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The problem of the existence of solutions for some optimal control problems for linear partial
differential equations of parabolic type is considered. Control appears in coefficients of elliptic
operator.

On the basis of some results concerning weak convergence of a sequence of weak solutions
of parabolic equation some sufficient conditions for existence of an optimal control are obtained.

1. Introduction

In the paper we give sufficient conditions for existence of solutions to some
parametric optimization problems for linear partial differential equations of parabolic
type.

In these optimization problems coefficients of operator depend on control
variables.

Such problems appear in stochastic optimization [15], in control of diffusion
in semiconductor [7] and in identification of coefficients of parabolic equation [2].

The problem of existence of solutions was studiéd by Zollezzi [14] in the case,
when control depends only on space variable. We start with notation.

Let Q be an open, bounded domain in #-dimensional Euclidean space R". We
assume, that boundary I" of Q is an (n—1)-dimensional smooth manifold locally
situated only on one side of Q.

For given T,0<T<<oo we define
0=02x(0,7) 1.1)
Z=1"%(0,T) 1.2)

Denote by Q the closure of Q. Take CJ () to be the standard space of infinitely
differentiable functions with compact support in Q.
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We use standard notation for Sobolev spaces [6] namely H' (Q) is define as
follows:

3
H (Q)z{feLl (9).% eL*(Q),i=1, n} (1.3)

It is well known, that H' (Q) is a Hilbert space, with the norm:

n a 2
1A= [ (f @) dx+ 2 [ (a_)]:?) dx. (1.4)

Let H} (2) denote the closure of CJ (2) in H' (Q), and let ¥ be a given linear
closed subspace of H! (Q) with topology induced by H*! (Q) such that

H.Q<=VoH Q). (1.5)
Whence
VQL> (QQV’ (1.6)
where by V'’ we denote the dual space of V.

We will use the same notation for extention of the scalar product in L? ():
(1, 2)=[ y (x) z (x) dx to the pair (V, V).
Q

For given Banach space B, by L? (0, T, B) we denote the space of functions
strongly measurable on (0, 7) with values in B, square integrable on (0, 7") with

the norm:
Th

1 ez amy= [ 11 @113 de. (1.7)

0

By Y (0, T) we denote the following Hilbert space [4]

d
Y (0, T)={y eL?(0,T, V)’T); eL? (0, T, V’)} (1.8)

with the norm:

SN L4 | 19
| 1 =11E 00 | o (1.9)

It is well known [6], that
Y (0,T)=C (0, T; L* (Q)) (1.10)

with contimons imbedding (1.10).

2. One dimensional parabolic equation

In the section we will consider functions y=y (x, t) of two variables x € (0, 1),
te(0,T), that is Q=(0, 1). For simplicity we use the following notation

ay dy
y,=3—t(x, t)s yﬁgx-(x, 1)
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For given function f = f(x, )
| fI<M means | f(x, 1)|<M,V (x,1) € (0, 1)x (0, T).
Let there be given a functional:
LC,., i 2O L2 (@)X L*(Q)—R 2.1

which is strongly continuous with respect to all variables. Consider the following
optimization problem:

(P1) minimize J (u)=1, (4, y, 4, y, 1)
subject to:

@
lual, ot || <M; 2.2)
(ii) constraints in the form of parabolic equation:
—p(x, W)y —(a (e, t, W) y)et+b (X, t, W yo+e(x, Lbwy=f(x, t,u) (2.3)
with boundary conditions

¥, )=y (1, 2)=0 (2.4
and initial condition:

Y (x,0)=y, (x) (2.5)
(i) with 4, € Z (Y (0, T); L* (Q)),
A, € £ (Y0, T); L* ()
in the following form:
(4y ) (x, )=y (x, 1), (x,£) (0, 1) x (0, T) (2.6)
(4;y) (X)=y (x,0),x (0, 1) 2.7)
where @ € (0, 7] is given.

