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The paper develops a model of economic growth designed to provide framework for optimal
allocation of resources. The resources are assumed to be the result of production accumulated over
a time interval [0, T 1. The allocation takes place at the Decision Center into several categories of
resources for labour, productive investments and government expenditures for public consumption
and services. These resources are then assigned to production and public goods production sectors.
The disposable part of production comes from two sources: depreciation allowances and household
saving. . :

Mathematically the problem is characterized by a nonlinear dynamic system. The objective
of the system is to maximize the net national product per capita over [0, 7). The problem possesses
a unique global optimal solution expressible in exogenous variables.

An extension of the model is possible which provides a framework for dealing with optimal
selection of prices.

I. Introduction

This paper presents an attempt to develop a model of economic growth de-
signed to provide a framework for dealing with the problem of optimal allocation
of resources (investments). The investments are assumed to be carried out by a de-
cision center out of “‘savings” from two sources: depreciation allowances and
household saving. Depreciation allowances are determined in accordance with
a specific depreciation policy d which specifies the amount d (¢) dt commited for
allocation (reinvestment) during the period (¢, #+dt] following the original invest-
ment at time 0 in production and public goods production sectors. At any moment,
the difference between gross national product and the total rate of reinvestment
(depreciation expense) is paid out to household and constitutes their net income,
out of which a constant fraction is instantaneously saved and partly reinvested.
The remaining part of the net national income yields the value of individual con-
sumption.
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The gross product is obtained from production and public goods production
sectors. The production process with its dynamics (inertia and delays) is approx-
imated by a dynamic, nonlinear operator.

A part of the net national product accumulated over a given time interval is
allocated to several categories of resources for individual consumption, production
investments and other government expenditures for public consumption and
services. These resources are then assigned to the n production sectors. Individual
savings are partly being used for the purchase of durable consumer goods, to acquire
equity in houses and to accelerate the development of agriculture.

The amount of resources to be allocated are given exogenously while the re-
sources in each category of government expenditures are selected based on a strategy
yielding optimum of a utility function subject to budget constraints.

A dynamic problem of optimum allocation of investment is formulated as the
maximization of a total net product per capita over a given time interval subject
to accumulated “investments” constraints. The optimal solutions depend only on
exogenous variables.

The presented model provides also framework for dealing with the optimal
selection of prices assuring the satisfaction of all production sectors demands for
labour, productive investments and government expenditures for public consumption
and services.

For a single, homogeneous commodity that does duty as input, output, con-
sumption good and capital good a similar model for optimal selection of investment
projects was used in [4] by J. Chipman. The idea of using Hélder and Minkowski
inequalities in the proof of Theorem 1 was taken from R. Kulikowski [5] where
a similar optimization problem for m=1, n=1 was formulated.

II. Problem Description

Suppose there are n production and public goods production sectors in the
considered economy. Each sector produces a given product and cooperates with
the remaining sectors as shown in Figure 1V. Besides, each sector has to reinvest
part of its production in order to increase the production capacity or at least to
slow the rate of production decline. This reinvestment is usually called the main-
tenance. Without the maintenance, as shown in Figure 2, the production sector
i would suffer a decline, the output of the sector would gradually decline through
use and age of the machines and technology. Maintenance can increase the output
level but on the other hand it must be subject to decreasing returns to scale. There-
fore, the additional production due to increased reinvestment must be balanced
against the additional expenses for maintenance. The maintenance policy should
be selected as to maximize the discounted net product consisting of gross product
minus maintenance expense. Let us now turn to a specific formulation of the fol-

1) Cooperation between sectors will not be discussed in the paper. It has been discussed e.g.
in [3] and [6].
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lowing problem. Suppose there exists a vector (zy, ..., z,) of commodity goods,
where z; is interpreted as a consumption good (labour)?, z, as a capital good
(productive investments) and zs, ..., z, as capital goods which correspond to go-
vernment expenditures for education, research and development, medical care,
administration etc. These resources for productive investments and both individual
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Fig. 1. Cooperation between production sectors (/ and /)

and public consumptions are assigned to the production sectors of the economy
by means of a matrix (z;;), i=1, ..., n; j=1, ..., m, where the element z;; is the j-th
commodity good assigned to production sector i. Thus, the vector z' (7) =(z; (7), ...
< Zim (7)) denotes the intensities of different commodity goods that are assigned
to the production sector i and in the centralized economy they are labour, capital,

