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The paper develops a model of economic growth designed to provide framework for optim;tl 
allocation of resources. The resources are assumed to be the result of production accumulated over 
a time interval [0, T]. The allocation takes place at the Decision Center into several categories of 
resources for labour, productive investments and government expenditures for public consumption 
and services. These resources are then assigned to production and public goods production se'ctors. 
The disposable part of production comes from two sources: depreciation allowances and household 
saving. 

Mathematically the problem is characterized by a nonlinear dynamic system. The obje~tive 
of the system is to maximize the net national product per capita over [0, T]. The problem possesses 
a unique global optimal solution expressible in exogenous variables. 

An extension of the model is possible which provides a framework fot dealing with optimal 
selection of prices. 

I. Introduction 

This paper presents an attempt to develop a model of economic growth de­
signed to provide a framework for dealing with the problem of optimal allocation 
of resources (investments). The investments are assumed to be ca~ried out by a de­
cision center out 0f "savings'~ from two sources: depreciation allowances and 
household saving. Depreciation allowances are determined in accordance with 
a specific depreciation policy d which specifies the amount d (t) dt commited for 
allocation (reinvestment) during the period (t, t+dt] following the original invest­
ment at time 0 in production and public goods production sectors. At any moment, 
the difference between gross national product and the total rate of reinvestment 
(depreciation expense) is paid out to household and constitutes their net income, 
out of which a constant fraction is instantaneously saved and partly reinvested. 
The remaining part of the net national income yields the value of individual con­
sumption. 
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The gross product is obtained from production and public goods production 
sectors. The production process with its dynamics (inertia and delays) is approx­
imated by a dynamic, nonlinear operator. 

A part of the net national product accumulated over a given time interval is 
allocated to several categories of resources for individual consumption, production 
investments and other government expenditures for public consumption and 
services. These resources are then assigned to the n production sectors. Individual 
savings are partly being used for the purchase of durable consumer goods, to acquire 
equity in houses and to accelerate the development of agriculture. 

The amount of resources to be allocated are given exogenously while the re­
sources in each category of government expenditures are selected based on a strategy 
yielding optimum of a utility function subject to budget constraints. 

A dynamic problem of optimum allocation of investment is formulated as the 
maximization of a total net product per' capita over a given time interval subject 
to accumulated "investments" constraints. The optimal solutions depend only on 
exogenous variables. 

The presented model provides also framework for dealing with the optimal 
selection of prices assuring the satisfaction of all production sectors demands for 
labour, productive investments and government expenditures for public consumption 
and services. 

For a single, homogeneous commodity that does duty as input, output, con­
sumption good and capital good a similar model for optimal sele:::tion of investment 
projects was used in [4] by J. Chipman. The idea of using Holder and Minkowski 
inequalities in the proof of Theorem 1 was taken from R. Kulikowski [5] where 
a similar optimization problem for m= 1, n = 1 was formulated. 

11. Problem Description 

Suppose there are n production and public goods production sectors in the 
considered economy. Each sector produces a given product and cooperates with 
the remaining sectors as shown in Figure JO. Besides, each sector has to reinvest 
part of its production in order to increase the production capacity or at least to 
slow the rate of production decline. This reinvestment is usually called the main­
tenance. Without the maintenance, as shown in Figure 2, the production sector 
i would suffer a decline, the output of the sector would gradually decline through 
use and age of the machines and technology. Maintenance can increase the output 
level but on the other hand it must be subject to decreasing returns to scale. There­
fore, the additional production due to increased reinvestment must be balanced 
against the additional expenses for maintenance. The maintenance policy should 
be selected as to maximize the discounted net product consisting of gross product 
minus maintenance expense. Let us now turn to a specific formulation of the fol-

