, 

whence (1.20) follows. 
Let us introduce 

X 0 ={y EL2 (0, T; V) I ~ E L 2 (0, T; H), A 8 y E L 2 (0, T; H)} 
with the norm 

( 
11 

dy 11 2 )1 /2 
11YIIx8 = 11YII i2co,r;v) + -dt +[I AoYIIvco,r;H) 

L 2 (0 ,T;H) 

X 8 is a Hilbert space. 

(1.19) 

(1.20) 

(1.21) 

(1.22) 
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We introduce also a Hilbert space Ye defined as the set 

Ye = {QJE£2(0,T;S')[ :l y E X6 such that QJ =u0 y} 

with the norm 

ueY = QJ . 

65 

(1.23) 

(1.24) 

Remark. For given QJ EYe there exists y"' E Xe such that ue y"' = QJ and II ~P I I r ~ e 
~IIY"' II x0 • 

We define the restriction Ae(t) of the operator Ae(t) to the domain 

:?2 (Ae (t)) = {y E :?2 (Ae (t))[uo(t) y = O}. 

:?2 (A 0 (t)) is a Hilbert space provided with the graph norm. 
We have the following regularity theorem 

(1.25) 

THEOREM 3. [2]. Let us assume (A1), (1.11), (1.12), (1.13), (1.14) and (1.5) with ...1. = 0. 
Then the problem 

dy N 

----;}1 + Ae (t) Y = f, 

y (O) =Yo 

with y 0 E v and /E L 2 (0, T; H), has the unique solution Ye such that 

Ye E £2 (0, T; :?2 (Ae(t))), 
dye 
dt EL2 (0, T; H), 

and the following a priori estimation holds 

IIYe ll xe< C (IIYo llv+ 11/ lb(o,T;H)), 

where C is a constant which does not depend on y 0 , f 

(1.26) 

(1.27) 

(1.28) 

(1.29) 

(1.30) 

Remark. Constant C in estimation (1.30) 2? (V, V') does not depend on BE 0/1 if 
the family (1.13) is bounded in the space C 1 (0, T; 2? (V, V')) . 

CoROLLARY I. Under the same assumptions as in Theorem 3, there exists the unique 
solution Ye E Xe of the following abstract parabolic problem: 

( ddy,v) +ae(t;y,v)=(f;v)v·v+(tp,yv)s•s, VvEV, y(O) = y 0 , (1.31) 
_f , V' V 

where y 0 E V, f E L2 (0, T; H), QJ E Ye are given. 
Moreover the following a priori estimation holds 

IIYo llx
0 
< C (IIYo llv + 11/lb(o,T;H) + II ~P II r0), 

where C is a constant which does not depend on y 0 , f and QJ. 

5 

(1.32) 
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Remark. By (1.21), (1.22) and Condition (Al) for given() we have [1]: 

X0 cC(O, T: V) 

with continuous injection. 

In particular it means that the following estimation holds: 

IIYit = oll v :( C IIYIIx 
0

, Vy E Xo. 

Proof. For each rp E Y8 there exists y"' E X0 such that 

and 

hence 

IIY"' It=o llv:( C IIY"' IIx0 :( C"l lrp ll r0 • 

We define y0 E X8 as the solution of the following problem 

dy ~ 
dt+ Ao(t)Y=f, 

Y (O)=:Yo, 

where 

But 

II:YIIxo :(cl (IIYo llv + ll]llv(O,T;H))' 

hence for y8 = y+ y"' we obtain 

Example 2. Let us put 

V=H 1 (Q), H=L2 (Q), V0 =H~(Q), 

S = HliZ(r), S = H-1IZ(r). 

Consider bilinear from which was introduced in Example 1 

. ~ oy oz 
a0 (t,y,z)= L.. J cu(x,t,B) OX· ox - dQ+ Jb(x,t,B)yzdr. 

i , i=1!2 l J r 

First let us formulate sufficient conditions under which 

[0, T] 3 t~a8 (t ; y, z) E C1 (0, T), Vy, z E H 1 (Q) . 
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We have 

(i) cu(x, ·,r)EC1 (0,T), \fx E Q, \fr E [0, M], 

c;j(x, t, ·) E C 1 (0, M), \fx E Q, \ft E [0, T], 

8 (x, ·) E C 1 (0, T), \fx E Q; 

(ii) b (x, ·, r) E C 1 (0, T), \fx ET, \fr E [0, M], 

b (x, t, . ) E C 1 (0, M)' \fx ET, \ft E [0, T]' 

e (x, . ) E C1 (0, T)' \fx Er. 

For yE H 1 (Q) such that 

~ a ( ay) ~ axj Cu (x, t, e (x, t)) axi E L
2 (Q) 

i, j= 1 

we obtain [5] the following representation 

a8 (t; y, z)=(A8 (t) y, z)v(n)+((a8 (t) y, yz)), 

where 

( ( ·, ·)) denotes scalar product between H- 112 (r) and H 112 (r) 
11 

a ay 
Ae(t) y = - 2 axj ( cu(x, t, e (x, t)) axJ' 

i,j = 1 

a8 (t)y=(:~ +b(x,t,O(x,t))ylr, 

YY=Y ir, 

ay 211 ay -
-!l- = Cu (x, t, 8 (x, t))---;- COS (1'/, Xi) 
Ul'/A uX; 

i, j= 1 

~-is a unit vector orthogonal to and directed outside of Q. 

