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by 
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An optimal control problem for a system described by linear parabolic equation with mixed boundary 
conditions is considered. The coefficients of the equation depend on contro l fu nction while the cost 
functional depends on the terminal state. 
To find an a pproximate solution of this problem an external approximation (finite difference) 
method is used. It is shown that this approximation is convergent. 
Theoretical results are illustrated by numerica l examples. 

Introduction 

In the paper the approximation of a parametric optimization problem is consi­
dered [1 ]. In the problem coefficients of linear partial differential equation of para­
bolic type-state equation-depend on control function. Problems of such type appear 
in technology of solid state devices [6] and in identification theory [1] and were 
investigated by Bensoussan [1], Chavent [3], Sokolowski [9], [10], [11]. 

In the paper we prove convergence, in some sense, of external approximation 
for parametric optimization problem and then we give a numerical example. 

In section 1 we recall some existence results concerning weak solutions of linear 
parabolic equations. 

In section 2 we formulate parametric optimization problem and recall an exi­
stence result. 

In section 3, 4 we define some spaces of steps functions over discretized domains 
and we recall some regularity results for discretization of domain due to Cea [2]. 

In section 5 we define external approximation of linear parabolic equation. 

In section 6 we show that external approximation of parametric optimization 
problem is convergent in some sense. 

In section 7 a numerical example is given. 



46 J. SOKOLOWSKI 

., 

Acknowledgment. This paper is mainly based on a part of the author's thesis 
[12] supervised by doe. dr hab. Kazimierz Malanowski to whom the author would 
like to express his very deep thanks. 

1. Preliminaries 

Let Q be given domain in R" with enough regular boundary F = oQ. 

By V = H 1 (Q) we denote Sobolew space of functions (class of functions) yE U (Q),. 
oy 

such that J~. ELl (Q), i=l, .. . , n, where H=U (Q) is the usual Hilbert space 
' 

of equivalence class of real-valued, square-integrable functions on Q. By V'= (H1 (Q))' 
we denote dual space to H 1 (Q). 

Let E be a given Hilbert space, U (0, T; E) is the Hilbert space of equivalence 
classes of £-valued, square-integrable functions on [0, T]. 

By W(O, T) we denote linear subspace of L 2 (0, T; V): 

W(O, T)={fEL 2 (0, T; V) I:: ELl (0, T; V')}. (1.1) 

W(O, T) is a Hilbert space [4] under the scalar product: 

T [ (dy dz ) J (y,z)wco , T)= J (y(s),z(s))v+ dt (s),dt (s) v' ds. 
0 -

(1.2) 

It is known [4], that imbedding 

W(O, T)cC(O, T; H) (1.3) 

is continuous, where by C (0, T; H) we denote the Banach space, of continuous 
mappings [0, T] ~ H with usual sup norm. 

On the space H 1 (Q) we define a bilinear form (y, z) ~a, (t; y, z) depending 
on a real parameter r setting: 

" ay az 
ar(t;y,z)=}; J a1(r,x,t) 0X · oxdQ+ J g(r,x,t)yzdT, 

i=l n ~ t r 
Vy, z E H 1 (Q), rE R. (1.4)' 

LEMMA 1. Assume : 

0<a:0 ~a1 (r, x, t)~M} Vr E [0, 1] 

O~g(r, x, t)~M V (x, t) E Q=Q x] 0 ,T[ 
(1.5) 

then 

(i) lar(t;y,z) I ~C IIY II v llz iJ v, Vy,zEV=H 1 (Q) VtE[O,T], VrE[O,l]; (1.6) 

(ii) Gr (t; y, y) + J JyJJ~;;, a:JiyJJ ~, IX> 0 V' yE V, Vr E [0, 1 ], Vt E [0, T]. (1. 7) 
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Pr oof of the above lemma is elementary. Let there be given functions: 

u = u(x, t), O~u(x, t)~ 1 a.e. in Q 

U E £ 00 (Q) 

jE£2(0, T; V') 

rpEL2 (0, T; S'), S=H- 1 12 (r) 