REMARK. For given control u=u (x, t), y==y (x, ¢) is the weak solution of the protlem
(2.3)(2.5) that is:

T 1
/‘ f [(p2); y—ayy zx+ by, z+cyz— fz] dx dt+
0 0

®

. f 2 (x,0,u)z (x,0) yo () dx=0  (2.8)
VzeC® ([0, 11x[0, T]) such that ’
z(0, )=z (1,1)=0, te(0,T)
z(x, T)=0, xe(0,1).

To assure existence and uniqueness of a solution to the system (2.3)-(2.5) we
assume that the following conditions are satisfied.

4
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(A1) () p(x,t,r)=0,>0,V (x,1) €(0, 1)x (0, T)
a(x,t,r)zo,>0,Vre(—M, M),

i) p(x,t,.), a(x,1,.), b(x,1.), c(xt.), f(x,¢.) are uniformly LlpSChltZ
continuous on interval [— M, M] for almost every (x, t) € Q;

@ii) |pl, Ip.l, lal, 6], lel, | f1<M a.e. in (0, )X (0, T)x(—M, M), for sake of
simplicity we write |p| instead of p (x, ¢, r);

(A2) () lal, |by|<M ae. in (0, )X, T)xX(—M, M).

It can be shown [8], that under assumptions (2.2), (A1) there exists a solution
to the problem (2.8) which is unique when we assume also condition (A2) to be
satisfied. We recall the following result due to Markov and Olejnik [8] concerning
convergence of sequence of solutions to the problem (2.8) with respect to the sequence
of its coefficients. Let there be given a sequence of coefficients p, (x, t), a, (x, 1),
b, (x,1), ¢, (x, 1), fr (x, 1) and some elements p,, 4, B, Cy, f, such that the problem
(2.11)—~(2.13) has a unique weak solution, and we have

Pn—Po

a" —~ B weakly in L? (Q) (2.9)

Ch— Co
Je— Jo

then the corresponding sequence of solutions {y,} to the problem (2.8) is convergent
to some function y in the following sense:

for every 6 > 0
Vu (x, )= 7 (x, t) uniformly on (0, 1)x (6, T) (2.10)

where y is a weak solution of the following parabolic equation:

Po th_(A};x)x"i"BAﬁx'i_CO f:f (211)

70, )=5(1,)=0 2.12)
7 (x, 0)=y, x. (2.13)

In the sequel we will need the following lemmas:

ILeMmA 1. Assume, that there is given function d=d (x, ¢, r) such that
G) |d(x, ¢, r)<M; ae. in (0, 1)x O, T)X(—M, M)
(i) d (x, ¢,.) is uniformly Lipschitz continuous that is

06 8 r e Gt ol g ora] e o G = e - L)
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Let there be given a sequence
u,=u, (x, t), such that |u, (x, 1)|<M
u,~u, strongly in L? (Q) for some u, € L? (Q)
then
d,—d, strongly in L? (Q)
where:
dn=d(x: L, uy (x: t))’ dO =d(x9 1, Up (xa t))
Proof. We have :

1= o2 0y = [ (dn—do)* dQ<L? [ (ty—t5) dQ—0.
Q Q

LeEmMA 2. Assume, that there is given a sequence a, € L? (Q) and an element a, €
€ L? (Q) such that
(1) 0<a,<a, (x,t)<M a.e. in Q
(ii) a,—a, strongly in L? (Q)
then
1 1 ‘

i ly in L? .
“ > a strongly in L? (Q)

Proof. We have
2 (~1 1 )ZA
L? (Q) J a, dy Q

1 1
== [(@—a0)* dO<— [ (@—a0)*dQ-0.
n b i %y Q

-1 1

a, ap

Q

LemmA 3. Let there ave given sequences {a,}, {b,} such that:

1Bl

L e,
a, |

b,— by weakly in L? (Q)

1 1 '
1y - = strongly in L? (Q)
then _ '
LR weakly in L2 (Q).
: a - ay :
Proof.

f(] 00w
" Q
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so there exists a subsequence n—oo and an element w € L? (Q) such that
b" =
— — weakly in L? (Q)

n

b
we will show, that y/=a—0. Let ¢ € 2 (Q) be given element, we have
0

RN
[\o=o)odo=[b| =)o do+
Q Q
@
+ [ = (bs—bo)d0—~0 V9% (Q)
o %o
bn bO 2 9,
$0O an—)ao =y in 9' (Q).