2. Observation in W(O, T) 

67 

Let U be Banach space of control functions. We denote by Uadc U a given 
set of admissible controls. We assume that there is given a family of bilinear forms 

au(t; y, z):Uad X [0, T] X Vx Vf---+L 00 (0, T) (2.1) 

which are continuous 

lau (t; y, z)l :(M IIYIIv !!z!!v, \fy, z E V, \fuEUad• \ft E (0, T] (2.2) 

and V- elliptic, 

a"(t;y,y)~cx IIY II ~, cx>O, VyE V, \ft E [0, T], VuEUad• (2.3) 

where a:, M are constants which do not depend on · u E Uad· 
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We denote by Yu E W (0, T) the state trajectory, i.e. the unique solution of the 
abstract parabolic equation: 

( ddy ,z) +au(t;y,z)=(f(t),z)v,v, 
t V'V 

where y 0 E H,f( ·) E U (0, T; V') are given. 

THEOREM 4. If for all u, v E Uad c U 

fau(t; y, z) -av(t; y, z)[ :'(M [[yf lv [[zffv [[u -v[[u 

then the state equation (2.4) generates continuous mapping 

U :::> Uad 3 U H Yu E W (0, T). 

(2.4) 

(2.5) 

(2.6) 

Pro of. By y 1 = Y111 , y 2 = Y112 , we denote state trajectories for controls u1 , u2 EUad· 
Let 

then 

( dy ) --d , z +au (t; y, z)=au (t; Yz, z) -a11 (t; y 2 , z), 
t 1 2 1 

V' V 

y (0)=0. 

VzEV (2.7) 

(2.8) 

The right hand side of (2. 7) defines linear functional J ( ·) E V (0, T; V') where 

(](t), z)v,v=au,(t; Yz, z)-auJt; Yz, z) 

which is bounded by assumption (2.5) 

ll]llv(o,T;V):'(M IIYz lb(o,T;V) [[ul -Uz fl u · 

Using (1.9) we obtain for the problem (2.5), (2.8) 

[[yf lw(o,T)< C ll]llv(o,T;V'):'( C (Yz) [[ul -uz fl u 

hence the mapping (2.4) is continuous. 
Let us assume, that there is given functional I ( ·) which is continuous in the 

topology of the space W (0, T). 

We define on the set Uad cost functional 

J (u) =I (yu), U E Uad. 

CoROLLARY 2. Let us assume that the set Uad c U is compact. Then there exists an 
optimal control it E Uad such that . 

J (u)"(J (u), VuE Uad. 

Proof. By Theorem 4 functional J ( u) is continuous on the set Uad' which is 
a compact subset of the space U. Hence by Weierstrass theorem Corollary follows. 

Let us consider problem of differentiability of cost functional J (u). 
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We denote by A11 , u E Uad a bounded linear operator 

Au E it' (1/', 1/''), where "Y=L2 (0 T· V) "Y' =L 2 (0 T · V') 
' ' ' ' ' 

(2.9) 

which is defined by bilinear form on 1/' 

T 

d.(y,z)= J au(t;y(t),z(t))dt, Vy,zE"f/'. (2.10) 
0 

LEMMA. Let us assume that at every point u E Uad there exist: 

(i) form gQ;;-(v; y, z) which is linear with respect to v E U, y, z E 1/' and 
bounded 

JgQu(v; y, z)l~M (u) JJvJJu IIYII;r llzll;r (2.11) 

(ii) bilinear form .?4!;;-(v; y, z) such that 

IPA!;;- (v; y, z)l =o (JJvl lu) (2.12) 

for any y, z E 1'. 
Moreover 

(iii) d;;- +au(Y, z) - d;;-(y, z) = gQ;;-(c5u; y, z)+PA!;;-(c5u; y, z) (2.13) 

in some open neighbourhood of the point u E U for any y, z E 1/'. 

Then the mapping 

Uad 3 U ~ Au E if! (1/', 1/'') (2.14) ' 

aA-
is differentiable in the strong sense and its differential ( a: ; c5u) is determined 
by the form gg;;-(c5u; y, z): • 

(< oA;;- ) ) gQ;;-(c5u; y, z)= ----a;;-; c5u y, z, ;r•.y' Vc5u E U, 

Proof. By assumption (i) there exists a linear mapping 

U3 V ~B (v) E it' (1/', 1/'') 

such that 

Vy, ZE"Y. 

gQ;;-(v;y,z)=(B(v)y,z);r•;r• VvEU, Vy,zE"Y. 

Hence from (iii) we obtain 

then by (ii) 

whence 

((A;;- +Ou - A;-B (c5u)) y, z);r·;r=P4;;-(c5u; y, z) Vy, z E 1/' 

sup I((A;;-+au-Au-B (c5u)) y, z).y•;rl =o (JJc5uJJu) 
lf ylf ;r<;; l 
llzll;r <;; 1 

< oA;; ) 
B (c5u) = ----a;;-; c5u . 