Fig. 2. Production operator ¢; (r) with w; (f)=1(¢) and typical k; (¢)

individual and public consumption goods of sector i, allocated by the Decision
Center at time instant ¢. Let the function y; (z" (1), i=1,..., n, be the output-result
of a transformation which assigns the above commodity goods (labour and capital),

2) Labour is assumed to be homogeneous given by the logistic growth model z; (£)=c; z (¢)
[Z,—z (t)], where Z; is the maximum possible labour force at the end of planning interval and
z; (t) is the sustainable labour at time 7.
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to the production sector i at time 7. This instantaneous function may be assumed
in the form of a constant elasticity of substitution (C.E.S.) function

m 2

Wi (Zi(f))zlz 9, (Zij (T)v)_vl L C (1)

‘ ~ ,
m

where J;, —v, r are given positive numbers, E 0;=1, ve(—1,0] and z; (z),
F=1

i=1,..,n; j=1,..,m, are the input costs of this transformation at a given peint

in time 7. In order to take into account the dynamics of the production process

(inertial phenomena and delays) the process will be approximated by an integral

operator. Thus, the aggregated, over different vintage “investments”*, gross output

of the i-th production sector is determined by an integral equation of the form
t

ci()=c (Zi(l))=f ki () w, (Zi(f)) dr+coi(0), i=1, ..., m, (2)
0

where k; (1), i=1,...,n, are given, positive, continuous functions, 7€ [0, 7] and
¢o; (1) is an exogenous term which may be interpreted as consisting of returns at
time ¢ from investments made prior to calendar time 0.

An “investment” k; is a function defined on (0, co) indicating the return 2k, (7) dc
during the interval (7o +7, t,+7+dr] from the initial investment of 1 units at time
1= 0. ‘

If y, (2 (1)) approximates an unitary pulse and cq; (£)=0, then ¢;(r) changes
in a manner similar to that shown in Figure 2. From the moment of investment
(calendar time 0) up to stage («) no production can be obtained. The interval
[0, (a)] corresponds to an investment delay (gestation lag). An increase of produc-
tion occurs over interval ((a), (b)], followed by a slow depreciation of investment
resulting in the sector production decrease.

Collapsibility of Production Function

In the above model the quantity of capital must be given a consistent meaning.
As described by Solow* and Leontief> only in a narrow class of cases the various
capital inputs can be summed up in a single index-figure so that the production
function can give output as a function of inputs of labour (assumed here homo-
genous) and services of several capital goods treated as the overall index of capital.

Proposition I

A mnecessary and sufficient condition for the collapsibility of the production
function v (L, C4, ..., C,,), with m distinct kinds of capital, to the production function

3) The term investments refers here to all capital expenditures of the government z;, j=1, ..., m,
with labour included. _

4) See Review of Economic Studies 23 (1955-1956) 101-108: The production function and the
theory of capital.

5) See Econometrica 15, 4 (1947) 364: Proposition I.
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@ (L, K) with the single index of the quantity of capital is that the marginal rate
of substitution of one kind of capital good for another must be independent of the
amount of labour in use, i.e.

dp oD
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Fig. 3. A closed model of economic growth

Thus, we can write
l// (La C1> LG Cm):(/) (L7 K)

and for the purposes of production any patterns of inputs Cy, ..., C,, are equi-
valent so long as they yield the same value of the index K.

It should be amphasized that the index-function @ and the collapsed function
¢ have the characteristics we usually associate with production functions.

The marginal rate of substitution which does not involve labour L can be ob-
tained for the general class of production functions with “means” y=f="* [f(L)+
+£(C)+...+f(C,»)], usually restricted to bz homogeneous of first degree with
the functions ¢ and @ having all the desired properties of homogeneity and con-
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vexity. In the case of C.E.S. function (1) the marginal rate of substitution of, for

r

/
instance, C, for C; ie. z;.4 for z;,.4 i i”—l-kzﬂl
Ojr1 \Zit1
ment is assumed to be carried out by a production and business sector out of
funds coming from two sources: depreciation allowances and household savings®).
Depreciation allowances are determined in accordance with a specific depreciation
policy d, which is a function defined on (0, c0) and indicates the amount of re-
sources Ad () dr set aside during the interval (7o-+7, fo+7+dt] for purposes of
reinvestment committed for this purpose when an investment of A units was made

at time #,7). These set aside resources will be referred to as business and produc-
tion saving.

