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We consider a nonlinear differential game of evasion and discuss a condition under which .
for every initial state of the game there can be constructed a strategy of evasion, that is, a
strategy which ensures that the trajectory of the game remains all the time outside a fixed
terminal subspace. The sufficient condition for evasion given bere is a generalization of the
condition from [2].

L)

1. Introduction

We consider the differential game of evasion given by an equation
=Py (2)+f(z, u,v),ze R, uc UcR?, v V= R4 (1.1)

a control set U for the pursuer, a control set ¥ for the evader and a linear sub-
space M of R". Assume that codiom M>2, the sets U, V are compact and the right-
-hand side P (z, u,v)=P, (z2)+f(z, u,v) of the equation satisfies the following
conditions: ' '
(a) P(z, u,v) is a continuous function on R*"X U XV,
(b) there exist constants 4, B such that

|z+P(z, u,v)|<A |z]>+B for all ue U,veV,ze R",
(c) for every r>0 there exists a constant C, such that if |z|<r, |Z|<r then:
|P(z, u,v)—P(Z,u,9)|<C,|z—z| for all ue U,ve V.

The conditions (a)—(c) imply that for any measurable functions u (z),v (¢)
taking values in U and V, respectively, and for any initial condition z, € R" there
exists for 7€ [0, +o0) a unique solution of the problem:

2(O=P(z(®), u(®), v(1)).

1.2
z(0)=z, el
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The aim of the evader is to avoid the subspace M that is, to ensure that z () ¢ M
for t € [0, 4-00) whenever z, ¢ M. We assume, forllowing for example [1, 2], that
at any instant of the time the evader does not know the future behaviour of the
opposer and knows its past and present behaviour. More precisely, we use the
following concept of strategy for the evader. A mapping v* (z,; ) which for a fixed
initial condition z, assigns to each purseur’s control function u (¢), u () e U, te
€ [0, +o0) an evader’s control function o (¢)=v"(zo, 1), v(t)eV, te€[0, +o0) is
called as strategy if for any two control functions u* (¢), u? (t) and any T>0 the
equality u! (t)=u? (¢) a.e. in [0, T'] implies that v"* (z,, 1)=2"* (2o, ) a.e. in [0, 7.
We can say now that the aim of the evader in to find a strategy ©* (z,, ¢) defined for
all z, ¢ M such that any corresponding trajectory satisfies z (¢) ¢ M for ¢ € [0, +o0).

We formulate a condition under which a strategy of evasion exists and state
a theorem of evasion. The condition which we call condition (F) when applied to
the linear game coincides with the condition given in [2] by R.V. Gamkrelidze
and K. L. Kcharatishvili although we formulate it in a different way. Then we
discuss condition (F). We give its equivalent form in Proposition 2.1, compare with
the condition from [2] and give an example for which condition (F) holds. In the
next paper we shall prove the theorem of evasion. Our construction of an evasion
strategy much differs than that in [2]. Moreover, we construct a strategy of evasion
while in [2] only the existence of a relaxed strategy is shown, where the evader

chooses at any moment ¢ a collection (g (8, ..., ftr (1), vy (), ... v, (1)), > i (D=
=1, 4;=0,v; (t)e ¥V, i=1, ..., r, instead a point v (¢) e V. e

2. The sufficient condition of evasion

In this section we formulate a condition under which an evasion strategy exists
and state an evasion theorem.

We assume further that the mapping P, (z) is continuously differentiable as
many times as it will be differentiated. Let DP, (z) denotes the differential of P, (z)
at a point z. DP, - P, is again a mapping from R" into R" where DP,- P, (z)=DP, (z) X
X Py (z) and we can take its differential D (DP,-P,) (z). Denote

Co(2)=I, C;(2)=DP,(z) and inductively C(z)=D(Cy_;(2)-P,(2))
where [ is the identity matrix.

Integrating p-times by parts the integral form of the equation (1.2) we obtain
the following formula:

t.p=1 vt )l

z(t)=s,(t; zo)+f2 Ci(z@) f(z(), u(T)‘U(’L'))”—**‘di +R@+Y)  (2.1)

tP
where s, (¢; z0)=2¢+Po (20) t+...+C,_ l(zo)Po(zo) 1s a polynomial in ¢ of degree
at most p and the rest is of the form
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’ t (t _T)p .
R@+)= [ €, (=) (Po @) +/ (0, 4@, 0 (@) —, —dr

The conditions (a)—(c) imply that for every »>0, T>0 there exists a ball K (0, 4, 1)
around the origin of radius %, r such that if z, is from the ball K (0, ) of radius r
around the origin then for every trajectory z(f) of the equation (1.2) z (¥)e
¢ K(0,h, 1) for te [0, T]. Therefore there exists a constant N, r such that for any
zo € K (0, r) and any control functions u (¢), v (t) the following inequality holds:

IR+ 1)|<N, ¢ +1 for 1€ [0, T]. ©.2)

In which follows R (¢™) will always denote a term such that |R (#™)/¢™| is bounded
uniformly with respect to all variables on which it may.depend.

Take a point z, € M an integer p and a k-dimensional subspace L orthogona
to M. Denote '

F,_ 1@ z,u9)=[(Cuv)+C, (2)f(zuv)t+..4+C,_1(2) f(z, u,v) 1.

Take a linear mapping 7z, of the form n,=AP, where P, is the orthogonal
projection of R" onto L, A is an isometric mapping of R" which maps L onto RF=
={x € R"x; , ;=...=x,=0}. We shall consider = F,_; (¢, z, 4, v) for z from a neigh-
boorhood %, of z and small 7. At first recall some facts concerning analytical
matrix-functions (see [1] also [2]).