Now we can state a lemma concerning continuity of the cost functional J (u)
on the set of admissible controls which satisfy constraints in the form (2.2), namely.

LeEMMA 4. Let there be given a sequence {u,} such that
[ttt s |, o| < M (2.15)
then .there exists an element @, with ||, |d,|, || <M such that
J (uy) — J (i1). (2.16)

Proof. By assumption (2.15) there exists a subsequence still denoted by n—oo and
an element @ € H' (Q) such that

u, — @ weakly in H' (Q) 2.17)
and
lal, lil, la,| <M.

By compact imbedding theorem [6] (2.17) implies

u,—~1 strongly in L? (Q) (2.18)
let us denote

P (%, 1)=p (x, t, uy, (x, 1))
Po (%, )=p (%, t, uy (x, )
a, (x, H=a(x, t, u, (x, 1))
ao (x, t)=a (x, t, uo (x, 1))
by (% =0 (. 1, w, (%, 1))
bo (x, 1) =b (x, 1, uo (x, 1))
& O )= = 0, 405, 1)
&o (%, t)=e (%, 1, 11, (%, 1))
Jo (6, )=1 (%, 8,1, (%, 1))
Jo (X, t)=f(x’ 1, uo (%, t))
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by (2.18), by assumption (Al) (ii)) and by Lemma 1 we have:

pn '—)PO
an => ao ;
b, — by strongly in L?(Q) (2.19)
Cp—> cO
e
so also
Pn_‘Po
c,—co weakly in L? (Q) (2.20)
Jn—=Jo

and by Lemmas 2,3

® weakly in L? (Q) 2.21)

&

so we can make use of the result of Markov and Olejnik, hence for every 6>0

Yn (-x: t) =*xYo (X, t) (222)

uniformly on (0, 1)x(J, 7). But by maximum principle [8] |y, (x, )|<C, where C
does not depend on 7, hence

Ay yu— Ay yo strongly in L2 (Q) (2.23)
and by (2.22)
" Ay yu— A, yo strongly in L? (2)
whence
J (ua) = J (uo)

TuroreM 1. There exists an optimal solution to the problem (P1).

Proof. Take in Lemma 4 {4} to be a minimizing sequence for (P1). There exists
an element i € H! (Q) such that

u, — i strongly in L? (Q)

J (u,) — J (1)
and

‘12[5 lﬁ.\'|, ‘ﬁtlgM

whence @ is a solution to (P1).
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3. Parametric optimization problem -

Consider the following linear parabolic equation-

ay |
(6t s z)+a ty,2)=(f,2),VzeV (3.1)

y (%, 0)=y,, xeQ (3.2

where y, € L* (Q), feL?>(0,T, V') are given elements.
Bilinear form a, (¢, y, z) is defined as follows:

39 3 faym 2 s

i,j=1

n

dz Z ay
+2 fa[ygx—idx%-l;:![biggzdx+

i=1 &
+f cy zdx+ fdyz dx,Vy,zeV 3.3)
2 e

by :
v;(aiji ai, bh C_'a d; 1<l,]<1’1) : (34)
we denote vector parameter, elements «;;, ¢;, b;, ¢, d are coefficients in elliptic opera-
tor and in boundary conditions -of equation (3.1), (3.2).
In particular parameter @ can depend on control « in control problems, where
coefficients depend on control. Let there be given functional:
L (2,9): [L* (0, T); H' @+ "X [L2 (@' XL* (D)X Y(0,T)-»R (3.5
which is weakly lower semicontinuous.
Like in previous section we will con51der an optimization problem, which will
be denoted (P2):
(P2) minimize J (v)=/, (v, y,)
subject to constraints in the form of parabolic equation (3.1), (3.2) and some con-
straints on coefficients, namely
(A3) lail, lal, B4, icl, dI<M | _
a;j (x9 t):aji (X, t) vi?j v (x’ I) € Q
VIEPS Y ay & &<ule?