) . In the model, invest-

Depreciation Policy

The present value of the time stream k at interest rate 7, given any function k
defined on (0, c0), is defined by fe‘;‘ k (t) dt.

When 7—oco it can be deﬁnz:d by -the Laplace transform L [k (¢#)]=K ()=
=lﬁ e~k (t) dt, whenever the integral converges. The interest rate can be treated
.asoa coefficient indicating a cost rate of using the éapital.

The current value (worth) of an investment project k after 7 units of time have
elapsed following its initiation, at discound rate 7, is defined as

7 T
Ww(t)=e" f e k(@) dr:f ek (7) dr. (3)
t %

Let the rate of depreciation d (t) be the rate of decrease of the current value of
the investment, which is in turn defined as the present value discounted to time ¢,
of the stream of returns k (z), t>¢, due to an investment of one unit at time zero,
at some interest rate 7.

Consider the depreciation policy of sector 7 defined by

d; (t):/:’i(f)—f('vi“f di(T)dT) “

for some 7 >0, >0 and some v, >0, where v;=W, (0), i=1, ..., n, is the initial book
value of the capital investment of one unit, the term in the parentheses represents
the book value at time 7 of the original investment. Multiplying this by 7, which

) In the centralized economy the rate of business and production saving (funds for allocation
available from production sectors) and the depreciation rate are subject to the Decision Center
policy.

7) The word “‘reinvestment” has been used since it is assumed that the investment which de-
termines a level of further production follows an initial investment, given exogeneously.
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can be interpreted as an accounting interest rate, gives the accounting cost rate at
time ¢ of the use of the capital, equivalent to the value of the original investment.

The rate of depreciation at time 7 is chosen to equalize this cost rate and the rate
of mnet yield of the investment, k;(¢)—d (¢).

The depreciation policy d; associated with the investment project k; () is assumed
to satisfy the condition :

<00, T=1, .., 1.

fmmm

From the definitions (4) and (3) and the assumption that W; (¢) =vi—f d, (7) dr
0

follows that the declining value depreciation policy associated with k; at discount
rate 7 is given by

di ()= ~w; (1)
and may also be expressed as

di () =k; (1) =¥ ().

Thus, there exists the explicit solution for d; (t) of equation (4), given k; (7).

Allocation Model

The aggregate reinvestment in sector i, determined by the depreciation expense
x; (1), is defined by

s (t)=f d; () y; (7 (1)) dt+x0; (), i=1,..,n (5)

where x;0 (7) is an exogenous term denoting the rate of business and production
saving resulting from commitments already made prior to time 0 (it includes depre-
ciation policies initiated before that date).

The net product of sector i at time 7, y; (), is the difference between the gross
product ¢; (¢) (the total rate of return from past investments) and the total rate
of business and production reinvestment x; (¢), (depreciation expense), i.e.

t
yi)=c;()—x; (1)=J ki () w; (2 (T)) dv+yo: (1), (6)

0
where k; (v)=k; (t)—d, (z), i=1, ..., n, is the cost rate of using the capital equal
to the value of the original investment at time ¢ and yo; (f) =c¢o; (t) — xo; (¢). The
net product is assumed to be paid out to households, which in turn save a constant
fraction §;, 0<s;<1, of their net incomes. This constant fraction is reinvested in

selected sectors of the economy.

The experience of last years has shown that a part of the households saving
can be (and has been) used as credits in agriculture and private housing. It is well
known that the dynamic development of agricultural production can stimulate
the development of an economy. In Poland, for instance, over 809 of cultivated
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land is privately owned. The money saved, over a long period of time, by indivi-
duals can be partly used for the development of agriculture and selected areas of
economy which are crucial to the overall development of a society. They can be
also used in those areas in which the supply, in spite of large investment and effort,
still does not satisfies demands. Encouraging individuals to use their saving for
building houses can allow to better satisfy the demand for housing facilities. A pro-
per utilization of households saving can accelerate the development of the whole
economy. However, one should not use individual saving for productive investments.

The amount of credits coming from individual saving should be evaluated
very carefully and result from thorough investigations.