Let H (¢) be a function defined for ¢ from a neighbourhood of zero whose values
are k X k-matrices. Assume that H (¢) is analytical and such that the matrices H (7)
are non-singular for positive 7. Then H (¢) may be written in the following form:

th 0
23

H({)=A4A@®| -, |B(®) 2.3)

(A

where /4, ..., [, are integers, 0</;</,<...</, which depend only on the function
H (¢) and are called indices of the function H (¢), the matrix functions A4 (¢), B (¢)
are analytical and such that det 4 (0)70, det B (0)5%0. The latter implies that the
functions 4= (), B~* (¢) are analytical in a neighbourhood of zero, therefore for
any mz=1, the function ™ H~* (¢) is analytical in a neighbourhood of zero.
Consider for z in a neighbourhood %, of z, and ¢ in some interval [0, T'] the
following representations of the mappings n F,_; (¢, z, u, v), p=1, 2, ...

mL Fp_y (8,2, u,9)=H(®) (Yo (2 1, 0)+...4w,_1 (24, 9) P~ 1)+
p—1 p—1 5

+ Y oz u0) i+ D Biti+R@) for 1€[0,T), ze . ueU, veV. (2.4
i i=0

=0
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where: (r) H(¢) is a k Xk-matrix-function analytical in a neighbourhood of zero
which contains the interval [0, T], non-singular for z€ [0, T] and such that all
indices of H () are at most p—1; the functions v, (z, 4, v), w; (z, u, v) € R, i=
=0, ..., p—1, are continuous; f; € R¥, i=0, ..., p—1, are constant vectors; R ()=
=R (¢, z, u,v) is such that | R (¢*)/¢?| is bounded uniformly with respect to all variables,
the functions «; (z, u, v), «; (z, u, v) € R¥, i=0, ..., p—1, satisfy for some constant D
the following estimation:

loe; (z, u, )| <DpP~'(z, M) for ze U, ,uecU, veV. 25)

We can formulate now the condition of evasion (F):

(F) For every point z, € M there exist a compact neighbourhood U, of z,,
a two-dimensional subspace L=L (z,) of R" orthogonal to M an integer p=p (z,,)
and T=T (z,), T>0 such that the mapping =, F,_, (¢, z, u, v) has a representation:

L Fp~1 (ts Z, U, 7))=H(l‘) (WO (Za u, 7))'i_llll (Za u, 7]) t++

p—1

{ p—-1

o1 (7 4,0) P+ M oz u,0) i+ D) Biti+R()
i=0 i=0

which satisfies (r) and such that

(i) the set () co o (z4, u, V) contains an interior point with respect to R>.
uev
Under the condition (F) a strategy of evasion can be constructed. The following

theorem holds:

THeoREM 2.1. If for the game (1.1) the condition (F) is satisfied then there exist
closed sets W, W, a strategy of evasion v* (z,; ) defined for all z, ¢ M, t € [0, +o0)
and positive functions 7' (&), £ e (0, +o0), T(E)<<1 and y (&4, &), &1, &5 €(0, +00)
such that Mcint W cint W and any trajectory z (¢) corresponding to the strategy
" (2o t) satisfies:

if zo € W then p (z (t), M)>7 (p (z0, M), |zo]) for
te[0, T(1zo)] and z(T (1z0))) ¢ W,

if for some ¢, z (¢,) ¢ W, then z (t) ¢ W, for all t>1¢,,

'if z(¢;) € W then for some #, € [ty, t;+T (|z (1)1, z (£2) ¢ W.

Conditions of evasion of such type as the condition (F) and a division of the
right-hand side into a sum P (z, u, v)=P, (z)+f(z, u, v) appear in a natural way
when one considers the game of evasion between two objects x, y in R™ whose motions

are described by equations of different orders. Take m=2 and consider two objects
a pursuer x=(x,, x,) and an evader y=(y;, ¥,):

x(lpl) =F1 (x: u) y(lql) = Gl (J’, 'l))
XFP=F,(x,u), ueU |)§?=G,(3,v), veV
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Assume that p,<p,, g;<¢q,. Consider the corresponding game in R® where
§=p1+p2+q:+4>:

= ) 5| -1 > -1 1
P O TR e Tl N I T LS O RS

ot
>

v (a
Y2 Vo, oo V3

o s S s
M={zeR ’Zl_zp1+p2+1’ Zp1+1—“zp1+p2+q1+1}

2=Py (2)+ f (z, u, v) where

P =25, 200 o 2O By, g5 i3 Zo i 05 2, 40, 420 0>

0,z

Z Py+Ppy+22 0> Zss 0)

Dy +P,+dy
F a0 —=10, .., 0, F, (z/0),0, ... 0. F, (2 1),0,:..,0
Gy (2:0)40. 20,6, ).

Computing 7; C, (z) f(z, u,v), r=0, ..., p, where L=M" one can check that

t‘h 1’ 0
tllz—l

the condition (F) takes after extracting H(#)= the following forms

depending on the orders p,, p», 41, ¢». In the case when q1<<pi,q><p, it takes form:
for every y € R*intco G (y, V)#Q where

G(y,9)=(G,(3,v), G, (y,9));

in the case when ¢,<p,, g,=p,:

for every y € R® there exists w, € R? such that wy+F(y, U)cint co G (y, V)
where F(y, u)=(0, F, (y, u)); and in the case q,=p,, g,=p, it takes form:

for every y € R? there exists w, such that

wo-+F(y, U)cint co G(y, V) where F(p, u)=(F,(y, u), F, (3, u)).