L
i,Jj=1

y>0,VEe R,V (x,1)€Q
l Oa, da; |
aJ h ‘; a; ] <C

fe ==
:L2(Q)9 i o’xl || L2 (@)

L=

(Ad) | | Sau
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REMARK. Let us note, that for parameters » elements of which verify té assumption
(A3) there exists [6] a unique solution y=y, € Y (0, T) to the problem(3.1), (3.2).
Furthermore the system (3.1), (3.2) generates the linear mapping'

P(0): L* (Q)XL* (0, T, V") > (yo, )r>y,€ Y(0,T) (3.6)

which is an isomorphism [6].
We prove a lemma concerning convergence of a sequence of solutions of (3.1),
(3.2) with respect to the sequence of its coefficients.

LemMMA 5. Assume, that there is given a sequence of vector parameters
vm:(aij, ms i, ms b", ns Cms dm; 1<l,]<l’1) m=1> 27
which satisfies to assumptions (A3), (A4) and converges to a vector parameter

v*=(d}, a}, b}, c*, d*)

vj

in the following sense:

a,m—a; weakly in L? (0, T; H' (Q))
by m—b; weakly in L?(Q) 3.7

i

Ui, m—ay; weakly in L2 (0, T; H' (Q))

cn—c* weakly in L? (Q)
d,—d* weakly in L* (X)

then the corresponding sequence of solutions y,=y,, converges to the solution
y*=y, . in the following sense

Ym— y* weakly in Y (0, 7) (3.8)
Vi (1) = y* (¢) strongly in L* () (3.9
Vte(,T].

Proof. Let {v,} be given sequence of vector parameters. Denote by P (v;,) linear
operator in the form (3.6) for m=1, 2, ..., and by y,, =, the corresponding solution
of the problem (3.1), (3.2).
Let us note, that the sequence [P (#,)} is convergent in the following sense:
P (0,) o, f) = P (%) (yo, f) : (3.10)
weakly in Y(0,7), ¥V (3o, f) eL>(Q)xL?>(0, T, V') if and only if
P (v, [P(0*)]"' y—y weakly in Y (0,T) (3.11)

for every element y in a dense subset of the space Y (0, T), for example for every
function y, which is smooth on Q. Hence without loss of generality we can assume,
that solution of the system (3.1), (3.2) y*=y, =P (v*) (yo, /) which corresponds
to date (yq, /) is a smooth function. Define

Win=Vm _y* ¢ (3 12)

~
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We show, that the sequence {w,,}, which is bounded in Y (0, T) converges to
zero strongly in L® (0, T, L* () N L* (0, T’; V')). Obviously, w,.is a solution of the
following parabolic equation:

aw,,
(7’ Z)+avm ;W 2)=a,,, (t; y* 2)—a, (t; y*,2),VzeV (3.13)
Wy, (0)=0. (3.14)

By setting z=w,, in (3.13) and integrating (3.13) over time interval (0, r) where
t (0, T) we obtain the following estimation:

”meIz_w(o, 7512 (Q))+ ||wm| |iz 0, T; V)<
&
<C| [ 1oy (5 9%, wa)—a, (53 %, w de | (3.15)
0

but we can write

T 7
1o @ 5%, wa)—a, & y*, wa)l di= D) £ (3.16)
0 i=1
where
I [ ay*
=] Wn 2 m—Gis) ]} do (3.17)
3 J {1,12:71 0x; L
n ay* ) . 1
;= w,,,{ D, @ym—ai)5—cos (@, iy & (3.18)
z 1,i=1 i
LI
= Wm{Zaf @ ,".—a.-)y*} do (3.19)
Q =1 "
7= [ waf 2 (@1, m—a) y* cos (1, x;)} d (3.20)
z i=1
m - ay*
1= J w{Z (®1,m—b1) axi}dQ (3.21)
f2= [ Wn (cu—c) y* dQ (3:22)
Q
fm= f W (dyy—d) y* dX . (3.23)