Assume that a fraction s;, 5;<§; of net households income is used for credits
to develope agriculture and private housing. This means that at any instant of time
there exists a disposable, over a short period of time, e.g. one year, saving that can
be paid back to individuals. Then, the system can be closed by stipulating the equa-
lity of gross saving and investment where the gross saving includes this part of house-
hold saving which over a long time period has been used for financing credits in
agriculture and housing.

The equality can be written in the following form

; w; (1) z; (1) = ; [%, (1) +5; 7, ()] (7)

where 3 2, (D=2, (1), 5 ()=, (=%, (1),
1=k

5 ()= [ di @ v (1) 25 () di+x0, (1),

& (7):_[;:'1 () Wi (Wj (1) zi; (7)) dr+co; (1),

and w; (¢), j=1, ..., m, denotes prices of labour and capital services of government
for productive investments and public consumption sectors.

A structural constraint must be adopted in the model to assure that the pro-
duction of a given sector i in natural units, is sufficient to satisfy the demand of
all sectors for the i-th aggregated sector good treated as an input to production
and public goods production sectors

& (1)
2l o g

g=J

where p; (1), i=1, ..., n, is the aggregated sector price.
It is assumed that both sector and, labour and capital prices are exogenous in
the model. The aggregated sector prices are viewed as equilibrium prices. In ge-

neral they must depend on the quantity of output, the price for labour and for
government capital expenditures and the consumption structure.
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The discounted cumulative net product per capita from n production sectors
(the net national product) per capita over time interval [0, 77] is

n T ,—rt
L 1 = Y
wig= Y | = o i, )

i=10 <1

where z, () denotes labour force at time ¢ and e~ " is the discounting function®.

For the model describzd by equations (1)—-(9) one could think of formulating
two distinct optimization problems. In both of them the same objective can be used,
i.e. maximization over interval [0, 7], of the discounted net national product = (T)
which is equivalent to maximization of the per capita consumption in the system
since .

Consumption= > (1-5§)j, 0<s;<$;<1, i=1, .., n

, =1

The above closed system has only theoretical and illustrative meaning since
it could be applied ounly in the case when the net balance of foreign trade is zero
and the inventories are kept constant over time at their initial value. Therefore, the
problem will bz formulated to optimize the consumption per capita in the open
system with foreign trade balance and inventories included in the disposable na-
tional income.

1. Solution

Solution is given to only one optimization problem formulated for the model
in which the structural equation is checked after the problem has been solved.

Optimization Problem I

Assume the following values to be given:

a) the discount rate 7>0;

b) the time interval [0, 7], T>0;

¢) the continuous, positive functions, depreciation d; (¢) and investment return
k, (t), defined over (0, c0) for all i=1, ..., n;

d) the parameters of the C.E.S. production function (1), i.e. positive numbers

m
r,d;, —v, where D> d;=1 and ve(—1,0];
Ji=l
e) the sector prices p; (¢), i=1, ..., n, and the prices for labour w, (¢), productive
investments w, (f) and government expenditures wj (¢), ..., W, (7).

Then, we can look for the optimal allocation strategy, .i.e. the optimum values
2 () =2 (1), i=1,...,n; j=1, ...,m, such that the global net product per capita

8) For the discussion of discounting functions in the investment optimization problem see [1]
p. 41-45: Strotz phenomenon. ' ’
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7 (1), given by (9), is optimum, provided that the funds (for allocation) Z; in each
class of government evxpenditures j are given exogenously and are defined by

Zj (t)zz ffij(f)df, j:l,...,m, (10\)'
i=1 0

where Z;; () =w; (¢) z;; (1), t€ [0, T

The values Z; () depend on inventories, net balance of foreign trade, prices
and the national product per capita generated over time [0, #]. These functional
dependencies are briefly discussed at the end of this section. Substituting Z;; () in
é¢; (£), %, (¢) and using (1), (2), (7) and (8) the problem of maximization of the net
national product per capita can be written

n T =rt
max {n(T)=;ijW)7i(t)dt:

zij(r)eR

i=10 Z1(f)

m

[fk(f)(z(s B (A1 )%d'c+}70i(t)]dt}, 11y

where

n

T
—= 14,, (7): 2 fZ,J (r) dv<Z;, 2i5 (0)>0, 70, T], i=1,...; n: j=1, .5 m}, 12)
0

i=

-

Theorem 1. Let # production operators ¢; () be given by (2) and the assumptions
a—d be satisfied. Then, there exists the unique, optimum allocation strategy
z;;(x)=%;; () for 7€[0, T,