(2.15) 
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To determine the gradient 

(2.16) 

of the cost functional J (u) we introduce Lagrangian of the form: 

T d 
!l'(y, u,p)=I(y)+j (: +Au(t)y-f,p) dt 

t V'V 
0 

(2.17) 

which is well defined for any 

yEW(O,T), UEUad> pEL2 (0,T;V). 

If y = Yu is the state trajectory, then 

ft' (Yu, U, p) =I (Yu), \fp E £2 (0, •T, V). (2.18) 

Let us assume that functional I ( ·) is differentiable, that is for every ii E Uad 
where exists the gradient 

di 
dy (yu) E (W(O, T))'. (2.19) 

Example. For 

we obtain 

V tp E W (0, T) . 

Since [1] we have W (0, T) cC (0, T; H) and injection is continuous, the·'\ 

dil . 
dy (y;;-) E (W(O, T))'. 

For given ii E Uad we define the ad joint state p = p;;- as the solution of the 
adjoint equation 

\ftp E W0 (0, T) (2.20) 

where 
W0 (0, T) = {lP E W(O, T)IIP ir=o =0}. 

Example. For functional I 1 (·) · we obtain adjoint state equation of the form: 

( 
dp ) - -d ,v +a;;-(t;v,p)=O, 

t V'V 
Vv E V, p (T)= -y;;-(T)+z (2.21) 

which has unique solution p E W (0, T). 
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To obtain existence of the solutions to problem (2.20) we will use some general 
results given in [7], which can be formulated as follows: 

Let W be a Hilbert space and cJ> a normed linear subspace of W. We denote 
by cf>' the dual space to cf>. 

Let be given a bilinear form 

E:Wx cf>HR (2.22) 

which. is continuous with resepct to the first argument. We define a mapping 

(2.23) 

by the equality 

(w,Mrp)w = E(w,rp), 'v'wEW, 'v'rpEcf>. (2.24) 

Let L be any given element of space cf>' . 

THEOREM 5 [7]. Suppose that there exists a real constant C>O such that 

[[Mrp ff w;:, C [[ rp [[cp, \:frp E cf> (2.25) 

then there exists a solution wL to the variational problem 

(2.26) 

such that 

(2.27) 

The solution wL of (2.26) is uniquely determined if the set M [cf>] is dense in W. 

Proof is given in [7]. 

In the case of the problem (2.20) we define: 

(i) W=£2 (0, T; V'), 

(ii) cJ> = W0 (0, T), 

(iii) functional L is of the form 

(L, rp)<P'<P = < ~~ (y-;;); rp) ' (2.28) 

(iv) bilinear form E has the form 

E(w,rp) = (ddrp+A-;;rp,w) . 
f £ 2 (O ,T; V') 

(2.29) 

In the case Theorem 1 implies that norms 

llrrl lw0 (o,T) and 
11 

drp 11 -+A-rp 
dt u L'(O,T; V') 
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are equivalent, hence from Theorem 5 it follows that there exists the unique solu
tion wL of the problem 

E(wL, rp)=( ddrpt +A;; rp, wL) =-< ddl (y;;); rp)' 
£2(0,T;V') J 

We can determine p=II;:: EL2 (0, T; V) where JI- 1 denotes canonical iso
morphism between spaces L 2 (0, T; V') and U (0, T; V). If is easy to verify that 

Hence if we assume (2.11), (2.12), (2.13), then the mapping (2.14) is differen
tiable and we obtain 

( ~~ (u); lJu) = ( 
0

0~ (y;;, u, p); lJu) = (lJA;; y;;, fi) ;r•;r , (2.30) 

where 

THEOREM 6. Let u E Uad be an optimal control and let cost functional J(u) bediffe
rentiable then 

Vu E Uad· (2.31) 

Proof. Using (2.30) we get (2.31) as the usual form of necessary conditions of 
optimality [6]. 

Example. For the sake of simplicity we assume that parameter () = () (t) does not 
depend on x. Furthermore, parameter ()depends on control u by means of the fol
lowing ordinary differential equation: 

where 

{ 
iJ(t)=-fJ()(t)+u, 

()(0)=0, 

U=L2 (0, T), 

/3>0, 

Uad ={uEU(O,T) IO~u(t)~I, a.e. in [O,T]}. 

Remark. Linear mapping 

£2 (0, T) => Uad 3 u ~ () (u) E H 1 (0, T) 

which is defined by (2.32) is continuous. 