Since y* is assumed to be a smooth function, we have

az y* ay* o
oxox ox L@ 0j=1, (3.24)
* |
y* s ;:ELOO (‘F,i=1,...,n (3.25)
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where by y|; we denote the trace [6] of function y on X. Let us recall [6], that for
given element y € L? (0, T, H' (Q)) its trace y|y € L* (X) is well defined and linear
mapping

L*>(0,T; H' (Q)) ey ylz e L* (2) (3.26)
is continuous [6], hence the above mapping is also continuous in weak topologies.
In particular (3.7) implies, that

i, mlz = ay;ly weakly in L? (X) (3.27)
@y, mlz = ail; weakly in L2 (Z). (3.28)

On the other hand the sequence {w,,} is uniformly bounded in the space ¥ (0, T),
hence by compact imbedding theorem ([5] p. 70th. 5.1) the sequence {w,} belongs

1
to a compact set of the space L? (0, T; H'~¢ (£2)), Ve>0. But for 0<8<~2~ the
linear mapping

L2 (0, T; H'~* (@)) 5 y>yl; € L? (2) (3.29)

is continuous [6] whence

(i) the sequence {w,} belongs to a compact set of L?(Q),
(if) the sequence of traces {w,|;} belongs to a compact set of L? ().

Using (3.7), (3.27), (3.28), (3.24), (3.25) and suitable convergence of the sequence
{Wn} or {w,lz} one can verify that '

ff—>0as m—-o,i=1,..,7 (3.30)

SO Y — y* strongly in L” (0, T; L* (2))nL*(0,T; V).
But the sequence {y,} is uniformly bounded in the space Y (0, T), whence

Vm—y* weakly in Y (0, 7). 3.31)

Let there are given constants M, v, u, C. Denote by U,,cU=[L* (0, T; H' X
X @)+ x [L2 (Q)]"+1 x L2 (X) the set of vector parameters o which satisfy to
(A3) (A4). One can check, that the set U,, is convex, bounded and closed subset
of the space U so it is weakly compact in U. Using Lemma 5 it is easy to prove the
following theorem.

THeEOREM 2. There exists an optimal solution to the problem (P2).

Proof. By Lemma 5 and assumption concerning functional 7,, J (o) is weakly lower
semicontinuous on the set of admissible parameters U,,, which is weakly compact,
so there exists an optimal solution to the problem (P2).

Let us consider the case, where parameter » depends on control u=u (x, ).

We consider the class of functions 2=/ (x, ¢, r) defined on QX R! (resp. on
X2 X R') which satisfy the following conditions:

(A5)
@ 1A (x, 1, r)<Cy (3.32)
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a.e. in Q (resp. a.e.’in %)
Vire[M,, M,]

where M,, M, are given constants; .
(ii) & (x, t, r) is Lipschitz continuous with respect to r uniformly on Q (resp.
on X) that is

lh (xa f, rl)_h (xa Z r2)[<L |r1 _rZI (333)
a.e. in Q (resp. a.e. in X), Vry, 1, € [My, M,];
(iii)
] oh . oh -
L PR | 5 W A7) S0 | (3.34)

a.e. in Q (resp. a.e. in 2) Vre[M,, M,].

LemmA 6. Let there be given a sequence u,, =u,, (x, t) such that:

M, <u, (x,t)<M, a.e. in Q (3.35)

fISE) (5
J {;: iy = }dQ<C3.- (3.36)

M,, M,, C;— are given constants.