Z; fi(®)
Zulel= F w; (T)

which yields the global net product per capita 7 (7) over time interval [0, 7] (with
Joi (1) given)

=1 a1 =l e P (13)

r

#(T)= max Z f (r) ki(z)(i’aj [wj(r)zij<f)]~V)'7drdt:

z,J(l)cQ T
_—_F‘I[Z 5,~ZJTV}_T (14)
j=1

where
n T
=) [r@a, (15)
[ ;e_;, 5
fi(r)=1ki(r)f7 = dip . g=1-r. - (16)

Theorem 1 has been proved in Appendix A.
It is assumed that the sum of “investment resources’” over time is given

S z=Z R ¢
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where Z is exogenous. However, in planning practice Z is a disposable part of the
net national income generated over the previous planning interval to be allocated
to several categories of resources for labour (individual consumption) productive
investments and other government expenditures including public consumption and
services. These resources are then assigned to the n production and public goods
production sectors.

Assuming t=T, to be a base year (beginning of a planning mterval) and =0
to be the beginning of the previous planning interval

n To
z= Q" [ [% 0 +55 O di+Zi, 0~ Zin(To),
i=1 0

where Z;, denotes inventories with a net balance of the foreign trade incorporated
into it. '

Thus, it is necessary to find an allocation strategy Z;, j=1, ..., m, which maxi--
mizes the function (11).

The problem can be fo'rmlﬂate‘d as follows:

max 2 o Z =g T)] V/fl (18)
ZJEQ i=1 J
where
.Ql-{Z S‘Z <Z,Z;>0, j=1,. }
and
Of.jzéj F_T(l—r)
The optimum allocation strategy®’
T
Zj=————Z F= st (19)
y (g )1+v
and
;  m _}_\1«}-\’
EOr = 3 o) 2
i=1 !
Thus, the optimum net product per capita
m 1 v 14v =
ﬁ(T)z(Z ac;”) v g, (20)
j=1 /
an(T)

One may compute now the marginal cost of a change in Z which

Z az
depends on the cost of using the invested capital, labour growth, the discounting
function and the parameters of the C.E.S. function.

9 See Appendix B.
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IV. Extension of the Model

Within presented framework another optimization problem can be formulated.

‘Optimization Problem I

Assuming conditions a to d to hold and given “‘savings” Z;, j=1, ..., m, and
demands z;; (¢), i=1, ..., n; j=1, ..., m, find the sector prices p, (¢) and prices w; (1)
for labour, capital and capital expenditures, which yield the maximum per capita
consumption in the model or equivalently the maximum net product per capita
given by (11).

The avove problem will not be pursued further in this paper.

One of the most difficult problems in the socialist economy seems to be the model
of prices. Prices should provide market equilibrium and the maximum of a social
utility. The resulting, optimum consumption structure should stimulate the incenti-
ves of producers, compensate the impact of personal saving on the market and
provide for inexpensive basic consumption goods.

It should be emphasized that the aggregated sector prices p;, the same for all
commodities produced by sector i, are by far not a perfect approach.

However, even their impact on the structural relation (8) and on the optimal
allocation strategy is very difficult to investigate.

The optimization problem has been formulated for an open system in which
the resources available for allocation are assumed to be given exogeneously and the
optimum allocation strategy is obtained under assumptions that the “investments”
made prior to time zero yfeld given returns. This seems to be no drawback since in
economic planning of centrally governed countries one has to know or assume given
the amount of resources at time 7 to be allocated after that time. These given numbers
can be checked for consistency with projections based on estimates of resources in
previous years which are in turn based on histor'cal data. For instance Z; ()=

m

=¢; (1) Z (1), where ) ¢;=1canbe selectedas a solution of an optimization problem

i=1
yielding optimum of a utility function subject to budget constraints*®. The values
¢; () change over time due to changes in the GNP per capita and prices. They can
be estimated based on “ex post” specification: of the GNP per capita, prices and
their elasticities. Another possible extension of the paper could be the investigation
of the invarinnce of the system with respect to the personal saving yielding its best
utilization. ;

.Also, the optimal solution in the closed model with zero balance of foreign
trade and constant inventories would give more insight into allocation mécﬁanism.