The condition (F) is of a rather complicated form. There naturally arises the
question of having some criterion which allows for a given mapping nF,_, (¢, z, u, v)
to conclude wheather or not it has a representation of the form (2.4) that satisfies
(r) and (i). We give certain sufficient and necessary condition for the existence of
such representation in the following Proposition 2.1. "

Consider a mapping G (¢, z, u,v) of the form G (¢, z, u,v)= S’ q; (z,u,v) t}

1—-0
where te[0,T], g (z, u,v),i=0, ...,p—1, are continuous functions defined for

z€U,,,ue U veV, taking values in R?. Having chosen some basis in R? we shall
gz uv)
g% (z, u,v)

denote for any function g(z, u, ), g(z, u,v) € R?, by
X

g
b,
ygz

or for simplicity

its components.

Proposition 2.1. There exists a representation of the mapping G (¢, z, u, v) of the form

p—1 p—1 p—-1
Gtz u)=H® X vizu0) i+ Y alzuo) i+ D [t +RE)  (26)
i=0 i=0 i=0
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satisfying (r) and (i) iff there exists a basis in R? such that for some integers /, m, 0<
<I<p—1,0<m<p—I—1, and some numbers a, ..., a, the mapping G (¢, z, u, v)
takes the following form:

p—1-—1 p=lk p—-1
Gtz u, fu)=tlz fi(z, u,0) i+ Z o; (z, u,) t'+ 2 Bt 2.7
i=o i=0 i=0

where f; (z,u,v), i=0, ..., p—1—/, are continuous functions such that /7 =0, ff:ai fo+

ta;_y fitta fL, for i=1,...m—1, fi=f*4a,fo+..ta, f} |, «(zu0),

AR

S*(z,u,0)

Proof. We prove the necessity first. We can assume that o; (z, u, v)=0, §;=0,
p—1 r—1

otherwise we consider G (t,z,u,0)=G (t, z, u, v)— > o;(z, u,v) *— > B, t'. Thus

we have: =0 1=0
p—1

G(t,z,u,v)=H() Z v (z, u,v)+ R (t7).

1=

B:, i=0, ..., p—1 are as it is required in (r) and v, (z, u, v)= satisfies (i).

Denote the indices of H (¢) by [, [4+m. Then for any basis in R? we have

518)

H(t)zA(t) (f)l f+m B(t)

for some analytical, non-singular matrix-functions 4 ()= >' 4,1t B(t)= > B, 1.
i=0 i=0
Choose such a basis that A~* () which is also analytical is of the form: A~ (f)=
=J]-+-C, t+C, t?+.... Next notice that we can assume that B(f)=1 otherwise
i
we replace y; (z, u, v) by V; (z, u, 'u):Z By, _;(z,u,v), i=0, ..., p—1, which have
i=0
the same properties, that is, they are continuous and v/, satisfies (i) since B, is non-
-singuler. We have then:

p—-1 p—1
(1-1— 2 Cil") Z gizu,v)ii=¢
=0 i=0

Clearly g;=0 for i=0, ..., /—1. Assume for simplicity that /=0. Denote by i
the second row of the matrix C;, i=1, ..., p—1. Let s;, w; be such that ¢} =(—s,, —w;)
for i=1, ..., p—1. The equality (2.8) gives that:

p—1

Z wi(z, u,v) '+ R (7). (2.8)

i=0

1,0
O’ tm

20=Vo
25=0
gf:51 gi1_1+s2 gil_z—}—‘.‘—{—si g(l)“i‘“ﬁ gi2—1+---+wi—1 gf,

@
i=1, ..., m—1,

En=Vat51 gm_ 1Tt Sm £oHW1 8oy 1Tt Wiy 8T (2.9)
Denote
a;=s;, ay=s;+w; a;_1+wya;_,+...4+w;_,ay,i=2, .., m (2.10)
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From (2.9) and (2.10) we obtain by an induction argument that:
go=0
g’=a, g} +a, g _,+..ta g i=1, .., m—1
eV N R o Y o

Therefore (2.7) holds for f; (z, u, v)=g; (z, 4, v), i=0, ..., p—1, f* (z, u, v)=
=iz, 4, 9), 0 G 0)=0, f=0, i=0,..,p—L
In order to prove sufficiency assume (2.7) and define:

CO :I, Cl:‘ 0, 0 fOI‘ l=1, A (7 C(t): Z C,' ti-
i=0

"‘ai,rol
Then:
p—-1—-1 p—1-1
CO-t D filauo)d=t Y Ji(zu0) i+R(?)
i=0 i=0
where
i ity btk 16 it
l/IO_ 0 ,%—io ’ I*O’ seey m"'ls ‘/’m—f*
e A
=l = i=m+1,.,p—I-1,
i F I d
j=1

Therefore (2.7) gives that

08 Rl [ s .
G, z, 4, 9)=C~ (1) 0. fm Z wi(z, u,0) t'+ R (") +
1=0 St Bl
+ ) wlzuo)ti+ Y Bt
i=0 i=0
1
where v, (z, u, v)= J{OZ’ Z’ :; ; that is G (¢, z, u,v) is of the form (2.6) if we put
.0
H@®=C"'( 0, fl+m "