(2.32) 



On .parame'tric orptimal cron trol for weaJk 73 

Taking into consideration, that injection H 1 (0, T) c H 1 - • (0, T) is compact 
for any s > 0 and H 112+ 6 (0, T) cC (0, T) with continuous injection for any 6 > 0 
the mapping: 

L 2 (0, T)~ Uad 3 u~ 8 (u) E H 1 -"(0, T)c C (0, T)cL00 (0, T) 

is compact for any O<s<-!. 
Let us consider bilinear form which was introduced in Example 1 (section 1) 

au(t; y, z)=ao(u)(t; y, z)= 

n oz oy 
= }; J cij(x, t, eu(t)) OX· OX· dQ+ J b (x, t, (}u(t) yz dr. 

i,i = 1 a J ' r 
(2.33) 

ocij ob 
Remal~k. If we assume that --ag EL00 (tJ), aeEL 00 (L) then for (2.33) the 

following estimation holds 

lao(u,) (t; y, z)- ae(u2) (t; y, z) l ~ c 118 (ul)- e (uz) llv)Q(O,T) IIYI IHl(fl) llz ii Hl(fl)~ 

~ C llu1 -Uz lbco,r) IIYIIH'(fl) llziiH'(fl), (2.34) 

'v'y,zEH 1 (Q), VtE[O,Jl, 

where constant C depend on 

and fJ, T. 
Let there be given wEL2 (8), zEL2 (Q). For s=(e1 , s2), s 1 ~0, s2 ~0 we intro 

duce cost funtional J, (u) 

(2.35) 

where for any u E Uad• Yu E W (0, T) denotes the state trajectory which is defined 
by state equation of the form 

f oy ~ J oy oz 
Tt(t)zdQ+ ~ cu(x, t, eu(t)) oxi oxj ·dQ+ 

fl i,j=l fl 

+ f b (x, t, 8" (t)) yz dF= f f(t) z dQ , (2.36) 
r 

y (x, 0) = y 0 (x) 

where /E L 2 (Q), y 0 E V (Q) are given. 

V z E H 1 (Q) a.e. in [0, T] 
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From Theorem 6 we get the following: 

LEMMA. For any e =(e1 , e2 ), e1 ;:;:0, e2 ;:;:0 there exists an optimal control it, E Uad 
such that 

J,(u,),;;J,(u), VuEUad· 

At a given point u E Uad the gradient of cost functional (2.5) has the form: 

where 1JB is definied by ordinary differential equation 

{ 
Je = - f31JB + Ju , Ju E U 

Je (O)=O 

.and adjoint state j5 is the unique solution of the adjoint state equation: 

( 
dp ) -I- dt'z +aoc;;-J(t;z,p)=- e1 (y;;- -w,z) 

l p (x, T)= - y;;-(x, T)+z (x). 

\:lz E H 1 (Q), a.e. in [0, T] 

This equation is obtained using (2.20). 

3. Observation in W1 (O,T) ll 

As in the previous section we denote by Uad a given set of admissible controls. 
Suppose that there is given a family of bilinear forms 

{au(t, y, z)}u eu •• (3.1) 

which satisfy (2.1)-(2.3). 
Furthermore we assume 

(i) au(t; y, z) =au (t; z, y), Vu E Uad, Vt E [0, T], Vy, z E V; (3.2) 

(ii) for any u .E Uad 

[0, T] 3 t ~ a11 (t; y, z) E C 1 (0, T); 
moreover 

llau(·; y, z) l bco,T)~ C IIYIIv ll~ ll v VuE Uad• Vy, z E V, 

where constant C does not depend on u E Uad and y, z E V. As in section 1 (1.21), 
{1.22) we introduce a family of Hilbert spaces X11 , u E Uad as well as Yu and~ (A" (t)). 

1 Space W1(0, T) will be defined in the sequel (3.9). 
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We assume 

(iii) YE !& (Au, (t)) <:o> YE £0 (Au, (t)), Vul, Uz E Uad, 

cl l lyii~(A., {t)) < IIYII!'b(A., (r ))< Cz iiYII!!.i(A ,, (t))' 
1 2 . 1 

75 

(3.3) 

(3.4) 

where constants C1 , C2 can be chosen independently of ut> u2 , u1 , u2 E Uad· 

From (iii) and (1.21), (1.22) we can deduce 

Moreover we assume: 

(iv) 

C1 IIYIIx., < IIYIIx., < CziiYIIx., . 
1 2 1 

(3 .5) 

(3.6) 

(3.7) 

(3 .8) 

It seems that in general (iii) does not imply (iv) but it is an open problem for 
;the author. 

We choose some u E Uad and denote 

W1 (0, T)=X;;, 

Y= 1';7· 

(3.9) 

(3.10) 

Furthermore we assume that £0 (A;; (t)) does not de:rend on t E [0, T]. We denote 

£0 =!:0(A;;(t)). (3.11) 

If we assume that family (3.1) satisfies (2.3) and above conditions (i) (ii) then 
iby Corollary 1 state trajectory y 11 , u E Uad• which is defined by state equation of the 
form (1 .33), is an element of the space W 1 (0, T). Moreover under the above assump
tions (iii), (iv) the following estimation holds: 

IIYu ll w,(o ,T)< C (llf llvco,T;H) + IIYo llv+ Il l/l il y)· (3.12) 

We define cost functional . 

J(u)=l(y,J , uEUad• (3.13) 

where I ( ·) is given continuous functional on the space W 1 (0, T). 

THEOREM 7. If for any u1 , u2 E Uad 

lau
1
(t; y, z) -au,(t; y, z) l < C IlL (ul - Uz)llu, IIYII!ill llziiH, 

V t E [0, T], Vy E !& ' V z E V, 

and if operator LE !!' (U, U1 ) is compact then cost functional (3.13) is continuous 
·On the set Uad in the weak topology of the space U. 
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Proof. Taking advantage of (3.12) and using the same argument as in Theorem 
4 we obtain for 

the following estimation: 

II.YIIw•(O,T)~ C IIY2 1hv•(O,T) IlL (ul- U2)llu, · . 
Theorem follows from the fact, that operator LE:£ (U, U1 ) is compact. 