10) The utility function can assume either Cobb-Douglas or C.S.E. form — see e.g. Appendix B.
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Appendix A
Proof of Theorem 1
The global net product (11), is
n T m L
n(D)= Y [Z f ki (r)( 2, ;2@ ) dr di), @1)
=10 z1(D 3
where Z;; (v) =w; (1) z;; (z) and Jo; (1)=0 11,
Changing the integration order we have
el e-—rt l
7 (T)= 2 j 2(5 Z; @1} ()k (0) di| de (22)
t 21
Denoting by
7 k)b [ fT " (r)dtl—%[” @] (23)
O] SR T
and substituting Y;; (t) into (22) yields
n i m 1
n(1)=)) f(Z Y (f)) dr (24)
=1 0 j=1
¥
where [= =—.
v
The Minkowski inequality for integrals yields
it
2 ({Z s (T)J dfslz [f 2 ¥l (T)d’[}l (25)
i=10 Jim=1
The equality in (23) holds iff
¥ (=t Tygayile); il s jols s i (26)
where ¢} is a positive constant.
Consider the expression '
T T -
f}: Y, (0] df_z f [v, (T)ldT—Z [o ] k(o) dt [z, (O d
i=1 0 =ie 2 20)
and denote
ot l_L
fi(@)= 1[ k () di °. geler. 27
Thus,
f [Y, @) de =3 f [ @ [2; @ de. (28)

1) This assumption does not affect the optimal solution.
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Applying Holder inequality

T T q[ T
J" J fEQ) [2; QT dr<d) f o) a’rl \IJ Z;(7) dr1 5 (29)
0 o
The equality in (29) holds iff
Eij(f)chfi (D)s = =15 5 = Lsnuss RS (30)

where ¢ is a positive constant.

The optimum strategy Z;; (¢) yields the equality in constraints (12).

n ¥ i

Z‘ [2;@ k=25 j=1,..,m. (31
i=1 O

Substituting (30) into (31) yields

;= F° J=1, .., m, ( )
n T
where F= Y | f;(t)dr. Thus, using (30) and (32)
i=10
2 Z; i z, filv)
£y (D)= F -fi(®) and Z; ()= F w0 (33)

The optimal value of the global profit per capita # (7)), using (22), (23), (25),
(28), (32) and (33) yields

e Z[IZ (r)dr]: £
‘ m [2 (5llff;(r)dr} lf lj(r)df}rilt‘lz
l [25’( ! 1ff1(f>df} Jf (T)dr} Hz:
gr

: fl(‘L') dt [ m Lll m B
23 M . 12 5,.2le =F1”[Z 5jz,-v] e
Jj=1 J=1

Since g=1—r and

[/= n

II
oy

e = Y, @ — %15 =const>0
- Yi,j+1(T) 5j+1Zj+1 )

the equation (26) is satisfied.

Thus, we have proved Theorem 1 and found the optimal solution to the invest-
ment allocation problem. OQ.E.D.
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Appendix B
I. Let us consider the following problem:
max {@ (x)= Z ¢ x‘fl (34)
& = J
=1
et

subject to

where x;>0, g<a<1, ¢;>0, X — given positive number and x=(x,,
It is implicit that @ (x) and g (x) are differentiable at ¥=(X4, ..., X,,), where
AV, L (x,2)=0, (3%)

% is the optimal solution to (34). Thus, we can apply Kuhn—Tucker conditions.

V}. L ()Z.s Z)SO,

VoL (%, 4)=0,
L(x, )= (x)+2g (x).

220, where
Conditions (35) for the optimization problem (34) can be written

n
ac, xi~1—=1=0, in—XSO,
i=1

(38)

A=0
yielding
1
Cil—at
H=———71"X, i=lL.,m (36)
—\:‘ (CJ-) 1-e
j=1
and ‘
n 1 1-2
@:@(f):(Zcil‘“) xe, (37)
b=
II. Let @ (p) assume the form of the Contant Elasticity of Substitution (C.E.S.)
function
m -—I)/v n
cp(y)=(25i y;V) . where ve(—1,0], p>0, 620, ¥ 6,=1.
i=1 i=1

—v/v‘l

m

Thus, the optimization problem is
{@(y)=(;:5i y)

J

max

¥
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subject to

g(y)=2m;' yi—Y<0

=11 L
y:20, where y=(i,..,Vn), Y is a given number.