Following [2] we might take in the condition (F) a k-dimensional subspace
L(z,), k=2, and consider representations of the mapping 7nj F,_q (¢, z, u,v) of
the form (2.4) such that (i) holds with respect to R*; that is the set () co we (24, 4, V)

uelU
contains an interior point with respect to R¥. This however would not make the

condition (F) more general since the following:

Proposition 2.2. If there exists a k-dimensional subspace L, k>2, orthogonal to M
such that the mapping 7y F,_; (¢, z, u,v) can be represented in the form (2.4) in
such a way that (r) and (i) hold then there exists a two-dimensional subspace L
orthogonal to M such that the mapping n, F,_, (¢, z, u,v) has a representation
of the form (2.4) which satisfies (r) and (i).
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Proof. Take the representation of the mapping =, F,_, (¢, z u,v) and write
H (¢) in the form
150
H@=A®| . |B@).
18

We assume as before that B (f)=1I. Denote 4= (1)=> D, ¢, C(t)=A"* (£) X

<o) i=0
X Dg'=I4+ > C;t. We have:
i=1
tll 0 p—1
CODm, b Gt ti=1 ~, 2 vi(z, u,0) '+
0 ¢ |i=0
p—-1 p—1
+C@HDo Y o(z,u,9) +C(@HDo ) it +R ()
i=o i=0

where w, (z, u, v) satisfies (i) with respect to R¥. Let 7, denotes the orthogonal
projection onto the subspace R?={x € R"|x3=...=x =0}. We shall show that
7, Do mp F,_+ (, z, u, v) satisfies the condition (2.7) and hence has a representation
of the form (2.6) in R? for which (i) and (r) hold. We can assume that «; (z, u, v)=0,

p—1
p;=0, i=0, ..., p—1, otherwise we consider 7, (Do 7ip F,_,(t, 2, u,v)—Dgy D ;X
r—1 i=0
X(z,u,v) t' Dy > P;1"). Therefore we have
i=0
p—1 tll 0 p—1
(I—+— 2 C; ti)Do arF,_ 1 (tz,u,9)=| "+, 2 vz, u,0) -+ R(7). (2.11)
i=0 0 tk|i=0
Denote
p—1
DO L Fp—l(t9 Z, U, W)= 2 &i (Za u, 7)) tiy
i=0
2
g! &i
gi-g‘Z O R A R
: g
ci1,1: ves cil,k c;iz,1
Ci= : s _512 : ’
Co i 2o Crp Ce.q
i £k
8 v Co
‘;Yl= : ,l=1, sp—l
Ci gy ik
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Then (2.11) gives for /=I;, m=I,—I; the following equalities
gi=05 l=0: wyd==ly gil:l//(l)) g~12=09

i i—1 ;
5 al LN ~ N2 s
gl+i_z S 8i4igT E, Wi8liioj i=1,..,m—1,
j=1 j=1

m m~1
E2=8*+ D) 518lumyt D, Wi8limey 2.12)
Jj=1 i=1

where g% is such that its first component is equal to .

Similarily as in the proof of Proposition 2.1 we obtain from (2.12) that for

some vectors d, ..., &, € R*~! the following equalities hold:
¢

i

P Nl o el
g, =0, S 2 Aj8ryi—j i=1,..,m-1,

Jj=1
m
52 .y N §' ~
gl+m_g + ajgl+m-j-
Jj=1

This implies that =, D, ng F,_4 (¢, z, u, v) satisfies the condition from Proposi-
tion 2.1, thus has a required representation. Denote K==, D, n7. Take a non-
-singular mapping B such that B (Im K)=(ker K)* where the latter denotes the
orthogonal complement of the kernel of the mapping K. Next take a non-singular
mapping B such that Bl (xer)L =(BK|xerxyt) ™" that is its restriction to (ker K)* is
inverse to the restriction of BK. Then BBK is the orthogonal projection of R" onto
the two-dimensional subspace L=(ker K)* which is orthogonal to M. Let B
be an isometric mapping which maps L onto R2?. Take n,—BBBK. Then
7 F,_y X(¢, z, u,v) has a required representation as KF,_; (¢, z, u,v) has it and
BBB is a non-singular mapping from R? into R2. This completes the proof of Propo-
sition 2.2.

ReMARK. The condition of evasion (F) is a generalization of the condition of evasion
given in [2] for a linear game. It may not be immediately seen however, since they
are formulated in different ways. There is considered in [2] the commutative ring
of all locally integrable functions on the interval [0, +o0) with the multiplication
defined as the convolution; that is

T

x Dy ()= f x(t—1) y (@) dz,

0

t
Let S denotes the function identically equal to one; that is, S=x (f)= j x (7) dr.
(0]

The ring is extended to a ring in which the element S has an inverse element S ~1=D.
There are defined next entire elements over the extended ring; that is, the elements
of the form

x=ho+Ssd+S2e;+.. ,
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2,

'y 12 :
where S*11+S2*lz+...:ll+tﬂ,z +2—' J3+... is an entire function of z. All powers

here are understood in the sens of the convolution, 1, are so called constants
of the ring and they are defined by 2=Dx. where A is a real constant. Similarily
there are defined entire matrices as H (S)=Ho+H,+S+H,+S*+..., where H,

are matrices of constant elements of the ring and then the determinant det H (S)
which is defined in the usual formal way where multiplication is understooed as the
convolution. The part of the trajectory of the linear game z=Cz-+ f(u, v) which
depends on controls takes in terms of the entire elements the following form:

SR (S)#f(u, v) where R(S)=I[+CxS+C?xS%+....