')Cooperation between sectors will not be discussed in the paper. It has been discussed e.g. 
in [3] and [6]. 
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lowing problem. Suppose there exists a vector (z1 , ... , zm) of commodity goods, 
where z1 is interpreted as a consumption good (labour)2 l, z 2 as a capital good 
(productive investments) and z3 , ... , Z111 as capital goods which correspond to go­
vernment expenditures for education, research and development, medical care, 
administration etc. These resources for productive investments and both individual 

c;(t) ct(t) 
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Fig. 1. Cooperation between production sectors (i and /) 

and public consumptions are assigned to the production sectors of the economy 
by means of a matrix (zu), i=l, ... , n; j=l, ... , m, where the element zu is thej-th 
.:ommodity good assigned to production sector i. Thus, the vector zi(r)=(zil (r), .. . 
... , z1m ( r)) denotes the intensities of different commodity goods that are assigned 
to .the production sector i and in the centralized economy they are labour, capital, 

ci(t) 

K; - ---l' 
I 

(a) 

Fig. 2. Production operator c, (t) with lf/1 (t)= 1 (t) and typical k, (t) 

individual and public consumption goods of sector i, allocated by the Decision 
Center at time instant t. Let the function lj/ 1 (zi ( r) ), i = 1, ... , n,· be the output-re~ult 
of a transformation which assigns the above commodity goods (labour and capital), 

2) Labour is assumed to be homogeneous given by the logistic growth model ±1 (t) = c, z1 (t ) 
[Z1 -z1 (t)], where Z 1 is the maximum possible labour force at the end of planning interval and 
z1 (t) is the sustainable labour at time t. 
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to the production sector i at time r. This instantaneous function may be assumed 
in the form of a constant elasticity of substitution (C.E.S.) function 

(1) 

m 

where r5h -v, rare given positive numbers, 2: c5j=l, VE(-1,0] and zij(r), 
i= l 

i=l, ... , n; j=l, ... ,m, are the input costs of this transformation at a given point 
in time r. In order to take into account the dynamics of the production process 
(inertial phenomena and delays) the process will be approximated by an integral 
operator. Thus, _the aggregated, over different vintage "investments"3 l, gross output 

of the i-th production sector is determined by an integral equation of the form 

(2) 
0 

where ki ( r), i = 1, ... , n, are given, positive, continuous functions, t E [0, T] and 
c0 i (t) is an exogenous term which may be interpreted as consisting of returns at 
time t from investments made prior to calendar time 0. 

An "investment" ki is a function defined on (0, oo) indicating the return ),ki ( r) dr: 
during the interval (t0 +r, t0 +r+dr] from the initial investment of), units at time 
t0 ?'; 0. 

If !fi (zi (r)) approximates an unitary pulse and c0 i (t) =0, then c;(t) changes 
in a manner similar to that shown in Figure 2. From the moment of investment 
(calendar time 0) up to stage (a) no production can be obtained. The interval 
[0, (a)] corresponds to an investment delay (gestation Jag). An increase of produc­
tion occurs over interval ((a), (b)], followed by a slow depreciation of investment 
resulting in the sector production decrease. 

Collapsibility of Production Function 

In the above model the quantity of capital must be given a consistent meaning. 
As described by Solow4 l and Leontief 5 l only in a narrow class of cases the various 
capital inputs can be summed up in a single index-figure so that the production 
function can give output as a function of inputs of labour (assumed here homo­
genous) and services of several capital goods treated as the overall index of capital. 

Proposition I 

A necessary and sufficient condition for the collapsibility of the production 
function If/ (L, C1 , ..• , C111 ), with m distinct kinds of capital, to the production function 

3 ) The term investments refers here to all capita l expenditures of the government z;, j~ 1, .. . ,m, 
with labour included. 

4 l See Review of Economic Studies 23 (1955- 1956) 101- 108: The production function and the 
theory of capital. 

s) See Econometrica 15, 4 (I 94 7) 364: Proposition I. 



Optimum investment allocation 
----~------ - -------- - --

rp (L, K) with the single index of the quantity of capital is that the marginal rate 
of substitution of one kind of capital good for another must be independent of the 
amount of labour m use, I.e. 

orp otP 

o'lffoCz oK · acl or:PfoCl 
-o'lf_f_o_C~ = -or.-p -o-r/J = oif>/o<5; ' l =/=j, !, j = l' ... , 111' 

oK ·ac1 

where K= tP (Cl> ... , C,11). 