Denote by by (o =580, 1), el 2,0 0=g(5 0.0 0)
(x, t) € X where function A (.,.,.) (resp. g(,., .)) is assumed to satisfy condition
(AS) on Q (resp. on X). :

Then -there exists a subsequence m’—oo and an element u, € H! (Q) such that

Uy — Uy Weakly in H' (Q) (3.37)
M, <uy (x,t)<M, ae. in Q : (3.38)
[}
e 4 2t
{2 5 7 ) [ 92<Cs (3.39)
Q ti=1
B (x5 ) = Do (x, t) weakly in H! (Q) (3.40)

where ho (x, £)=h (x, t, uo (x, 1))
g (x, 1) = go (x, 1) weakly in L? (X) (3.41)

where g (x, 1)=g (, 1, uo, (x, 1)).

Proof. By assumptions (3.35), (3.36) the sequence {u,,} is bounded in the Sobolew
space ' (Q) that is

Nt lgr (@ <C, m=1, 2, ... ‘ (3.42)
hence there exists an element u, € H' (Q) which verifies (3.38), (3.39) such that

Uy — g weakly in H' (Q) ‘ (3.43)
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for some subsequence m’— oo, furthermore by compact imbedding theorems [6], [5]
(3.43) implies _ L' =

Uy —> U strongly in L2 (Q) _ [ i (3.44)
Uply — Uy strongly in L? (X) : ; (3.45)
so using Lemma 1 we obtain: e
B (X, 8) = ho (x, t) strongly in L? (Q)’ " ' (3.46)
g,;,, (x, £) > go (x, 1) strongly in L* (2). ’ (3.47)
On the other hand the sequence {A,} is bounded in Sobolew space H' (Q)

Pl @ <C (3.48)
hence for some subsequence m''—oo of the subsequence m’'—co we have
B = w weakly in H* (Q) - (3.49)
but (3.46) 4mplies
w=h,

hence whole subsequence {4,,} is convergent weakly in H! (Q)
hy — ho weakly in H' (Q).

For given u € L? (Q), by v=v(u) let us denote the vector parameter

v(u)=(a:; W), a; (W), b; (), ¢ (), d (W) (3.50)

and by y,=y, the corresponding solution of the problem (3.1), (3.2) ‘
We assume:
(A0)
(i) functions a;; (x, ¢, u), a; (x, t, u), b; (x, t, u), ¢ (x, t, u) satisty condition (A5)
on QXx[M;, M,] function d (x, t, u) satisfies condition (AS) on XX [M,, M,]
(i1) ' '
s 108, 0 P =t 1 ) G il s T
a.e. in QVre[M,, M,]
VIERPS D @yt r) & & sp P
=1
v>0, p<<oo, Vé e R a.e. in Q,Vre[M,, M,]

where M, M,,v and pu are given constants.
For given constants M, M,, M5 denote by W,,cH* (Q) the following set of
admissible controls:

Wea={ue H (Q)|M,<u(x,t)<M, ae. in Q, (3.51)

{52 s
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Given functional I(.,.): Y (0, T)xH—R (where H=L?(Q) or H=H" (Q))
which is assumed to be weakly sequentally lower semicontinuous.

Consider the following optimization problem, similar to (P1), namely (P2’):
minimize J (u) =1 (y,, u) over the set W,, given by (3.51) and subject to constraints
in the form of parabolic equation (3.1),(3.2) where v=v(u) are given by (3.50).

THeoREM 3. There exists an optimal solution to (P2').

Proof. Let us note, that lemma 6 implies, that the mapping H'! (Q)> W,,3 >
2 (u) € U,,= U is continuous in weak topologies from the space H* (Q) into the
space

U=[L? {0, T, H* @) L2 (@)% L2 (Z).

By Lemmas 5, 6 the functional J (1) is weakly sequentally lower semicontinuous
on weakly sequentally compact set W,,, hence there exists an element u* € W,
such that

JWH)<J (W) Vue Wy,.
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Uwagi na temat istnienia rozwiazan dla zagadnien stero-
wania optymalnego dla liniowego réwnania réiniczkowego
czastkowego typu parabolicznego

Rozwazono problem istnienia rozwiazan dla zagadnien sterowania optymalnego dla liniowego
roéwnania rézniczkowego czastkowego typu parabolicznego. Sterowanie wystepuje we wspot-
czynnikach operatora eliptycznego.