CoROLLARY 3. If we assume that the set Uad c U is weakly compact then according 
to Theorem 7 under the above assumptions there exists an optimal control u E Ua 4 

such that 

The gradient of cost functional (3 .13) is determined in the similar way as it was 
done in previous section. 

Let us assume, that there is given a Hilbert space Y such that 

Y c Y with continuous injection, Y is dense in Y. (3.14) 

Hence, as usually 
YcY= Y'cY'. 

We define Lagrangian 

T dy 
fi'(y,u,p,r) = I(y)+ J (dt+A,(t)y-f,ptdt+ 

0 
T 

+ J (au(t)y-rp,r)yy,dt. (3.15) 

0 

Remark. 
(3.16) 

IT! 1 denotes canonical isomorphism between Hilbert spaces Y' and Y. For 

Y=Yu we have 

fi' (y 11 , u, p, r)=J (u), VuE Uad, \lp E L 2 (0, T; H), \lr E Y'. (3.17) 

Let us assume that functional I ( ·) is differentiable. Its differential at the point 
ji = Y;;- E W 1 (0, T), ii E Uad for an increment by E W1 (0, T) we denote by 

< dl ) 
dy (ji); by . (3.18) 

Generalized ad joint state (p, f) EL 2 (0, T : H) x Y' at the point ii E Uad we 
fine as a solution (if it exists) of the following variational problem: 

de-

T T 

. J ( dr + A;;-(t) rp, p) dt+ J (a;;- (t) rp, r)yy, dt= 
0 H 0 

< dl " 
= - dy (y;;-); rp J ' Vrp E W~(O, T), (3.19) 
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where 

LEMMA. There exists the unique solution of the variational problem (3.19). 

Proof. In this case Theorem 5 can be applied. Indeed, it is enough to define 

where 

W=V(O, T; H)xY, 

w=(p, r) 

;: = rr; 1 r' ,. E Y'' ;: E Y, 

(3.20) 

T d T , 

E(w,rp) = J(p, d~ +A;;-(t)rp) dt+ j(ll1 1 r,o"u(t)rp)rdt, (3.21) 
0 H 0 

<dl ) 
(L, rp )<~>· <~> = - dy (Y;;-); rp , (3.22) 

Using (3.5), (3.6), (3.9) and (3.12) we obtain from Theorem 3 and Corollary 1: 

( 
11 

ddtp +A; (t) (/> 11
2 

• + lla;;-(t) IPII Y) ~ C llrpllw•co,T), 
f . L (O,T,H) (3.23) 

VrpEW~(O, T). 

Hence by Theorem 5 there exists a solution wL=(p, n=~ f) E W of the problem 

(3.24) 

On the other hand for any jE L 2 (0, T; H) and any If/ E Y there exists the unique 
solution rp E W~ (0, T) of the problem 

l :~ +A;;-(~rp~f, a" rp -If/' 

fP ir:o = O, 

(3.25) 

hence Theorem 5 implies that the generalized adjo int state (p, f) is determined 
uniquely. 

In order to find the gradient of (3.13) we have to introduce the spaces 

Y =L2 (0, T; S), (Y)'=Y'=L2 (0, T; S'), 

Yf' = L 2 (0, T; H), "f/ =L2 (0, T; f), "//' =L2 (0, T; V') 

and define linear operators 

Au E 2 (W1 (0, T); £), 

au E 2 (W1 (0, T); Y), 

(3.26) 

(3.27) 

.. 
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in the following way: 

T 

(Au y,z)Jf' = J (Au (t) y (t), z (t)hdt, 'v'yEW1 (0,T), 'v'zE"f/; (3.28) 
0 

T 

(a11 y, yz)9''9' = J (au(t) y (t), yz (t))s•s dt, 'v'y E W 1 (0, T), 'v'z E "f/, (3.29) 
0 

where 

(yz)(t)= yz (t), 'v'z E "f/, ji E !f' ("f/, [f/). 

Remark 1. Operators (3.28), (3.29) are connected with bilinear form 

T 

du(y,z)= J au(t; y (t ), z(t ))dt 'v'y, Z E "f/, (3..30} 
0 

namely 

(3.31} 

Let us consider given control u E Uad and assume that nonlinear mappings. 

Uad 3 u ~ Au E !f' ( W1 (0, T); Jlf), 

Uad 3 u ~ au E !f' (W1 (0, T); Y), 

(3.32} 

(3.33} 

are differentiable in strong sense at an arbitrary point ii E Uad· We denote deriva
tives of mappings (3.32), (3.33) at ii by BA ( ·) and B ( • ). 

Conditions under which BA ( ·) and B" ( ·) exist are discussed in Appendix. 

Let (jj, f) E V (0, T; H) x Y = £' x Y denotes generalized ad joint state at point 

U E Uad· 
Using the same argument as in Section 2 it can be shown that under the above 

assumptions the gradient of functional (3 .13) is of the form 

'v'Ju E U. 