Consumption Si!/i~ Disposable I savings 
... . .. (1- ~!)· y;(t) j 0< Sj <I Si< Si 

s;·ydt) . Households I . savings 

... . .. Yi (t}- c;(t)- xz (t) 
i-1, ... , n -

xt(t) 

xdt): Rein vestments 
xrft): (business saving) 

•• -0 ... l··· 
xdt Sj· 

Ct(t} ci(t) Cn{t} ... -· ... i 
Inventories 

y;( t) 
-t, ... ,n 

Production and Foreign Trade I Decision center 1 public goods Transformations 
Production sectors ... . .. ... ... 

~;·(t) .u . 
t·l, .. . ,n; J• !, ... ,m 

' 

I Allocation I ... • • • Zj (f) 
j-1, .... m 

Fig. 3. A closed model of economic growth 

Thus, we can write 

'If (L , C 1, •.. , C,J = rp (L, K) 

and for the purposes of production any patterns of inputs C 1 , . •• , C, are eqUI­
valent so long as they yield the same value of the index K. 

It should be amphasized that the index-function tP and the collapsed function 
rp have the characteristics we usually associate with production functions. 

The marginal rate of substitution which does not involve labour L can be ob­
tained for the general class of production functions with "means" 'If= j- 1 [f(L) + 
+f(C1)+ ... +f(C,)], usually restricted to b~ homogeneous of first degree with 
the functions rp and tP having all the desired properties of homogeneity and con-
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vexity. In the case of C.E.S. function (1) the marginal rate of substitutio:g of, for 
r 

. . . . J!+l \1 Zj+l)--; . 
mstance, cl for cj I.e. Zz+l for Zj+l IS ~. -- . In the model, mvest-

Uj+l Zz+l 

ment is assumed to be carried out by a production and business sector out of 
funds coming from two sources: depreciation allowances and household savings6 l. 

Depreciation allowances are determined in accordance with a specific depreciation 
policy d, which is a function defined on (0, oo) and indicates the amount of re­
sources J.d(r) dr set aside during the interval (t0 +r, t 0 +r+dr] for purposes of 
reinvestment committed for this purpose when an investment of), units was made 
at time t0 ~J. These set.aside resources will be referred to as busint:ss and produc­
tion saving. 

Depreciation Policy 

The present value of the time stream k at interest rate f , given any function k 
;r -

·defined on (0, oo), is defined by J e-rt k (t) dt. 
0 

When T --+OO it can be defined by the La place transform L [k (t)] =K (f)= 
Y.l -

= J e-rt k (t)'dt, whenever the integral converges. The interest rate can be treated 
0 

.as a coefficient indicating a cost rate of using the capital. 

The current value (worth) of an investment project k aftet t units of tim:e have 
.elapsed following its initiation, at discound rate f, is defined as 

T T 

w(t)=it J e-~t k (r) dr= J i<t-t) k (r) dr . (3) 

Let the rate of depreciation d (t) be the rate of decrease of the current value of 
the investment, which is in turn defined as the present value discounted to time t, 
of the stream of returns k (r) , r> t, due to an investment of one unit at time zero, 
.at some interest rate P. 

Consider the depreciation policy of sector i defined by 

d; (t)=ki (t)-P(v;- j di(r)dr) 
0 I 

(4) 

·for some F>O, t>O and some v;>O, where v;=W; (0), i=l, ... , n, is the initial book 
value of the capital investment of one unit , .:he term in the parentheses represents 
the book value at time t of the original investment. Multiplying this by f, which 

6 ) In the centralized economy the rate of business and production saving (funds for allocation 
.available from production sectors) and the depreciation rate are subject to the Deci>ion Center 
policy. 

7
) The word " reinvestment" has been used since it is assumed that the investment which de­

t ermines a level of further production foll-ows an initial investment, given exogeneously. 
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can b~ interpreted as an accounting interest rate, gives the accounting cost rate at 
time t of the use of the capital, equivalent to the value of the original investment. 

The rate of depreciation at time t is chosen to equalize this cost rate and the rate 
of net yield of the investment, k; (t)- d; (t). 

The depreciation policy d; associated with the investment project k; (t) is assumed 
t o satisfy the condition 

t 

From the definitions (4) and (3) and the assumption that w; (t) =V;- J d; (r) dr 
0 

follows that the declining value depreciation policy associated \\<ith k; at discount 
rate i' is given by 

and may also . be expressed as 

Thus, there exists the explicit solution for d; (t) of equation (4), given k; (t). 