YoEH 

then [4] there exists the unique solution 

y = yll E W(O, T) 

of the following parabolic equation: 

(;; (t), z )v.v +a" (t; Y (t), z) = (f(t), z)v·v + ( rp (t), }'z)s' 5 , \fz E V 

(1.8) 

(1 .9) 

a.e. in [0, T] ( 1.10) 

y(O) = Yo (1.11) 

where by yzEH 1 12 (T)=S we denote trace [4] of zEH 1 (Q). 

REMARK 1. Formally problem (1.10), (1.11) can be interpreted as follows: 

oy - j: !_ (a· oy) = f, 
ot _..:.....J ox; ·ox; ' 

I := 1 

(x, t) E Q 

oy 
on +gy = rp, (x, t) E .I: 

(1.12) 

y (x, 0) = Yo (x), 

REMARK 2. If we assume more regularity for function rp, that is rp E L 2 (.I:), then 
duality pairing ( ·, · )s' s coincides with scalar product of £2 (T). 

Let us denote by (]a subset of the Banach space L 00 (Q), given by 

U= {u EL00 (Q) I O~u(x, t)~l, a.e. in Q} 

LEMMA 2. Assume mappings 

[0, 1] 3 n-~ a; (r, ·, ·) EL00 (Q), i= 1, ... , n 

[0, 1] 3 rH g(r, ·, ·) EL00 (.E), 

to be Lipschitzian, then mapping generated by (1.10) (1.11) 

£ 00 (Q)=> {] 3 UH Yu E W(O, T) 
is continuous. 

Proof is given in [11]. 

(1.13) 

(1.14) 

(1.15) 

(1.16) 
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REMARK. If mappings (1.14), (1.15) are differentiable, then the mapping (1.16) is 
differentiable [11]. 

2. Parametric optimization problem 

Let there be given a Hilbert space U of controls (parameters) such that 

with continuous imbedding 
UcL 00 (Q) (2.1) 

Example. If u=u(t) depends only on time variable t E [0, T], then U=H 1 (0, T) 
may be chosen and (2.1) is satisfied. 

We assume, that the set of admissible controls Uadc U is a bounded, convex 
and closed subset of U. 

Let zd E L 2 (Q) be given function. 
Our problem of parametric optimization is the following: 

(P) minimize cost functional 

(2.2) 

su~ject to UE Uad and the state equation (1.10), (1.11). 

LEMMA 3. Assume set Uad to be a compact subset of L 00 (Q), then there exists a 
solution {'t E Uad to (P). 

Proof. Lemma 3 follows from Lemma 2 and Weierstrass theorem. In the se­
qual for the sake of simplicity we assume that the set Uad has the following form: 

Uad={uEH 1 (0,T) JO~u(t)~l, l :; i ~l a.e. in [O,T]}. (2.3) 

LEMMA 4. Set (2.3) is a compact subset of Banach space C [0, T]. 

Proof. Set Uad being convex, bounded and closed subset of Hilbert space 
H 1 (0, T) is weakly compact. By imbedding theorem [4) it is a compact subset of 
Sobolew space 

Taking advantage of the imbedding H 112 
+O (0, T) cC (0, T) which is continuous 

VJ>O [4), we obtain required result. From Lemmas 3 and 4 we get, 

THEOREM 1. For Uad of the form (2.3) there exists an optimal control u E Uad to 
the problem (P). 

REMARK. Theorem 1 is valid in general case, for problem (P) with cost functional 
of the form: 

J(u)=f(u, y,), U E Uad 
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where functional 

I(·, · ): L 00 (0, T) x W(O, T) ~R+ 

is assumed to be continuous. 