In exactly the same way as in the case of Theorem 6 we obtain the following : 

THEOREM 8. If u E Uad is an optimal control which minimizes functional (3.13) over 
the set Uad and functional (3.13) is differentiable at the point u E Uad then 

Example. Let Q be an open region in R" with smooth boundary. Let us consider 
the following problem of optimization. 

Find 

1 
min 2 1/Ye(u)(T)- z//1,(r.!)= n:in J 1 (B (u))= minJ(u). 

u E Uad u EU a d u E Uad 

----~- --- ~~~~~~~~~~~~~~~~~~~- -~---
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Subject to the constraints (state equation): 

r ir -F(fJ) ily=f, (x, t) E Q, 

(I) ~ ay 
I 

a0 (t)y=F(fJ)a+ g(fJ)y =rp, (x,t)EI:, 
. 1J 

I y (x, 0) = Yo (x), x E Q, 

where 

f E L2 (Q)' rp E fil/2 , 1/4 (I:)' Yo E Hl (Q), (3.35) 

are given functions. We assume: 

fJ(u)EC 1 (0,T), VuEUad• 

0~ fJ (u)(t)~ M, Vt E [0, T], (3.36) 

F ( · ), g ( ·) E C 1 (0, M). 

Moreover 

F (r) ~<X> 0 , V r E [0, M], 

g (r)~O, \IrE [0, M]. 
(3.37) 

Under the above assumptions for each fJ=fJ (u) there exists [4] the unique so
lution y=y8 E H 2 ' 1 (Q) such that 

(3.38) 

In this case we have 

where 

H 1 (Q ; il) ={yE H 1 (Q) jily E u (Q)}. 

Let us assume that parameter f) depends on control u E L 2 (0, T) in the follow
ing way 

fJ=Lu 

where L is given by the system of ordinary, linear, differential equations 

fJ (0) = 0, u1 (0) = 0, U E Uad, 

and let 

Uad={uEL2 (0,T) IO~u(t)~l, a.e. in [O,T]} . 



80 J. SOKOLOWrSIKI 

From Theorem 6 we get the following 

LEMMA 1. There exists an optimal control u E Uad such that 

J (u)~J (u), VuE Uad. 
I 

Remark. In the case of state equation (1) appropriate bilinear forms are de-
fined as follows: 

. n a a 
au(t; y, z) = F((Lu) (t)) 2 I a:; a:; dQ + 

i=l Q 

+g((Lu)(t)) I yzdr, Vy,zEH1 (Q), 

r 
T n a a 

du(Y, z) = I {F(Lu) 2 I a:; a:; dQ}dt+ 
0 i = l Q 

T 

+ I {g (Lu) I yz dr} dt, Vy, z E £2 (0, T; H 1 (Q)), 
o r 

'v'uEUad• 'v'vEU=U(O,T), Vy,z EU((O,T;H1 (Q)). 

From Theorem 8 we obtain the following 

LEMMA 2. If {J = Lu is an optimal parameter (control) then 

I {[ ~: (Lu) (L (u - u))] ·Liy~ · p,;}dQ+ 
Q 

J[ dF ay~ dg ] 
+ de(Lu) art + d() (Liiy~) (L (u - u)) r~dE~O, 

.E 

where 

Y• - y • e=Lu, u - O(u)' 

L 2 (Q)xH- 1 f 2 , - 1 f 4 (E)3(P'0,r0) is the unique solution of generalized adjoint 
equation 

I
T ( d(/J A ) IT ( A a(/J A ) -d -F(fJ)LI([J,p dt + F(fJ)-~- + g(8)({J,r dt = 

t V(Q) un L'(T) 
0 0 

= - (y;(T)-z, ({J (T))H'(Q), \1(/J E W~(O, T), 
where 

---- ---· ------------------------------------------------------------
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4. Appendix 

In Appendix we consider the problem of existence of Frechet derivatives BA ( · ), 
B" ( ·) of nonlinear mappings 

Uad 3 u f--* Au E .!£ ( W1 (0, T): J"f), 

Uad 3 U f--* u 11 E .!£ ( W1 (0, T); 9'") . 

Let us start with technical remark: 

Remark. In section 1 we introduced linear operator y E.!£ (V, S) such that 

(i) y maps V onto S, 

(ii) V0 = Ker y, is dense in H. 

Let us denote by y' E.!£ (S', V') the adjoint of y, i.e. 

(rp, YY)s,s=(y' rp, Y)v'V• Vrp E S', Vy E V. 

Operator y' has the closed range in V' 

Range y' = V~ 

where V~ denotes the orthogonal of subspace V0 in V'. Hence there exists bounded 
inverse (y')- 1 E.!£ (V~, S') which maps V~ onto S'. Similarly for operator f E 
E.!£ (Y", "f/') there exists its inverse (f) - 1 E .!£ ("Y~, 9'") where "Y~ denotes 
orthogonal of subspace "Y 0 = L 2 (0, T; V0 ) in "Y'. 

Let ii be a given element of the set Uad· 

LEMMA. Let there exist: 

(i) form P4;; (v ; y, z) which is linear with respect to v E U and y, z E "Y and 
bounded: 

(4.1) 

Moreover, for each z E "Y 0 =£2 (0, T; V0 ). 