Allocation Model 

The aggregate reinvestment in sector i; determined by the depreciation expense 
X; (t), is defined by 

X; (t)= J d; (r) If/; (zi (r)) dr+xoi (t), i=l, ... , n (5) 
0 

where xw (t) is an exogenous term denoting the rate of business and production 
saving resulting from commitments already made prior to time 0 (it includes depre­
ciation policies initiated before that date). 

The net product of sector i at time t, Yi (t), is the difference between the gross 
product c; (t) (the total rate of return from past investments) and the total rate 
of business and production ' reinvestment xi (f), (depreciation expense), i.e . 

Yi (t)=ci (t)-xi (t)= J k; (r) lf!i (zi (r)) dr+Yoi (t), (6) 
0 

where k; (r) =k; (r)-d; (r), i= 1, ... , n, is the cost rate of using the capital equal 
to the value of the original investment at time rand Yo; (t)=Co; (t)-x0 ; (t). The 
net product is assumed to be paid out to households, which in turn save a constant 
fraction .S;, O<s;<l, of their net incomes. This constant fraction is reinvested in 
selected sectors of the economy. 

The experience of last years has shown that a part of the households saving 
can be (and has been) used as credits in agriculture and private housing. It is \\<ell 
known that the dynamic development of agricultural production can stimulate 
the development of an economy. In Poland, for instanc~, over 80 % of cultivated 

-----

\ 
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land is privately owned. The money saved, over a long period of time, by indivi­
duals can be partly used for the development of agriculture and selected areas of 
economy which are crucial to the overall development of a society. They can be 
also used in those areas in which the supply, in spite of large investment and effort, 
still does not satisfies demands. Encouraging individuals to use their saving for 
building houses can allow to better satisfy the demand for housing facilities. A pro­
per utilization of households saving can accelerate the development of the whole 
economy. However, one should not use individual saving for productive investments. 

The amount of credits coming from individual saving should be evaluated 
very carefully and result from thorough investigations. 

Assume that a fraction si, s, <.f, of net households income is used for credits 
to develope agriculture and private housing. This means that at any instant of time 
there exists a disposable, over a short period of time, e.g. one year, saving that can 
be paid back to individuals. Then, the system can be closed by stipulating the equa­
lity of gross saving and investment where the gross saving includes this part of house­
hold saving which over a long time period has been used for financing credits in 
agriculture and housing. 

The equality can be written in the following form 

m 

(7) 
j= 1 i= 1 

i= 1 

t 

Xi (f)= .r di (r) lfli (wj (f) ZiJ (r)) dr+Xoi (t), 
0 

c, (t) = J k, (t) lf/1 (wj (t) zu (r)) dr+co, (t), 
0 

and wj (t), j = 1, ... ,m, denotes prices of labour and capital services of government 
for productive investments and public consumption sectors. 

A structural constraint must be adopted in the model to assure that the pro­
duction of a given sector i in natural units, is sufficient to satisfy the demand of 
all sectors for the i-th aggregated sector good treated as an input to production 
and public goods production sectors 

(8) 

where p, (t), i=l, ... , n, is the aggre.gated sector price. 

It is assumed that both sector and, labour and capital prices are exogenous in 
the model. The aggregated sector prices are viewed as equilibrium prices. In ge~ 
neral they must depend on the quantity of output, the price for labour and for 
government capital expenditures and the consumption structure. 
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The discounted cumulative net product per capita from n producti-on sectors 
( the net national product) per capita over time interval [0, T] IS 

n T e-r t 

n(T)= 6 f.z
1 

(t ) Y;\f ) dt, (9) 

where z1 (t) denotes labour force at time t and e - .rt is the discounting function 8 l. 

For the model describ~d by equations (1)-(9) one could think of formulat ing 
two distinct optimization problems. In both of them the same objective can be used, 
i.e .. maximization over interval [0, T] , of the discounted net national product n (T) 
which is equivalent to maximization of the per capita consumption in the system 
smce 

Consumption=}; (l - s;) ji; , 0 <s; < ; ; < 1, i = 1, ... , n. 
i= l J 

The above closed system has only theoretical and illustrative meaning since 
it could be applied only in the case when the net balance of foreign trade is zero 
and the inventories are kept constant over time at their initial value. Therefore, the 
p>oblem will be formulated to opt imize the consumption per capita in the open 
system with foreign trade balance and inventories included in the disposable na­
t ional income. 