It is projected into a k-dimensional subspace L orthogonal to M and the following
representations are considered

# %R (S)%f(u, v)=H (S) (wo (u, 0)+yy (u, 0)+S+y, (u, oS ) 2.18)

STk ’ : , ! y
where f(f)= > ﬂ,i—' is an entire function, H (S) is an entire k Xk-matrix such
i=0 ®
that det H (S)5£0. The latter implies that
KSIIO

H(S):(/;0+A‘1*S+.) .°. (éo+§1*s+)
0 Sh

where det 4,50, détl?o;éo, Iy, ..., I, are integers such that 0</;<...</,.. Denote
L,=p—1. The representation (2.13) gives a representation of the form (2.4) in the
following way. (2.13) implies that

Auxf (1, )+ 10g, Cf (ty D)+ ..+ 717, CP=15SP~ L f (11, 0)—
Iy
L e J S e Ol ol
=(Ao+Ay*S+..Ap_1S7" x| L #(Bo+By#S+...+
0 sr-1
+B,_ 1877 (Wo(t, 0) + .. +Wp_s (4, 0)xSP~ 1) + By + B xS+ ... +
B, ST I+ R(S?)  (2.14)

where R (S?) is of the form R(S")=S%*(p (u, v)+..+S% ¢, (u, v)) for some r
and some functions ¢; (z, v). Two entire elements are equal if their corresponding
coefficients are equal. We compare the coefficients of the both sides of (2.14) and
deduce that:

ap Fy 1 (t, 2z, u, 0)=mny f(u,0)+ 7, Cf (U, v) t+...4+ 7 CP~ 1 f(u,v) ?~ 1 =
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th 0

=(Ao+ A t+...+A4, P71 - (Bo+Byt+...+B,_; "~ Hx

Q) =t
p—1

XWo (W, 2)+y; (W) t+...+y,_1 (4, v) l”‘1+2 B+ R (1),
i=0
det 4,70, det By520 thus
tHo 0
H)=(4o+A; t+..+4,_; 2~V | -, (Bo+By t+...4+B,_, 1)
Oaere:t

is as it is required in (r). Therefore we have obtained a representation of the form
(2.4). The game considered in [2] is described by a linear equation of higher order.
However, it may by transformed to an equation of the first order in a higher dimension
and if the condition of evasion holds for the equation of higher order than it holds
also for the corresponding equation of the first order. Therefore our sufficient
condition of evasion is a generalization of that from [2].

Acknowledgements. 1 wish to thank Professor Czeslaw Olech for his assistance and
encouragement in doing this work.
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Warunek wystarczajacy ucieczki w grze nieliniowej. Cz. 1.

Rozpatrzono nicliniowa gre rozniczkowa ucieczki. Podano warunek, przy ktoérym dla kazdego
stanu poczatkowego gry mozna skonstruowaé strategi¢ ucieczki, tzn. strategie zapewniajaca, ze
trajektoria gry pozostanie przez caly czas poza pewna ustalona podprzestrzenia skonczona. Po-
dany tu warunek wystarczajacy dla ucieczki jest uogdlnieniem warunku z pracy [2].

JlocraTuumnoe yciopue yGeranusi B Henuneiinoii nrpe (Yacts I)

PaccmartpuBaercs Helmmeinas muddepenmmanbaas urpa yberamms. [IpencraBieHO yCIOBHE
NPH KOTOPOM IS KAKIOTO HAYAJIBHOTO COCTOSHAS UIPHI MOXHO MOCTPOUTE CTPATETHIO yOeranus,
T.C. CTPATECIrUurO 06ecneanaxomon TO, 4YTO TPACKTOPH UT'PBI OCTAHETCS B TEUEHHUE BCETO BPEMEHH
BHE HEKOTOPOIO TEPMHUHAJIBLHOIO HOAIPOCTPAHCTBA. HpencraBneHHoe 3IeCh OJOCTATOYHOE YCJIO-
BHe yberamus sBisercs o600merneM yciuosus u3 [2].
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4. Nearly convex multifunctions

We introduce a class of multifunctions for which the above approximation results
yield especially important outcomes.

Let X and Y be normed spaces. We say that a multifunction I": Y—2% is nearly
convex that at (xo, y,), if firstly there is a ball B=B (x,, &) XB (y,, #) and a family
of convex, closed multifunction {4 )}, (x, ) €BN G (), Ax,y: Y—=2% (x,p) €
€ G (Ay,y)) such that there is po>0 with A . )x#@ for xeB(xo,po) and
such that p<<p, for each £>0 there is a neighbourhood W of (x,, y,) so that
for (x,y)e W

B (A3}, B (%0, p), )2 ABGL (%0, ) 4.1)
and secondly for each 9>0 there are numbers r,>0, >3, &,>0, 5, >0, such that
for all. (x, ) € G (I') 0 By (=B (xo, &) XB (yo, 711)) and all r<rq,

B(I'~*B(x,r), 9r)>45Y, B (x, r)nB(p, ar). 4.2)
I' is called almost convex, if the second condition is replaced by the weaker one:

there are numbers 7,>0, «3>0 such that for all (x,y)e G (I")nB, (4.2) holds.
In both the above cases we shall call 4, ., a derivative of I

4.1. REMARK. Rolewicz [29] introduces a notion of the image continuity. Let {C,};cr
‘be a family of continuous linear operators, C;: X—Y (X ,Y are Banach spaces,
T is a metric space). We say that {C,},.r is image continuous at #, if there is a closed
ball U such that for each >0 there is a neighbourhood W of ¢, such that for e W

B(C. U, O=C, VB (C, U, H=C, U, “3)

It is then natural to talk about the image lower (Hausdorff) semicontinuity if
the first relation holds. ]

2
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We observe that formula (4.1) generalizes this definition to ‘arbitrary multi-
functions (C, in (4.3) defines the multifunction 4, y={x: C; x=y}).
Certainly, if {C,} is continuous in the operator norm topology, then (4.3) is
verified.
In fact, on assuming the operator norm continuity
dist (C, B (0, 1), C, B (0, 1)< sup ||C, x—C;_x||=||C;—C, || 4.4

Ixll<1

and setting U=B (0, 1) we obtain (4.3).