3. External approximation - discretization of the domain 

In this section we introduce the clasical concept of discretization of domains 

Q and Q in order to define some spaces of step functions over discretized domain 
!21., Q, where r = (h, L1 t) denotes vector parameter of discretization; h, L1 t correspond 
to discretization of space and time variables respectively. 

We also shortly describe some regularity properties of discretization of the do­
main Q, which were introduced by Cea [2]. These regularity properties are satis­
fied provided that domain Q has piecewise Lipschitzian boundary r. They ensure 
existence of limits, in some sense, of sequences of traces of steps functions. 

We denote 

lhl2 = 2; h~ 
i= 1 

lrl 2 = lhi2 +(L1t) 2
, where r=(h, At). 

By r--+0 (resp. h--+0) we mean lrl 2 --+0 (resp. lhl 2 --+0). 
For given parameter h we introduce mesh Rh of nodal points M, where M= 

(j1 , h1 , ... ,j,., h") ER", j 1, i- integers. 
For given parameter h, mesh Rh corresponds to discretization of space variable x . 
Let M= (m 1 , ... , m 11 ) be given point of R1., we define two sets: 

Oh(M. 1)= U Oh(M+tUt ht + ... +j" hn); 0) 
ljl,;; 1 

where Ul =.it+ ... +.i" 
hl =(hl, 0, ... , 0) 

h11 =(0, ... , 0, h11). 

(3.1) 

(3.2) 

We denote by Q (h) subset of mesh R1., corresponding, in some sense, to the 

domain Q: 

(3.3) 
and we set: 

ilh= 'U O"(M; 0). (3.4) 
MEf.l(h) 

Let there be given a subset rvr;;r. 

4 
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DEFINITiON 1. ·Collection of points ME Q (h) such that 

Oh(M; 0) nFv-#0 

J. SOKOLOWSKI 

(3.5} 

will be called "the set of boundary points of Q (h) with ·respect to Fv''. 

For given point ME Q (h), we denote 

QM=QnOh(M; 0) 

FM=FnO~z(M;O). 

(3.6} 

(3.7) 

DEFINITION 2. Family {Fvo Rhh> 0 is called "pre-regular" if for any given point 
ME Q (h) which belongs to the set of boundary points of Q (h) with respect to 
r" the following conditions are satisfied: 

(i) there exists an integer i = i(M), i=l, ... , n, which will be called "Index of 
regularity of point M" such that: 

where 

IFMI = .r dF, IQMI = .r dQ; 
rM QM 

(ii) at least one of the following inclusions takes place: 

b( FMcQ Or <5; FMcQ 

where 

p>O, O<ph;<l}, 1>0; 

(iii) constants C, l do not depend on h. 

(3.8} 

(3.9) 

(3.10} 

DEFINITION 3. Family {F, Rhh>o is called "regular" if there exists a finite cover 
{Fv}vEA of boundary F=3Q, such that: 

(i) all boundary points M E Q (h) corresponding to given set rv have the same 
index of regularity i(M)=i (v) and family {F" R,,h>o is pre-regular; 

(ii) at least one of the following inclusions holds: 

where 

M EQ(II) 
rvnO,,(M;O),i r]) 

MEQ(h) 
r,no 1,(M;O),i r]) ; 

(3.12) 

(3.13) 

(3.14) 
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(iii) for h small enough, at least one of the following inclusions holds: 

151 r.cM2t or 151 r.c15D";, i=i(v) 

where 

and 

Jz r. =l5i r.uJ; r. 
15Q"( =Q~""-Q~nQJ 

15Qi =Qi""-Q;nQJ 

(iv) above conditions (i), (ii), (iii) are satisfied Vv EA. 
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(3.15) 

(3.16) 

(3.17) 

(3.18) 

We define also a mesh on the space R"+ 1 , which we use to approximate some 
elements of L 2 (Q), Q=Qx] 0, T[cR"+ 1 we put 

L=(M,jiJt), M E Rh, j- an integer 

and we denote by R, collection of such nodal points L. 
In the same way as before we put 

Q(r)= {LE RtiL=(M,jiJt), ME Q (h),jiJt E [0, T+iJt[} 

and we define 
Qt= U oh (M, o) x [JAt, U+ I) LJt[. 