III. Solution 

Solution is given to only one optimization problem fo.rmulated for the model 
in which the structural equation is checked after the problem has been solved. 

O ptimization Problem I 

Assume the following values to be given: 

a) the di scount rate F>O; 
b) the time interval [O , T] , T > O; 

' c) the continuous, _positive function s, depreciation d; (t ) and investment return 
k1 (t) , defined over (O, oo) for all i=l, ... ,n ; 

d) the parameters of the C.E.S. production function (1), i.e. positive numbers 
m 

r, Jh -v, where}; Ji = l and v E( -1, 0) ; 
j = 1 

e) the sector pricesp 1 (t), i=l , .. , n, and the prices for labour w1 (t), productive 
investments w2 (t) and government expenditures w3 (t), .. . , w, (t ). 

Then, we can look for the optimal a llocation strategy, ie. the optimum values 
z u (t) =iu (t), i = 1, .... , n.; j = 1, ... , m, such that the global net product per capita 

s) For the discussion of discounting functions in the investment optimization problem see [1] 
p . 41-45: Strotz phenomenon. 
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n (t), given by (9), is optimum, provided that the funds (for allocation) ZJ in each 
class of government evxpenditures j are given exogenously and are defined by 

" t 

ZJ(t)=}; Jzii(r)dr, j=l, ... ,m, (10) 
i=l 0 

where zu (t) = wJ (t) zu (t), t E [0, T]. 
The values ZJ (t) depend on inventories, net balance of foreign trade, prices. 

and the national product per capita generated over time [0, t]. These functional 
dependencies are briefly discussed at the end of this section. Substituting zu (r) in 
c, (t), x, (t) and using (1), (2), (7) and (8) the problem of maximization of the net 
national product per capita can be written 

" T -t r t ( m ) r J } =}; J ~ J k, (r) }; 6J [zu (r)]-v --;;- dr+fio; (t) dt , 
i=l o Z1 (t) o ;=1 

(11} 

where 

- f . " T- ·- . ·- l Q-lzu(r).6 [ zu(r)dro(ZJ,z,1 (r)>0, rE[O,T],r-l, ... ,n.J-l, ... ,mJ, (12) 

Theorem 1. Let n production operators c, (t) be given by (2) and the assumptions. 
a-d be satisfied. Then, there exists the unique, optimum allocation strategy 
zu (r) = zu (r) for rE [0, T], 

z. /;(r) 
zu(r)=--j wj(r)'i=l, ... ,n;j=l, ... ,m (13) 

which yields the global net product per capita n (T) over time interval [0, T] (with 
ji0 , ( t) given) 

ft (T)= z,~,~~n ~ l z~-~) j k;(r) ( ~ 6J [wi (r) zii (r)]-v)-~ dr dt= 

=Fq [i; 6J z;v] -~ 
J =l 

(14} 

where 
" T 

F=}; jJ;(r)ch, (15) 
i= 1 0 

f T e-;t ll fq 
/;(r)=)k,(r)j--dtJ , q=l-r . (16) 

l , zl(t) 

Theorem 1 has been proved in Appendix A. 
It is assumed that the sum of "investment resources" over time is given 

m 

}; ZJ=Z (17) 
j= 1 
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where Z is exogenous. However, in planning practice Zis a disposable part of the 
net national income generated over the previous planning interval to be allocated 
to several categories of resources for labour (individual consumption) productive· 
investments and other government expenditures including public consumption and 
services. These resources are then assigned to the n production and public goods 
production sectors. 

Assuming t = T0 to be a base year (beginning of a planning interval) and t=O' 
to be the beginning of the previous planning interval 

To 

Z=}; J [x,(t)+siJ\(t)]dt+Zi,(O)-Zu.(T0 ), 

i= 1 0 

where z,, denotes inventories with a net balance of the foreign trade incorporated 
into it. 