4.2. Example. A closed convex multifunction is nearly convex at each (xo, yo)€
€ G (I'). The family {I'}, .ycc ) is its derivative.

4.3. Example. Nearly convex multifunctions generalize a notion of continuously
Fréchet defferentiable mappings F: X—7Y, X, Y Banach spaces. To show this define
I'y=F~'(y) and set A gy y=1{v: F(x)+F’ (x,) (v—x)=y}. Since the graph
G (A, rxy) is equal to (0, —F (x)+F' (x,) x)+G (F' (xo)) the continuity of F
around x, (4.1) around (xo, F (xo)).

Take an arbitrary 9>0. Since the derivative F’(-) is continuous in a neigh-
bourhood of x, (in the operator norm topology) there is ¢; >0 and r,>0 such that
for x € B (x,, &;) and for v € B (x, r,) we have — in virtue of the mean value theorem
(see Ioffe-Tikhomirov [17] p. 38)

[|F (0)—F (x)—F’ (xo) (@—x)||< 3 |lo—x]]| : 4.5)
or in terms of the Hausdorff distance

B(I'*v, 8 |lo—xI)> A5 F i (4.6)
which implies (4.2).

4.4. Example. A nearly convex multifunction may admit several derivatives. Consider
again a continuously Fréchet differentiable mapping F and its associated multi-
function I'y=F~* (). Now let A, ry y="{v: F (x)+F' (x) (v—x)=y}. From the
assumptions that F’ (-) is continuous in the operator norm topology it follows that
(Kato [45] p. 258) it is continuous in the sense of the following metric d (defined
on the set of subspaces of X' X Y). Let M, N be subspaces of X x Y. Put d (M, N)=
= sup dist (v, Sy), where S,, and Sy are unit spheres in M and N respectively.

UES,,
Set d (M, N)=max (d(M,N),d(N, M )). This is equivalent to Hausdorff metric
restricted to the unit ball provided that the sets involved are subspaces. Thus (4.1)
holds.

The mean value theorem gives now a formula similar to (4.5): for each $>0
there are &, >0 and r,>0 so that for x € B (xq, ¢,) and we B (x, ry)

[|1F (W)—F (x)—F" (x) w—x)||< 3 [[w—x]| @7
which implies (4.6) and (4.2).
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4.5. Example. Let F be continuously Fréchet differentiable at x, and let GoX
and K<Y be closed convex sets. The multifunction I, I'y={xe G: F(x) e y+K}
is nearly convex at (xo, yo) for yo € I'™! xo=F (x,)—K.

For any y €F (x)—K define 4, ,yz={ve G: F(x)+F' (x,) (v—x) € z++K}. (4.1)
follows as in Example 4.3.

The checking of (4.2) goes very much the same as in Evample 4.3 starting by
formula (4.5). For ve€B(x,r,)NG, A(;fy) v=F (X)+F' (xo) (@—x)+K and o=
=F (v)+ K, hence (4.6) and consequently (4.2) are valid.

5. Semicontinuity of nearly convex multifunctions
Let us begin by an auxiliary result

5.1. LemMA. Let X and Y be normed spaces and let 7 be a topological space. We
are given a family {4 (t)};.r of closed convex multifunctions: A (¢): Y—2%, such
that there is p, so that for 0<<p<p, for each ¢>0 we can find a neighbourhood W
of t, so that B(A(¢)~* B(xo,p),{)>4 (to)~* B(x,,p). Suppose that there are
to€T, xo€ X, yo €Y and numbers r,>0, s,>>0 such that

A (o)™ B (x4, 70)>B (¥o, So) - 3.1
Then f(_)r any s; <S8y, r'; >F, there are numbers ¢ >0, # >0 and a neighbourhood W
of t,, such that for 1€ < and for r<r,

e L T sy
A@)~'B(x,r)>B (y, ) (5.2)

ry

for xeB(xg,¢) and ye A ()~* x B (y,, ).
Proof. Choose positive numbers ¢, 7, ¢ such that s;+n+E&<s, and ro+e<r;.
Let xeB(x0,8),yed()" ' xnB (yo, n). Then

A@) LB (x,ro+€) 24 ()~ B(xo,70).

On the other hand, B (A ()~ B (xo, 1), &)>A (2,)~* B (xo, ro), if ro<<p, and
for t € W, where W corresponds to &. Therefore, on using (5.1) we obtain

A~ B(x,ro+8)+B(0,)2y+B (0, 50)2y+B (0, s0—17).
By the Réadstrém cancellation theorem [53]
A(@#)~* B(x,ro+&)>B(y, so—n—0) .
Now let 0<A<1. Because G (4 (1)) is convex we have (see Robinson [26])
A@® 1 B(x, A(ro+8)=4 ()" (A(B(x, ro+8)+(1—72) x))>
DA ()" *B(x, ro+e)+(1=2) y>
DAB (3, s0=1—0)+ (1= y=B(»,A(so—n—-0) (5.3)
So—n—{¢ )

r0+3

that is, for r<ry, A(t)~*B(x, r) DB(y, ¥
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We say that a multifunction I": Y—2¥ is (locally) controllable at y,, whenever y,
is an interior point of I'"* X.