LEQ(t) 

For given r>O, set Qt is considered to be an appro~imation of the set Q. 

(3.20) 

(3.21) 

(3.22) 

Let E 0 be a given subset of L'=Fx]O,T[, assume L'0 =F0 x]O,T[-; F0 ~F. 
Our object now is to give suitable hypotheses on the set L'0 , and family R, in 

order to ensure regularity of the family {E0 , Rt}· The following lemma holds: 

LEMMA 5. If the family {F0, Rh} is regular then the family {L'0, RJ is also regular. 

Proof. By regularity of family {F0 , R11 } there exists a finite cover {rv}vEA of 
the set F0 • Define L'.=r. x] 0, T[, hence the family {L'v}vEA is a finite cover of the 
set L'0 • It is easy to see that the family {L'v}vEA satisfy all requirments of the defini­
tion 3 of regularity of family {L'0, Rt}· 

4. Some properties of steps functions 

Steps functions are not differentiable, hence in order to approximate derivatives 
of given function y = y (x), or z = z (x, t) we use so called finite differences. 

We put 
I 

(a; y) ( •, X;) = hz [y (·,X;+-! h1) - y( ·,X; - -!- h1)] (4.1) 

1 
(a0 z) (-, t)= iJt [z(·, t+iJt)-z(·, t)] (4.2) 
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where o1 (resp. o0 ) is finite difference operator with respect to space variable x 1 

(resp. time variable t). 

REMARK. Let us observe, that for a function defined on Qh, its finite differences 
with respect to space variables are well defined on Q. 

We denote by Vh the linear space of step functions defined on Q 1 .. Elements of 
vh have form: 

where 

z11 (x) = }; z(M) WM(x), xEQ11 

MEQ(h) 

z(M) ER 

{ 
1 for X E 01,(M, 0) 

WM(x)= 
0 for x rf= 011 (M, 0). 

We define two norms 1·111 , 11·1111 in V1, · namely 

Jzhl; =h1· ····h11 }; z
2 (M) 

MEQ(h) 

" 
llz~~ll; = lzh11; + }; llo; zh ii Z2<m. 

i= 1 

(4.3) 

(4.4) 

(4.5) 

These norms can be considered as discrete versions of norms in L 2 (Q) and 
H 1 (Q) respectiv~ly. 

We denote by E, the linear space of step functions defined on set Q, corres­
ponding to mesh Q (r), we consider elements of E, as mappings: 

(4.6) 

It is clear, that for a given element z, E E, there exists a sequence {z1}, i=O, 1, ... 
, .. ,N, Nilt = T, such that 

(4.7) 

We define a norm 11·11, in E, which corresponds to the norm in L2 (0, T; H 1 (Q)), 
that is: 

(4.8) 

Elements of v;, (resp. E,). are well defined on the set Q (resp. Q) hence we can 
define trace 

(4.9) 

resp. 

Moreover, some a priori estimations hold: 
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LEMMA 6. Assume family { T, Rh} to be regular, denote by i = i (v) index of regularity 
of a set rvr;;.r, then 

(i) 

(ii) 

IIYYhii~2(Tv)~ cl (11Yhii~2(Q) + jjoi Yliii~2(Q)), i =i (v), Vyh E Vh, Vh>O; 

jj.yz,II~2(.Ev)~ Cz (llzii~2(Q) + jjoi z,jj~2(Q)), i =i(v), Vz, E E"' Vo>O; 

where constant C1 (resp. C2 ) does not depend on h (resp. •). 

Pro of of (i) is given in Cea [~], and of (ii) in [11]. 