Thus, it is necessary to find an allocation strategy Zi, j = 1, ... ,m, which maxi­
mizes the function (11). 

The problem can be formulated as follows : 

where 

and 
V 

_s: F --;:- (1 - r) 
rxi- ui 

The optimum allocation strategy9 l 

and 

1 

1+v 
rxi 

zj= , 1 _z, j=l, ... , m, 
}; (rxJ"i+V 

j= l 

( 

m 1 \ 1 + v 

[n(T)]- vfr= i.l; rx;+v) z-•. 

Thus, the optimum net product per capita 

( 

m 1 ) 1 +v 
n(T)= }; rx;+• - -.-r Z'. 

; = 1 

(18} 

(19} 

(20} 

on(T) 
One may compute now the marginal cost of a change in Zj, oZ. which 

J 

depends on the cost of using the invested capital, labour growth, the discounting. 
function and the parameters of the C.E.S. function. 

9 ) See Appendix B. 
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IV. Extension of the Model 

Within presented framework another optimization problem can be formulated. 

Optimization Problem :II 

Assuming conditions a to d to hold and given "savings" Z 1, j = 1, ... , m, and 

demands ziJ (t) , i = 1, ... , n; j = 1, : .. ,m, find the sector prices Pi (t) ·and prices wj (t) 

for labour, capital and capital expenditures, which yield the maximum per capita 

·consumption in the model or equivalently the maximum net product per capita 
given by (11). 

The aoove problem will not be pursued further in this paper. 

One of the most difficult problems in the socialist economy seems to be the model 

of prices. Prices should provide market equilibrium and the maximum of a social 

utility. The resulting, optimum consumption structure should stimulate the incenti­
ves of producers, compensate the impact of personal saving on the market and 

provide for inexpensive basic consumption goods. 

It should be emphasized that the aggregated sector prices Pi> the same for all 

commodities produced by sector i, are by far not a perfect approach. 

However, even their impact on the structural relation (8) and on the optimal 

allocation strategy is very difficult to investigate. 

The optimization problem has been formulated for an open system in which 

the resources available for allocation are assumed to be given exogeneously and the 

optimum allocation strategy is obtained under assumptions that th~ "investments" 

made prior to time zero yield given returns. This seems to be no drawback since in 

economic planning of centrally governed countries one has to know or assume given 

the amount of resources at timet to be allocated after that time. These given numbers 

can be checked for consistency with projections based on estimates of resources in 

previous years which are in turn based on histor:cal data. For instance Zj (t) = 

=ej (t) Z (t), where.£ ej =1 can beselected:as a solution of an optimization pr0blem 
j = 1 ' 

yielding optimum of a utility function subject to budget constraints10J. The values 

Bj (t) change over time due to changes in the GNP per capita and prices:. They ·can 

be estimated based on "ex post" specification· of the GNP per capita, prices a~d 

their elasticities. Another possible extension of the paper could be the investigation 

of the invarir,nce of the system with respect to the personal saving yielding its best 

utilization . 

. Also, ' the optimal solution in the clos~d model with zero balance of foreign 

trade and Constant invento~ies. WOUld give ~Or~. insight into a!locatlQ~ .1~echanism. 

1 o) The utility function can assume either Cobb-Douglas or C.S.E. form- see e.g·. Appendix B. 
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Appendix A 

Proof of Theorem 1 

The glbbal net product (ll), is 

(21) 

wherezu (r)=wi (r) zu (r) and ji0 ; (t)=O 11
). 

Changing the integration order v.e have 

n(T)= j; J{(.fsj[zu(r)]-v)-+ J e-;t k;(r)dt}dr. (22) 
;~1 o i~l , zl (t) 

Denoting by 
f r e_;·, l- .2'_ 

Yu(r)=bilJ--k;(r)dtJ r [zu(r)]-v (23) 
t z 1 (t) 

and substituting Yu (r) into (22) yields 

r 
where I=- - . 