186';; (v; y, z)l ~M (ii) llvl lu IIYIIw'(O,T) llzii.Jf' ; (4.2) 

(ii) bilinear form ~;;(v; y, z) for which the following estimations hold 

l ~;; (v; y, z) l 
I IY I I "~'" llzl1

1
r = 0 (llvl lu)' Vy,zE"Y, y;fO, z#O; (4.3) 

I ~;; (v; y, Zo) l 
IIYIIw,co,T) llzo ii.Jf' = 0 (llvllu)' \:fy E W1 (0, T), \:fz0 E "Yo, (4.4) 

y#O, z0 ;60. 
Such that 

d;; +Ou(Y, z) - d;;(y, z)=88;;(Ju; y, z) + ~;;(Ju ; y, z), 

\:fy E "f/, \:fz E "f/, 
(4.5) 

for any Ju with small enough: iiJullu <e. 

6 
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Then there exist linear operators 

BA ( ·) E 2 (U; 2 (W1 (0, T); £)), 

Ba(·) E 2{(U; 2 (W1 (0, T); Y")), 

which are uniquely determined by the form f!4-;; ( ·; y, z), such that 

oA- oa-
where ouu ' a: denote derivatives of nonlinear mappings 

at the point ii E Uad· 

Uad 3 u 1-+ A .. E 2 (W1 (0, T); J't'), 

Uad 3 u 1-+ O'u E 2 (W1 (0, T); !/'), 

(4.6) 

(4.7) 

(4.8) 

(4.9) 

(4.10) 

(4.11) 

Remark. (4.11) makes sense because YcY" with continuous injection, hence 
2 (W1 (0, T); Y)c2 (W1 (0, T); .9'"). 

Proof. By (3.33) and (3.36) for every ZE 1/'0 we have 

((A-;; +Ou-A-;; - BA (ou)) y, z)ff=~-;;(ou; y, z), Vy E W 1 (0, T), (4.12) 

where BA ( ·) is defined by equality 

f!4~(ou;y,z) = (BA (ou)y,z)ff, VyEW1 (0,T), VzE"f/'0 . (4.13) 

But 1/' 0 is dense in J'f due to the fact, that V0 is dense in H . 
Then by assumption (4.3) we get 

sup [((A-;;+Ou-A-;;-BA (ou)) y, z)ff[ = o (l loullu) 
11YIIw1(o,T)<l (4.14) 

zEV0 , ll z llff~1, 

which shows that BA ( ·) is Frechet derivative of the mapping (4.10). 
To prove (4.11) we define linear operators P-;; and T(·) of the form: 

(P-;;y,z)'f!''f! = d-;;(y,z)-(A-;;y,z)ff, VyEW1 (0,T), VzE"f/', (4.15) 

(T(v) y, z)'f!''f! =r!4-;;(v; y, z) - (BA (v) y, z)ff , 

Vv E U, Vy E W1 (0, T), Vz E 1/'. 
(4.16) 

It is easy to show (cf. (3.31)) that 

(i) p~ E 2 (W1 (0, T); 1/'')' 

P;; maps W 1 (0, T) into 1/'~, (4.17) 

P-= -y' a-· 
u u' 
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T ( ·) E .P( U; .P (W1 fO, T); 1""')), 

T(·)=Y'Bu(·), 

(ii) 
(4.18) 

where Bu(·) E .P (U; .P (W1 (0, T);9")) is defined by the following equality: 

(Bu(v) y, yz)S"'S" =Pi;(v; y, z)-(BA (v) y, z)~, 

VvEU, VyEW1 (0,T), VzE'i"". 

From (4.5) we deduce 

((P; +Ou-P;-T(Ju)) y, z)f'f=d; +Ou(Y, z)-d;(y, z)-

- PJ;(ou; y, z)-((Au+Ou-A;-BA(Ju)) y, z)~= 

=Pll;(ou; y, z)-((A; +Ou-A;-BA (ou)) y, z)~= 

(4.19) 

=Pll;(ou; y, z) -G;(y, z), Vy E W1 (0, T), Vz E "Y, 

where 

hence using inequalities 

/Pll;(Ju; y, z)/ /Pll;(Ju; y, z)/ 
): ' 1/y//f 1/z//f IIYIIw•(O,T) 1/z//f 

/G;(y, z)/ /G;(y, z)/ 
-----)=-----
IIYIIw•(O,T) 1/z//J'l' IIYIIw•co,T) 1/z//f ' 

which hold for every yE W1 (0, T), y#O and every z E 1"", z#O (in fact 1/YIIw•co,r)): 
): 1/Y//f, Vy E W1 (0, T), also 1/z//f ): 1/z//J'l', V z E 1""); from ( 4.3) and ( 4.14) we get 

1/P; +Ou -P;- T(ou)l/_p(w•co,T);f') = o (1/ou // u) 
hence 

1/ a; +Ou - a;-B" (ou) /12 (w•co,T); S"') = 

=1/(f)- 1 (Pu+Ou-P;-T(ou))l/2 (w•co ,T);S"')=O (1/ou//u). Q.E.D. 