Wykorzystujac wyniki dotyczace stabej zbicznosci ciggu slabych rozwigzan rownania para-
bolicznego uzyskano wyniki wystarczajace dla istnienia rozwiazan rozwazonych zadan sterowania
parametrycznego.

Conepxanue

B paboTe paccMaTPUBAETCs BOMPOC CyLIECTBOBAHMS PELIEHHUIH HEKOTOPHIX 3a/1a4 ONTHMAIbHO-
TO yOpaBlieHWs Uil JIMHEWHOrO YPABHEHHWS MapabosMyeckoro TUIAa B YACTHBIX IIPOM3BOIHBIX B
Ciyyae, KOTOa YIPAaBISEMbIMY SBISIOTCS KOI(DOUUHMEHTHI 3JIHNTAYECKOrO ONEpaToOpa.

Ycmonb3yst pe3yIbTAThl Kacaromiuecs: ciiaboi CXOAMMOCTH MOCIEIOBATEILHOCTH 0000MEHHBIX
pelenuil MapaboarnIecKOro YIIpaBIeHusl OJIyYeHO JOCTABOYHBIE YCIOBUS CyILECTBOBAHMA PEIICHIM
paccMaTpUBAEMBIX 3alad IapaMETPUYECKOTO YIIPABJICHH.







Wskazowki. dla Autorow

W wydawnictwie ,,Control and /Cybernetics” drukuje si¢ prace oryginalne nie publikowane
w innych czasopismach. Zalecane jest nadystanie artykutéw w jezyku angielskim. W przypadku
nadestania artykulu w jezyku polskim, Redakcja moze zaleci¢ przettumaczenie na jezyk angielski.
Objetos¢ artykutu nie powinna przekracza¢ 1 arkusza wydawniczego, czyli ok. 20 stron maszyno-
pisu formatu A4 z zachowaniem interlinii i marginesu szerokosci 5 cm z lewej strony. Prace nalezy
sktada¢ w 2 egzemplarzach. Uklad pracy i forma powinny by¢ dostosowane do nizej podanych
wskazowek.

1. W nagléwku nalezy poda¢ tytul pracy, nastepnie imi¢ (imiona) i nazwisko (nazwiska)
autora (autoréw) w porzadku alfabetycznym oraz nazwe reprezentowanej instytucji i nazwe miasta.
Po tytule nalezy umiesci¢ krotkie streszczenie pracy (do 15 wierszy maszynopisu).

2. Materiat ilustracyjny powinien by¢ dolaczony na oddzielnych stronach. Podpisy pod ry-
sunki nalezy poda¢ oddzielnie.

3. Wzory i symbole powinny by¢ wpisane na maszynie bardzo starannie.

Szczegblna uwage nalezy zwrdcié na wyrazne zroéznicowanie malych i duzych liter. Litery
greckie powinny by¢ objasnione na marginesie. Szczeg6lnie dokladnie powinny by¢ pisane indeksy
(wskazniki) i oznaczenia potggowe. Nalezy stosowa¢ nawiasy okragte.

4. Spis literatury powinien by¢ podany na koncu artykutu. Numery pozycji literatury w tekscie
zaopatruje si¢ w nawiasy kwadratowe. Pozycje literatury powinny zawiera¢ nazwisko autora
(autoréw) i pierwsze litery imion oraz dokladny tytul pracy (w jezyku oryginatu), a ponadto:

a) przy wydawnictwach zwartych (ksiazki) — miejsce i rok wydania oraz wydawce;

b) przy artykutach z czasopism: nazwe czasopisma, numer tomu, rok wydania i numer biezacy.

Pozycje literatury radzieckiej nalezy pisa¢ alfabetem oryginalnym, czyli tzw. grazdanka.
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