(4.10) 

(4.11) 

REMARK. We derive some properties of step functions, which can be verified by using 
of above lemma, provided that the family { r, Rh} is regular: 

(i) given sequence y 11 E Vh, let for h-+0: 

y 11 ln-+Y in L 2 (Q) strongly (r,esp. weakly) 

oi Ynln-+ :y in L2 (Q) 
uXi 

strongly (resp. weakly) i = 1, ... , n 

for some yE H 1 (.!?), then 

yy11 -+yy in L 2 (r) strongly (resp. weakly); 

( ii) given sequence z, E En let for T-+0: 

z,j 0 -+z in L 2 (Q) strongly (resp. weakly) 

oz 

(4.12) 

oi z,j0 -+ ox- in L 2 \Q) strongly (resp. weakly) i = 1, ... , n (4.13) 
' 

for some z E L 2 (0, T; H 1 (Q)), then 

yz,-+yz in V(i) strongly (resp. weakly). 

For given element Yh E Vj, (resp. z, E E,) we put 

. Ph Y11 = (Yiiln, Oz Yhln, ... , o" Yhln, YYh) E F 

F~[Lz'(Q)]"+l xV(r) 

(resp. P, z,= (z,lo, 01 z,jQ, .. . ,on z,Jo, yz,) E L 2 (0, T; F)). 

(4.14) 

It is easy to see, that P11 E !l'(V11 ; F) (resp. ' P, E !l' (E,; V (0, T; F))); 
We denote by OYtE!l'(U(Q,T;H1 (Q));V(O,T;F)) a linear mapping 

H 1 (Q) 3 y (t)H wy (t) E F, a.e. in [0, ~] . 

where w E !l' ( H 1 (Q); F) is, defined as follows: 

(
. aj a]; ). 

w: H 1 (Q) 3 J!HWJ!=c y, ~' ... , ;-:-' yy E F. 
uX1 uX11 

(4.15) 

(4.16) 

LEMMA 7. Assume IIYhllh~ C for h-+0, then there exist an element' '/E Jii"(Q); and 
a subsequence h' -+0, such . that 

Ph' y11,~wy weakly in F. 
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LEMMA 8. Assume !lztllt~ C for r--+0, then there exists an element iEL2 (0, T; H 1 (.Q)) 
and a subsequence r' --+0, such that 

Pt zt~co1 z weakly in L 2 (0, T; F). 

Lemma 7 is proved in [2], lemma 8 in [12]. To define finite dimensional approx-

imation of the problem (P) we have to have: 

(i) approximation of the set Dad; 
(ii) approximation of the state equation (1.10), (1.11 ). 
First we define an approximation of the set Dad· 
For given r>O we set 

where 

u:d={ut E H 1 (0, T)[O~u(t)~ 1, 

du N 

d;(t)=_}; V; W;(t),NAt =T,O~v;~l, 1=1, ... ,N} 
t=l 

{ 
1' t E [iA t, (i + 1) At[ 

W;(t)= 
0, t =I= f. [i At, (i + 1) At[. 

REMARK. Set D;d depends in fact only on At. 

Family {v;d} constitute an approximation of the set Dad· 

(4.17) 

LEMMA 9 0 Given sequence ut E u;d, At> 0, then there exists subsequence At' --+0 
and an element ii E Dad such that ut' 11 ,,__,. 0 -+ii weakly in H 1 (0, T) and also ut' 11 ,.__,. 0 -+u 

strongly in L '"' (0, T). 

Proof. Set Dad is bounded in H 1 (0, T) and u;dc Dad• for every r>O, hence 

lluti iH•co.r)~C. Vr>O, 

then for some x E H 1 (0, T) and some subsequence r' --+0 we have 

ut'~ X weakly in H 1 (0, T) 

but Dad is weakly compact hence X= ii E Dad· 

By compactness of the imbedding H 1 (0, T)cLro(O, T) we have 

Ut' --+U strongly in L ro (0, T). 