The above optimization problem is equivalent to

max {[@(y)]'”/l’= Z J; y[”} (39)

subject to .
g()= D »—¥<0, y>0.
Using (36) 2
1
) (5l_)1+v
e T X, A=l s W (40)
2 5j1+v
=1

Thus, for given p and v by (37)

m 1 v
qS=</)(ﬁ>=(Z 5) v, 41)
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Optymalna alokacja inwestycji w modelu wzrostu
gospodarczego

W pracy podano model wzrostu gospodarczego, ktory umozliwia optymalny rozdzial zasobow.
Zasoby powstaja w wyniku akumulacji produkcji (“oszczedzania™) w okresie [0, 7].

Alokacja odbywa sie¢ w Centrum Decyzyjnym i polega na podziale zasobéw dla potrzeb kon-
sumpcji indywidualnej, inwestycji produkcyjnych i wydatkow rzadowych na konsumpcje zbiorowa
i ustugi. Zasoby te sa nastepnie przydzielane sektorom produkcyjnym i sektorom produkujacym
dobra konsumpcji publicznej.
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Zasoby, stanowiace cze$§¢ zakumulowanej produkcji, sa wynikiem polityki deprecjacyjnej
sektoréw produkcyjnych oraz oszczednosci gospodarstw indywidualnych.

Matematycznie rozpatruje si¢ nieliniowy system dynamiczny, w ktérym jako kryterium wybrano
maksymalizacje globalnej produkcji netto na gtowe w czasie [0, 7]. Sformulowane zadanie posiada
jednoznaczne globalne rozwiazanie optymalne zalezne od wielkosci egzogenicznych. Zapropo-
nowany model moze by¢ rowniez wykorzystany do okreslania optymalnych cen systemu.

OnTEMaisHoe pacnpe}:(eneuue KanuTaJ0B/I0KEeHEH B MO/
3KOHOMHYECKOI'C Pocra

B pabote mana MozIeNb 5KOROMHUYECKOTO POCTa, KOTOPASI MO3BOISET NPOUBECTH ONTUMANBHOE
pacnpe/ieneHue pecypcos. DTH pecypcel BO3HHMKAIOT B PE3yNIbTaTe aKKyMYyJSIAU TIPOM3BOJICTBA
(,,oxonomun”) 3a mepmox [0, 7.

Pacnpenenenne npoucxomut B Llentpe IIpunsTus PeuieHuilt ¥ COCTOMT B Da3[cieHUH PECYp-
COB Ha HYXIbl MHIOWBUAYAJIBHOIO TOTPeOJIeHHs, TPOM3BOICTBEHHBIX KANUTAIOBIOKEHUI U Iipa-
BUTENBCTBEHHBIX 3aTpaT Ha OOIIecTBeHHOE MOTpebiIeHWe W YCIyrH. DIHW PEeCypchbl 3aTeM IIepe-
IArOTCS IPOM3BOACTBEHHBIM CEKTOPAM M CEKTOpaM MPOM3BOISAIIMM LEHHOCTH OOLIECTBEHHOTO
norpebiieHus.

Pecypcer, sBISrolnecs YaCThIO aKKyMYJIHDOBAHHOTO MPOMU3BOACTBA, MOSIBISIOTCS B PE3yJib-
TaTe NMOJUTUKY OOECIEHHBAHNS IIPOBOAMMON MPOU3BOACTBEHHBIMHA CEKTOPAMH ¥ 3KOHOMUU WHIIY-
BHAYaIbHBIX XO3SUCTB.

MatemMaTH4YeCKu pPacCMaTpPUBAETCsl HEJIMHENHAst NMHaMMYecKas CHCTeMa, B KOTOpPOil B Ka-
YeCTBE KpUTepus BbIOpaHa MakCHMHU3alMs TII0OabHOr0 IPOW3BOACTBA HETTO Ha IyINy 3a BpeMs
[0, T]. ChopmynupoBaHHast 3a/1aya WMEET OJHO3HAYHOE T100abHOE ONTHMANbHOE PELICHHE 3a-
BHCSIIIEE OT 3r30TEHHBIX BeNMYMH. [IpeniaraemMasi MOIeb MOXeT ObITh TaKKe MCIOIb30BaHA ISt
ONpeNieNeHUsT ONTHMAIBHBIX IEH CHCTEMBI.