V 

The Minkowski inequality for integrals yields 

The equality in (23) holds iff 

Yu (r)=cJ Yi , i+l (r) , i=l, .. . , n; j=I , ... ,m 

where cJ is a positive constant. 
Consider ·the expression ' , 

(24) 

(25) 

(26) 

T' n nT 11T T -t 

J }; [Yu (r)] 1 dr=}; J [Yu (r)Jf dr=}; J o~ J ~ k; (r) dt [zu (r)Y dr 
o 1~1 . 1~1 o 1~1 o , Z 1 (t) 

' 
.and denote 

f T _ ; , l2_ 
;;(r)=lJ-e-k;(r)dtJ ,, , q=l-r . 

T Z 1 (f) 
(27) 

Thus, 
T T 

J [Yij (r)] 1 dr =o5 J f 1q (r) [iu (r)Y dr. (28) 
0 0 

11)This assumption does not affect the optimal solution. 

2 
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Applying Holder inequality 

T f T r{ T r 
6~ 1 f? (r) [iu (r)]' dr~6~ J/ .1; (r) drJ 1 iu(r) drJ 

The equality in (29) bolds iff 

iu (r)=cJ /; (r), i=l, ... , n; j=l, ... ,m; 

where cJ is a positive constant. 

The optimum strategy iu (r) yields the equality in constraints (12). 

T 

};.fzii(r)dr=Z1, j=l, ... ,m. 
i; 1 0 

Substituting (30) into (31) yields 

11 T 
- \..., j" where F- L..J . /; (t) dt. Thus, using (30) and (32) 

i; 1 0 

and 

(29) 

(30) 

(31) 

(32) 

(33) 

The optimal value of the global profit per capita fi. (T), using (22), (23), (25), 
(28), (32) and (33) yields 

11 T 

)_; J /; ( r) dr { "' ..!:..t l r "' ] -..':... 
i; 1 0 ~ s: z l _ pl- r ~ 6 z -• v 

r L.J Uj j J - L..J j j • 
(F) 1 ;1 j ; l 

Since q = 1 - r and 

the equation (26) is satisfied. 

Thus, we have proved Theorem 1 and found the optimal solution to the invest-
ment allocation problem. Q.E.D. 
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Appendix B 

I. Let us consider the following problem: 

(34) 

subject to 
m 

g (x)= ~ X;-X~O, ......... 
i= 1 

where x;;:;:O, o<IZ< I, C;>O, X- given positive number and x=(xu ... , Xm). 
It is implicit that cp (x) and g (x) are differentiable at x = (.x\, ... ,.X~, where 

.X is the optimal solution to (34). Thus, we can apply Kuhn-Tucker conditions. 

VxL (x, X)=O, V;.L (x, J:)~O, A-V;.L (x, X) = O, 

},;:;:0, where L (x, A-)=(/) (x)+ },g (x). 

Conditions (35) for the optimization problem (34) can be written 

yielding 

and 

" 
IY.C; X~- 1 -).=0, .2; x,-X~O, 

i= l 

A,(i; x;-X)=O 
•=1 

. 1 

1-a: 
C; 

n --'--1:;---o- X, 

};(ci)1-a: 
j =l 

i=l, ... , m 

( 

11 _1 )l -et 
l/>=(/) (x)= _l;c/-"' X"'. 

•= 1 

(35) 

(36) 

(37) 

II. Let cP (y) assume the form of the Contant Elasticity of Substitution (C.E.S.) 
function 

11 

where vE(-1,0], p>O, c>,;:;:o,.}; 6;=1. 
i= 1 

Thus, the optimization problem is 

(38) 
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subject to 
Ill 

g(y)= _l; Y;- Y~O 
i:;: 1 

where y=(y1 , ... ,y111 ), Y is a given number. 

The above optimization problem is equivalent to 

(39) 

subject to 
m 

g(y)= _l; Y;- Y~O, y1 ~0. 
Using (36) 

i= t 

• . (J;) l+v 

Y; = -~~~--1- Y, i=l, ... ,m. (40) 

).~ <5}+v 
i= 1 

Thus, for given p and v by (37) 

(41) 
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Optymalna alokacja inwestycji w modelu wzrostu 
gospodarczego 

W pracy podano model wzrostu gospodarczego, kt6ry umoi:liwia optymalny rozdzial zasob6w. 
Zasoby powstaj~ w wyn iku akumu lacji produkcji ("oszczttdzania" ) w okresie [0, T]. 