In order to extend in some sense bilinear form (1.4) to the space v;., h>O we put 

au(t; coy, coz)=au(t; y, z) \fy, z E H 1 (Q) 

\fu E Dad• \ft E [0, T]. 

Bilinear form 

a:(·, ·): Vh X Vh 3(yh, zh) ~au(·; Ph Yn, Ph zh) EL'"' (0, T) 

is then well defined. 

(4.18) 

(4.19) 
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For given element u, E u;d we put 

LEMMA 10. Assume: 

then: 

P,y,,_,.0 -+w 1 y strongly in L 2 (0,T;F) 

P, z, ,_,. 0 -+w1 z weakly in L2 (0, T; F) 

u,_.._u weakly in H 1 (0, T) 

Vy,, z, E V,. 

a~, ( · ; y., z,) _.._ au ( • ; y, z) weakly in £2 (0, T). 

Proof. Let us define 

by equality 

au(·; P, y1, P11 z11)=(A11 ( ·) y1, z,),. 

It can be checked that if for h--+0 

then 

P, y11 --+wy strongly in F, yE H 1 (Q) 

P11 z,,_.._wz weakly in F, z E H 1 (Q) 

u11 --+u strongly in L'x' (0, T) 
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(4.20) 

(4.21) 

(4.22) 

(4.23) 

(4.24) 

(A~. ( ·) y,, z11) 11 --+au ( ·; y, z) strongly in £"' (0, T). (4.25) 

Formula (4.20) gives us in fact an approximation of the sequence 

(4.26) 

by means of steps functions 

(4.27) 

where 
1 (i+ l)Lit 

A,(t)= Llt J A~,(s) ds=A!, t E [iLlt,(i+1) At[. 
iLit 

(4.28) 

It can be checked [12) that if for Llt--+0 

u,--+fi strongly in L 00 (0, T) (4.29) 

then 

(4.30) 

strongly in LP (0, T; 2! (V11 , V,)), Vp E {1, oo[. 
Combining (4.25), (4.30) and some results of Temam [12] (p. 245) we obtain 

the required result. 
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S. External approximation of linear parabolic equation with 
mixed Neumann boundary conditions 
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Now we are in the position to define a finite dimensional approximation of 
state equation (1.10), (1.11). 

Let us assume, that domain Q has extension property of order 1, that is there 
exists linear bouaded mapping 

(5.1) 

such that 

(Py) (x)=y(x) a.e. in Q, Vy E H 1 (Q). (5.2) 

In order to approximate elements of functional spaces L 2 (Q), H 1 (Q), L 2 (F), 
L 2 (.E), L 2 (Q), we introduce the following restriction operators: 

(i) restriction operator r 11 E .2? ( H 1 (Q); V1,): 

(r11 y)(x)=(h1 • ••• ·h")- 1 J (Py)(x)dx, VyEH 1 (Q), (5.3) 
O,(M ; O) 

X E 0/I(M; 0), ME Q(h), h;>O; 

(ii) restriction operator rr, E .2? (L 2 (Q); V11): 

(r~y)(x)=(h1 • .•. ·h,)- 1 J Y(x)dx, VyEV(Q), 
o,(M; o) ' 

X E OII(M; 0), ME Q(h), h;>O; 

(!ii) restriction operator p11 E .2? (L 2 
( r); ~,): 

(Pn lf!) (x)=(h1· ... ·h,)-1 J lf!(x) ( yWM(x))dr, 
o1,(M;O) (')r 

Vlj/ EL2 (r), X E0t,(M; 0), ME Q'(h), h;>O, 

where 

z(x)= . 
{ 

z(x), x E Q 

0 , x rj;Q 

The above operators have the following properties [2], [8], [12]: r 
1 

• I , I , ·, ' , •! , ' 

(i) P~t r11 y 1!-+0 _, wy strongly in F, 

~11) ! . r;i y 1!-+ 0 -> y strongly in L 2 (.Rn) 

V~EV (Q~; 

(iii) (p"lfi,J'II)I!= J P~tlfi'YudQ/t-,>0-> JljlyydF, 
Qh . r. 