5.2. THEOREM. Let Y be Banach space, let I': Y—2% be nearly convex at (x,, yo)
and let 4, ,) be one of its derivatives.

If Ay, is locally controllable at y,, then I" is d-u.H.s.c. linearly and unformly
at (xO} y O)'

5.3. THEOREM. Let Y be Banach space and let I be a closed convex multifunction.

If I' is locally controllable at y,, then it is locally u.H.s.c. at (x,, yo) for each
xo € I'yo (linearly, uniformly with arbitrarily small balls taken for Q).

5.4. REMARK. The former theorem shows how a relatively weak property of an
approximating family 4, ,, induces a much stronger property of the approximated
multifunction. In the latter, the weak property of a multifunction implies another
stronger property of that very same multifunction. Although the conclusion of the
latter theorem is stronger than that of the former, Theorem 5.3. should be viewed
as that special case, when a multifunction constitutes its own approximation.

Proof of Theorems 5.2 and 5.3. If a convex multifunction A is locally controllable
at yo: A7 XoB (3, t), then in view of the Baire theorem (see for instance [41])
for each x, € Ay, there are numbers r, >0, s, >0 and B (y, s;)=B (y,, t) such that

A~ B (%o, rD:B (1, $1)- B(2yo—y4, 51) is a subset of 4~1 X and the Baire theorem

gives A~ B (xo, 12)2B (5, 5,) for some B (y,, $;)=B (2yo—y;, 5;). Using now the

convexity of A we obtain that A~ B (xy, ¥o)2B (¥o, §o) for some ry>0, so>0.
Therefore according to Lemma 5.1 the local controllability at y, implies

AGLB(x,r)2B(y, a; 1) (5.4)

where «; >0 is a universal constant for all x € B (xo, ¢;) and ye I'"' x N B (o, 111)
for some 0<<e; <& and 0<z,<7.

Take a number $<«,. Since I' is nearly convex there are ro, &y, 7, and «>39
so that (4.2) is fulfilled and thus

B(I'B(x,r), 8, r)>B(y, (xvay)r) (5.5)

for any 3<9,<avay.
The assumptions of Theorem 3.2 are now satisfied with ¢ (r)=(av «;) 7 and

3
w(r)=—“—vlzl—r, so I' is J-u.Hs.c. uniformly at (xo,¥o) at p(MH<(@va,—3)r

~and the proof of Theorem 5.2 is complete.

-+ Since Iy, of Theorem 5.3 is convex, I" is locally u.H.s.c. uniformly at (xo, ¥o)
according to Theorem 2.13 and a rate p () may be taken less or equal to r- (av
V “1 . 191 )/2. ‘
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5.5. THEOREM. Let Y and X be Banach space. If the multifunction I" is almost
convex at (xo, yo) and if one of its derivatives A, . verifies (5.4) so that J<e,
(% occurs in formula (4.2)), then I' is d-u.H.s.c. at (xo, yo) at linear rate.

Proof is identical as the previous proof started from (5.4).

5.6. Example. Theorem 5.3 generalizes Theorem 1 of Robinson [26]. The assumption
that y, be a internal point of I'~! X (i.e. such that for each % € Y there is A,>0 so
that yo-+Ahe I'"* X for 0<A<A,) easily implies that y, is an interior point, for
I'~' X is convex and Y is a Banach space. The conclusion of that theorem follows
from Theorem 5.3 in view of Corollary 3.3.

Theorem 2 of [26] is a special case of Corollary 3.3. formulated for convex
closed multifunctions.

The Robinson formula (used also in his other works)
dist (x, I'y)<k dist (y, "1 x) (5.6)

has the following meaning: B (I'y, kr)> I'B (y, r) for each r. Indeed dist (y, I'~* x)<r
is equivalent to B(y, r)nI'~! x#£@ or to xe ['B(y, r) and dist (x, I'y)<kr means
that x € B(I'y, kr). Adding the condition of Theorem 2 of [26] that y e B (y,, )
we get the d-upper Hausdorff semicontinuity. We obtain the stronger local upper
Hausdorff' semicontinuity. A corollary of the Robinson theorems is the Banach
open mapping theorem.

5.7. CoroLLARY (Banach open mapping theorem)
Let be F a linear continuous map of a Banach space X onto a Banach space Y.
Then the multifunction f~1!: ¥Y—2% is Hausdorfl continuous. "

5.8. CoroLLARY (Robinson [27])

Ler F be a continuously Fréchet differentiable (at x,) mapping from a Banach
space X to a Banach space Y, let C be closed and convex subset of X and let X be
a closed convex cone of Y. If

0 e Int {F (xo) F’ (o) (C—x0)+K} 5.7
then is J-u.H.s.c. at y, (€ Fxo+K).

Proof. See Example 4.5 and note that the condition (5.7) means that A is locally
controllable at (xq, Vo).