Remark. For existence of the gradient of functional (3.13) we need an addi
tional assumption, namely 

< oa- ) 
Bu(·)= OUu ;(•) E!l'(U;.P(W1 (0,T);Y)). 

The above assumption is connected with the fact that the Lagrange multiplier 
r is an element of the space Y', which is defined uniquely. 
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0 optymalnym sterowaniu parametrycznym dla slabych 
rozwi!!zan abstrakcyjnych liniowych rownan parabolicznych 

Rozwazono problem optymalizacyjny dla przypadku sterowania parametrycznego. R6wnaniem 
stanu, kt6rego rozwiqzania zalezq od sterowania, jest tu liniowe abstrakcyjne r6wnanie parabolicz
ne; rozwazono jego tzw. slabe rozwiqzania. 

Sterowanie wyst;epuje we wsp6lczynnikach operatora eliptycznego. Postawiony problem opty
malizacyjny polega na wyznaczaniu w zbiorze sterowan dopuszczalnych sterowania optymalnego 
minimalizujqcego funkcjonal jakosci zalezny od sterowania przez rozwiqzanie r6wnania stanu, 
przy czym rozwiqzanie r6wnania stanu jest traktowane jako element pewnej przestrzeni funkcyj
nej , tzw. przestrzeni obserwacji. Rozwazono dwa zasadniczo r6zniqce si;e rodzaje obserwacji, dla 
kt6rych podano warunki wystarczajqce do istnienia rozwiqzania optymalnego oraz r6zniczkowe 
warunki konieczne optymalnosci. 

Dla uzyskania prostej postaci gradientu funkcjonalu jakosci wprowadzono tzw. uog6lnione 
r6wnanie sprz;ezone. 

Uzyskane rezultaty wykorzystano w przykladach problem6w optymalizacji parametrycznej 
dla konkretnych r6wnan r6zniczkowych czqstkowych typu parabolicznego. 

06 ODTHMaJibHOM IlapaMeTpH'IeCKOM ynpaBJieHHH )J;JIH CJiaObiX 
a6cTpaKTHbiX pememtii JIHueiiHbiX napa6oJIH'IeCKHX ypasueuuii: 

B pa6ore paccMarprrBaercJI orrTHMH3ai]HOHHaJI rrpo6rreMa .!(JIJI crry'faH rrapaMerprrqecKoro 
yrrpaBrreHHJI. YpaBHeHHeM cocroHHHH, Koroporo pemeiDI 3aBHCHT or yrrpaBrreHHH, 3.!(eCI> HBJIH
eTCJI MHeil:moe a6crpaKTHoe rrapa60JIH'fecKoe ypaBHeHHe; paccMarprrBaiOTCJI ero raK Ha3biBaeMbre 
crra6ore pemeHHH. 

YrrpaBrreHHe HMeer Mecro B K03cPcPHI]HeHrax 3JIJIHIITH'feCKoro orreparopa. IIocraBrreHHaJI 
OIITliMH3ai]HOHHaH rrpo6rreMa COCTOHT B orrpe.!(eJieHHH Ha MHOlKeCTBe .!(OIIyCTHMbiX ynpaBJieHHH 
OIITHMa.JThHOTO yrrpaBJieHHJI, MHHHMH3HpyiOII]ero cPYHKI]HOHaJI Ka'feCTBa, 3aBHCHII]HH OT yrrpaB
JieHHH IIOCpe.!(CTBOM pemeHHJI ypaBHeHHJl COCTOHHHJl, rrpH'!eM pemeHHe ypaBHeHHJl COCTOHHHH 
BOCIIPHHHMaeTCJl B Ka'!eCTBe 3JieMeHTa HeKOTOpOrO cPYHKI]HOHaJibHOTO ITpOCTpaHCTBa, TaK Ha3bi
BaeMOTO rrpocrpaHCTBa na6mo.!(eHHil:. B pa6ore paccMaTpHBaiOTCJI .!(Ba npHHI]HIIa.JThHO pa3JIH'f
HbiX BH.!(a na6mo.!(eHHil:, .!(JIH KOTOpblX .!(aHbl .!(OCTaTO'!Hb!e YCJIOBII.Jl cyii]eCTBOBaHHJl OIIT!LV!a.JThHOTO 
peilleHHH li He06XO.!(HMble M<iJ<iJepeHI]Ha.JThHDie YCJIOBHH OIITHMa.JThHOCTH. 

C I]e.JThlO IIOJI)''feHHJl IIPOCTOTO BH.!(a rpa.!(neHTa cPYHKI]HOHaJia Ka'!eCTBa BBO.!(HTCJl TaK Ha3bl
BaeMOe o6o6meHHoe corrpJilKeHHoe yn;pasrreHrre. 

liOJI)''!eHHb!e pe3y.JThTaTbl IICIIOJTh3YlOTCJl B IlpHMepax 3a.!(a'! rrapaMeTpH'!eCKOH OIITHMH3ai]HII 
.!(JIH KOHKpeTHbiX .!\HcPcPepeHI]HaJII>Hb!X ypaBHeHHil: C '!aCTHbiMH rrpOH3BO.!(HbiMH rrapa60JIH'!eCKOTO 
TJIIIa. 