Vlf/ E V (r), if P11 Yl!~wy weakly in F. 

(5.4) 

(5.5) 

(5.6) 

(5.7) 

(5.8) 
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We denote by/., rp, finite dimensional approximations off E V (Q) and rp E V (.E) 

respectively, that is : 
1 (l+ l)Llt 

/;=J.(t) = At J r~f(s)ds,tE[iL1t,(i + 1)L1t[, i=0,1, ... ,N, (5.9) 
i.dt 

1 (i + 1) Lit 

rpi=rp,(t) = At J p11 rp(s)ds,tE[iL1t,(i+1)L1t[, i=0,1, ... ,N (5.10) 
i.dt 

For given parameter T>O we denote by 

(5.11) 

the solution of the following equation 

(oo y, (t), vh)h + a~, (t; w, (t), vh) =(f. (t), vl!)h + ( rp, (t), vh),., Vvh E vh (5.12) 

a.e. in [0, T] 

(5.13) 

where w, (t) = yt (t+At). 

REMARK. (5.12), (5.13) is an implicit difference scheme for the problem (1.10), (1.11), 
and it is well known that the following result takes place: 

LEMMA 11. Assume that there exists constant o:: >0 such that 

a:;, (t; Ph Yh, P1z Y~z)~ o:: l lh ll~ 

then Vr>O there exists the unique solution to the problem (5.12), (5.13). 

(5.14) 

The following theorem is a variant of general theorem which is given in [12]. 

THEOREM 2. Assume: 

Ut-'-U weakly in H 1 (0, T), u., u E Uad (5.15) 

then: the sequence of solutions of problem (5.12), (5.13) converges . to the solu,tion 
Yu of the problem (1.10), (1.11) with u = u in the following sense: 

P, w, ,_,. 0 -+w 1 y,;- strongly in L 2 (0, T; F) 

y,(T)~y.~(T) strongly in V (R"). 

6. Approximation of parametric optimization problem 

For given parameter r > 0 we define optimization, pro.blem: 
(I'.): minimize · ' 

V 1 
J,(u~~ ~2 11!J,I I1•co,r)+z- j(y,(T,,. x)..-,(r~zd) (x)}2 dx 

Qh '· 

(5:16) 

(5.17) 

(6.1) 
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subject to (5.12), (5.13) and 

(6.2) 

REMARK. Problem (P,) is finite dimensional for each r>O. In (6.1) second integral 
may be taken either over Qh or over Q, it has no importance. 

Let us denote by it, a solution of the problem (P,). 

THEOREM 3. Let ii E Uad be a weak accumulation point of the sequence {tl,}, that 
is for some subsequence r' -+0, u,,__,_ii weakly in H 1 (0, T), then: 

(i) it,· ,.__,. 0 ii strongly in L oo (0, T); 

{ii) ii is a solution of (P); 

(iii) J,(it,·), ,_,. 0 ->J(ii). 

Proof. By lemma 9 we have (i). We may use theorem 2, hence 

Y<> (T, ·) ,·_,.o->Y.;(T) 

strongly in L 2 (R"), then 

J (N(T, x)-(r1~ zd) (x)) 2 dx-+ J (Y.;(T,x)-zd(x))2 dx. 
Qh Q 

Let {v,·} be any sequence such that, v,· E u;~ and 

v,· ,.__,. 0 -> it strongly in H 1 (0, T) 

then 

J(it) =lim J, (v,·)~lim J, (it,) =J(ii) 

hence ii is a solution to the problem (P) and 

J(ii)=J(u) 

which implies (iii). 

7. Numerical example 

Q.E.D. 