5.9. CororLLARY (Lusternik theorem [49], [17])

Let X, Y be Banach spaces, ¥ a neighbourhood of x, and let F be a continuously
Fréchet differentiable at x, and F’(x,) X=Y. Then there are a neighbourhood
Vi<V, a number k and a mapping of U; to X:&—x (£) such that for all £ U,

F(E+x (9)=F (xo),

(5.8)
[lx DII<k [|F (©)—F (xo)ll - >
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(Consequent'y the tangent space to {x:F(x)=F (x,)} is equal to the kernel of
F’ (x0)).
Proof. The thesis may be reformulated: for any xe Uy,

dist (x, F~* (F (x0))) <k ||F (x)—F (xo)|

which means the Jd-upper Hausdorff semicontinuity of I” at (xo, F(x0)) (Example
2.14). In view of Example 4.3 the multifunction F~* is nearly convex at (x,, F (xo)).
The condition F'(x,) X=Y means that (F'(xo))~* is controllable, hence locally
controllable and we are in the assumptions of Theorem 5.2.

5.10. CororLARry. (loffe-Tikhomirov extension of the Lusternik theorem [17] p. 45)
Let X and Y be Banach spaces, L a linear continuous operator: X—Y, F a map-
ping of a neighbourhood U of x, to Y.
Suppose that LX=Y and denote C (L)=||L~!||, where L is the quotient mapping
of L. Assume that there is a number §>0 such that §C (L)<1/2 and

[IF (x)—F (@)—L (x—2)||< 6 ||x—[] (59

for all x, v from U. Then there is a neighbourhood U, and k>0 and a mapping of
U; to X: E->x (&) such that (5.8) holds.

Proof. We set I'y=F~"* (y) and Ay, ¢ ) y="{v: F (x)+L (v—x)=y}. By the assump-
tions

A(xa F(xo))B (x()’ I')DB (F(x()) C(L))

and (5.9) yields (4.2) with 9=4¢. If 6C (L)<1 then by Theorem 5.5 I" is -u.H.s.c.
at (xq, yo) and a linear rate may be chosen. This gives (5.8) in view of Example 2.14.

5.11. THEOREM. Let X and Y be Banach spaces. Consider a (Fréchet) differentiable
mapping F of X to Y such that the derivative F’ (-) is locally Lipschitz continuous
at X, (in the operator norm) and assume that F’ (x,) X=Y. Then the multifunction
F~1 is locally u.H.s.c. at (xo, F(xo)) (uniformly, linearly and for arbitrarily small
balls taken for Q).

Proof. It is enough to show that M 2LF~1(F(x,)) fulfils (2.4) of Theorem 2.12,
because Theorem 5.2 may be used to obtain the d-upper Hausdorff semicontinuity.
Let ¢ be the Lipschitz constant of F' () and let k be the constant of ¢ (r)=kr
(in Theorem 5. 2)
Take 0<¢<<—— i 6 p such that F'(-) is Lipschitz continuous in B (x,, 2¢) and
such that £~ is é-uHs.c. at a rate kr at (x, F (x)), x € B (xo, 2e).

Suppose that x; € B(x,,¢) and also x, € B(M,r), where r< Let

1
8kc+1 -
x5 e ML MnB(xo, €) satlsfy ], —x,|| < dist (xl, M)+r? and such that there is
0<<{<r such that B(xz, =B (x,, &).




Semiconduity in constrained optimization 23

The tengent space x,-+ker F’ (x,) to M at x, is denoted by L and by definition
D=Ly B (%5, 0
Let x5 € L be such that ||x, —x||<dist (x;, L)-+r2. Let x, € M fulfil ||x; —x,||<7.
By the assumptions there is x5 € L such that
HXa—Xs|| <Kk IF' (x2) xa—F’ (x3) x5||=k [|F’ (x3) (xa—x,)||=
=k ||F (x4)—F (x2)—F" (x3) (xa—x)||<
<k sup |[F' (x2)—F' @l llxa—x.|I<

ZE[X4s X2]
B <k-cl|lxa—x,]1%2.  (5.10)

.
We have used the mean value theorem and the assumption of Lipschitz continuity
of F'(-).
Let x¢ denote the point of intersection of [x;, x3] with {x:|[x—=x,||—(} and
let x; € L fulfil

[xg —xs]] . [lx6 — X7

%, —x3ll  |lxe—xsl| (5.11)

Observe that ||xg—x;||<dist (x5, L)+r2. Therefore, in view of Theorem 2.13

applied to the convex set L and to the ball EEC;—Z)- the ratio (5.11) is greater or
equal to 2.

In virtue of the Lusternik theorem
dist (x3, M)<Kk ||F(x3)—F(x,)l|=k ||F(x3)—F (x5)—F' (x,) (x3—x,)|| <
<ke- ||lx3—x,]1%2. (5.12)

If each xg € M realizing these estimates lies outside B (x,, {), we apply estimates

of the type (5.12) to the point x;+kc||x3—x,|| (x,—x3) to be sure that there is
xg € M such that

[lxg—x3]|<2ke ||x3—x,||> < 8ke (>< 8ker?. (5.13)

For brevity we introduce the notation s=||x, —x,||. In accordance to (5.10)—
(5.13) we have

S| |Xy—Xa]|+[lx3—xg|+72<2 | |3 —Xs5]|+Bke+1) r2<
<2(“xl——x4[|+llx4—x51|)+(8kc+l) r’<
<2 (rtke ||x4a—x5|1?)+@ke+1) r2.  (5.14)
But [|x,—x,]I< % —x||+]|x;—x,||<r+s. Hence (5.14) becomes
s<2r+2ke (r+5)*+(8kc+1) r2<2r4-dkes®>+Bke+1) r2<3r+1/2s, (5.15)
© s or.

‘=h to express my appreciation to Professor S. Rolewicz for
* helped to considerably improve the paper.
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