Alokacja odbywa sitt w Centrum Decyzyjnym i polega na podziale zasob6w dla potrzeb kon­
sumpcji indywidualnej, inwestycji produkcyjnych i wydatk6w rz~dowych na konsumpcj(( zbiorow~ 
i uslugi. Zasoby te s~ nastttpnie przydzielane sektorom produkcyjnym i sektorom produkuj~cym 
dobra konsumpcji publicznej. 
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Zasoby, stanowi<[ce cz~;sc zakumulowanej produkcji, S<t wynikiem polityki deprecjacyjnej 

sektor6w produkcyjnych oraz oszcz~;dnosci gospodarstw indywidualnych. 

Matematycznie rozpatruje si« nieliniowy system dynamiczny, w kt6rym jako kryterium wybrano 

maksymalizacj~ globalnej produkcji netto na glow« w czasie [0, T]. Sformulowane zadanie posiada 

jednoznaczne globalne rozwi<[zanie optymalne zale:i:ne od wielkosci egzogenicznych. Zapropo­

nowany model mo:i:e bye r6wnie:i: wykorzystany do okreslania optymalnych cen systemu. 

OnTnMam.uoe pacilpe)J.eJieuue KaliHTaJIOBJIO,Keuuu B Mo)J.eJiu 

3KonoMuqecKoro pocTa 
B pa60Te )J.aHa MO)J.eJib 3KOROMH'ieCKOf0 poCTa, KOTOpall TIO;>BOJilleT 11pOH3BeCT.If OTITHMaJibHOe 

pacnpe)J.errefine pecypCOB. 3TH pecypCbl B03HHKaiOT B pe3yJihTaTe aKKYMYJilll..J.ID{ rrpOH3BO)J.CTBa 

(,3KOHOMnn") 3a rrepno)J. [0, T]. 
Pacrrpe)J.eneHHe rrpoii.CXO!J.HT B U:eHrpe IIpnHHHll PeweHni1: H cocronr B pa3)J.erreHII.H pecyp­

coB Ha HY:lK!J.bi HH)J.HBH)J.yaJibHOfO IlOTpe6JieHlfll, IlPOI13BO)J.CTBeHHbiX I<aiTJi!TaJIOBJIO:lKeHttH H rrpa­

BHTeJihCTBeHHhiX 3arpar Ha o6rn,ecrBennoe rrorpe6rreHJ-t:e n ycnyrn. 3ru pecypc&r 3aTeM rrepe­

,n:aiOTCH rrpOH3BO)J.CTBeHHblM CeKTOpaM li CeKTOpaM 11p0113BO)J.ll~HM l(eHHOCTH o6~eCTBeHHOf0 

rrorpe6neHHH. 

Pecypc&T, HBJIHIOI..UHeC51 'faCTbFO aKKyMynupoBaHHoro rrpoH3BO.D:CTBa, rio51BJI51IOTCH B pe3yn&­

TaTe DOJIUTHKH o6ecneHHBaHHH ITpOBO)J.HMOf1 rrpOW3BO.llCTBeHHbiMH CeKTOpaMJ1 U 3KOHOM1111: HH)J.li­

BH)J.yaJibHhi X X03HllCTB. 

Ma1eMaHI'I.e::KH paCCMaTpHBaeTCll HeJIHHei!HaH .ll,HHaMJ1'!eCKaH CHCTeMa, B KOTOpOi! B Ka­

'feCTBe KpHTepHH Bh16paHa MaKCHMJ13al\UH fJTOOaJibHOfO rrpOU3BO.llCTBa HeTTO Ha ,nywy 3a BpeMH 

[0, T) . C<pOpMynHpOBaHHall 3a)J.a'ia HMeeT O.[\H03Ha'iHOe rno6aJibHOe OIITHMaJibHOe peweHue 3a­

BHCHJ..Uee OT 3r30reHHbiX BemrgHH. IJpe.[(JiaraeMa51 MO)leJib MO:lKeT 6b!Tb TaK:lKe HCIIOJTb30BaHa .ll,JT.H 

onpe.ll,eJJelilll! ODTHMaJJhHbiX l\eH CHCTeMbi. 