Let us consider the following example of parametric optimization problem: 
(P 1) minimize 

e s 1 

J(v) = l Jv 2 (s)ds+ j[Yv(x,5)-5(x-1)2
]
2 dx, e>O 

0 0 

subject to v EL 2 (0, T) and state equation: 

ay J2 Y 
at(x, t)-F((Lv) (t)) ox2 = (x-1)2 - 2t,(x, t) E] 0,1 [x] 0, 5[ 

ay . 
-ox (0, t)+g((Lv) (t)) y(O, t)=98 t, x=O, t E J 0, 5[ 



External approximation of a parametric 

where 

ay 
-ox (1, t)+g((Lv) (t)) y(1, t)=O 

x=1, tE]0,5[ 

y (x, 0) = 0, X E ] 0, 1 ( 
I 

t 

(Lv) (t) =e-t J e• v (s) ds, Vv E L 1 (0, 5) 
0 

F(u) = 1 +u4 

g(u)= 1/(0.01 +u1
). 

Let us observe, that for any e > 0 

J(v)=O<o>v=v=O 

hence problem (P 1) has the unique solution v =0. 

59 

There were used a gradient method of Polak-Ribiere [7] to minimize discrete 
cost functional. For starting point 

V< ={ 20 
-5 

t E (0; 2.5( 

t E (2.5; 5] 

and parameters h=O.l, L1t =1 there were obtained the following numerical results: 

I I 

2 4 6 8 10 12 14 16 18 20 22 24 26 
number of iterations 

Fig. I. Cost functional J, (v,) Fi~. 2. Norm of the gradient of the cost 
functional J,; (v,) 
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Conclusions. For the above example numerical results were good. But it seems 
that such results cannot be expected in general case because for small values of 
parameter e the cost functional is not convex. 
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Aproksymacja zewn\'trzna pewnego problemu optymalizacji 
parametrycznej dla rownan parabolicznych 

Rozwa:i:ono zadanie sterowania optymalnego ukladu opisywanego liniowym r6wnaniem para­
bolicznym z mieszanymi warunkami brzegowymi. Wsp6!czynniki r6wnania zale:Z<'! od ster6wania 
a funkcjonal jakosci od stanu kopcowego. Dla przyblizoneg() rpzwiqzania tego zadania zastosowano 
aproksymacj~ zewn'<trznq (r6:i:nicowq). Wykazuje site zbiezno~c takiej aproksymacji. 

Wyniki teoretyczne ziiustrowano przykladem numerycznym. 
'· 

Bnemmm. ·annpoKcnMai.IHH HeKoropoH: 3at~.a'ln napaMeTpH­
qecKOH onntMII33lliill )J,.JIH napaooJiilqecKnx ypasueuuii 

PaccMarpHsaqt~ 3a,11,a'!a OIITHMani..Horo ynpasneliil·ii:- ·CHcieMI,i: oiiacbmaeM:oil: Jm.Heil:miM 
rrapa6oJIR'IeCKHM 'ypaBHeHHeM co CMernaHHbiMH rpaHwiHDIMH y<;noBHHl\m. Ko3!jJ<Jml.\rreHTbi ypaB­
HeHHH 3aBHCHT OT yrrpasrreHHH, ·a !jJyHKI.\HOHaJI Ka'!eCTBa OT ·KoHeiJ.HOrO COCTOHHHH, LJ:JIH 11pH6Jlll­
JKeHHOro pe!llenHii 3a,!l,a'lf! HCI10Jlb3yeTCH BHeiilHHH (pa3HOCTHaH) annpoKCHMal.\HH, iloKa3aHa 
CXO,ll;HMOCTh TaK'oi1: annpOKCHMal.\HH. Teopeni'!eCKHe pe3yJibTaThl UJTJIIOCTpHpyiOTCH Ha 'IHCJieHHOM 

rrpHM~pe. 

J !. 


