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In the paper an iterative method of minimizing a functional without constraints is presented. 
The method consists in replacing the problem of minimization of a functional defined on an in
finitely dimensional space by an equivalent sequence of minimizations of functions defined on 
a m-dimensional space, m being fixed. The convergence of the method is discussed. 

1. Introduction 

Let X be a Banach space and let a linearly independent set of elements { e 1 , e2 , ••• } 

of X be given, such that the linear spanned by { e1 , e2 , ••• } is dense in X. In addition, 
let an integer m~ I, a set QcRrn and a function rp: Q_,.X be given, such that 

e1 E rp (.Q) for all i=l, 2, .... (1) 

Usually Q is either Rm or a convex cone in Rm. 

In this paper we will present a method of unconstrained minimization of a func~ 
tional f defined on X. 

In Sec. 2 we will define this method iteratively 

where rx1 ER, seE Q are calculated by the minimization of functio~s 

h1 (a., s) df f(x1-rx rp (s)), rx ER, sE Q. 

(2) 

(3) 

In the Ritz's method one has to increase the dimension of auxiliary problem, 
whereas in the method presented here the minimization still proceeds on the set 
RxQcRm+l, m being fixed. 

In Sec. 3 we will give a theorem on the weak convergence of the sequence f' (x,) 
as i-'>oo, where f' (x) denotes the Fn!chet-differential at x. In Sec. 4 we will present 
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an-example of sufficient conditions for the convergence of the sequence x1• Some 
examples of a natural embeding of the set {e1 , e2 , ••• }in a finite-dimensional manifold 
will be given in Sec. 5. The material presented is taken from the doctoral dissertation 
([1] Pt. II) written under the supervision of Dr. S. Z~bek. 

2. Algorithm 

Let X be a Banach space and let a linearly independent set of elements { e1, e2 , ... } 

of X be given, such that the lineal spanned by {e1 , e2 , ... } is dense in X. 
Let there be given a point x0 EX and a functional f: X ~R and let 

inf f(x)=d>-oo. (4) 
xex 

Let us consider the following: 

Problem A. Find a point .X EX such that 

f(.X):;;;d(l + e) (5) 

where e is a fixed non-negative number. 
As a particularly case we may consider the problem: 

find such .X EX if it exists, that f(x) = d. 

In addition, let there be given, an integer m> 1, a set De:. Rm and a function 
tp: a~x, satisfying (1). 

Now we can defined the following sets: 

W0 = [x EX: f(x):;;;f(x0 )] (6) 

and 
Q=[X EX: x=±tp (s)/llfJJ (s)ll, sE Q, tp (s)~O]. (7) 

We assume that 

W0 is bounded, (8) 

the functional f is Frechet-differentiable on X, (9) 

f' (x) satisfies the Lipschitz's condition on conv (W0). (10) 

First, for a givenfand x 0 EX we formulate a method which generates a sequence 
xk EX, k= 1, 2, ... , such that 

We fix O<e< l. 

Algorithm. For a given xk, k=O, 1, 2, ... we choose Yk E Q satisfying the inequality 

f' (xk) Yk>(l-e) sup f' (xk) y (11) 
yEQ 
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and define rk E R, such that 

rk=min {r>O:f' (xk-rlk) Jk=O}. 

Then we select tk ER and zk E Q satisfying the relation 

f(xk-tk zk)~f(xk-rk Yk) 

for example, tk=rk, zk=yk, and we take 
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(12) 

(13) 

(14) 

The introduction of e into (11) assures the existence of Yk in each iteration and 
also quarantees the convergence of the numerical realization of the method if e 

denotes a relative error generated in the calculation of f' (xk) Yk· 
If f' (xk)¥0, then it follows from (8) and (10) that there exists rk defined by (10). 

On the other hand, if f' (xk)=O, then the necessary condition for extremum is 
satisfied. 

It is easy to verify that the method defined by (2), (3) is a particular case of the 
algorithm defined by (11)-(14). 

3. Weak convergence of the algorithm 

In this section we will give a theorem on the weak'' convergence of the 
sequence f' (xk). 

THEOREM 1. Let the functional f satisfy the conditions (4), (8)-(10), and the 
sequence xk be defined by (11)-(14), then 

f' (xk)~o (weakly':·) as k-'>oo. 

Proof. First we shall demonstrate that 

f' (xk) Jk-'>0 as k-'>oo. 

The contradiction of this result will be proved here. We shall assume that there 
exist {k1}, such that 

f' (xk) Yk,';?;b>O (eqs. (8), (9)). 

From (8) and (10) it follows that there exists a sequence q1 E (0, rk)• i=O, L 2, ... , 
such that 

Observe that 
l l 

f(xo)-d';?;}; [fxk)-f(xk,+l)]';?;}; [f(xk)-f(xk,-q,yk)]=: 
1=0 1=0 

I b I 

=}; j'(x",-e1 qtYk)qtYk,";?;T _2; qt, f9tE(0, 1). 
i=O 1=0 
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Hence q1 ~0 for i~oo and also 

6 6 
f' (xk) Yk,- f' (xk,-qi Yk,) Yk,~6-2=2>0 · 

By virtue of (8) we get 

f' (xk) Yk,- f' (xk,-q; Yk,) Yk, ;--.oo .-+0. 

The contradiction of this statement demonstrates that 

Due to inequality (9) we have 

f'(xk)Yk~lf'(xk) 1/:~lll(l-e) for j=l,2, ... ,k=0,1,2, ... 

which implies 

Consequently 
m 

,2; bif' (xk) ei~o as k~oo for mEN 
J=l 

if bts are uniformly bounded. 

(13) 

Assumption (8) implies the boundness off' (x) on W0 • Applying (13) we can 
say that 

f' (xk) v~o as k~oo for vEX 

which means 

4. Convergence of the algorithm 

Now we can formulate the sufficient conditions for the strong convergence of 
the sequence xk E X, such that 

f(xk)~f(xk+ 1 ) for k=O, 1, 2, ... 

f' (xk)~o (weakly'~) as k~oo 

to the point x EX, such that f(x)<f(x) for x EX, x=;t!:x. 

(14) 

(15) 

THEoREM 2. Let X denote a reflexive Banach space, let f be continuously Frechet
·differentiable on X and let there exists, a constant c>O, such that 

f(x}-f(y)~(f'(y),x-y)+cllx-yiJZ for x,yeX. (16) 

Moreover we assume that the sequence xk EX satisfies the conditions (14), (15). 
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Then there exists a limit 

limxk=xEX 
k-->00 

and 

f' (x)=O,f(x)<f(x) for x EX, x:Fx. 

Proof. Since f is weakly lower-semicontinuous on X and 

f(x;)--+oo if llxtll--+oo, 

then due to the Generalized Theorem of Weierstrass there exists :X EX such that 
f(x)~f(x) for x EX. 

By the definition of Frechet-differential we have f' (x)=O. If f(x1)~f(x) for 
x EX, and f(x2)~f(x) for x EX, then 

0= f(xl)- f(xz)'";::;(f' (xz), xl-xz)+c llx!-xzW";::;O. 

Hence X 1=x2 =x. 
Let Xn denote a linear subspace spanned by {e 1 , e2 , ••• ,en}· By virtue of (15) 

we have 

lim (!' (xk), v~)=O, for n=l, 2, 3, ... , 
k-> 00 

----if the sequences v~ E Xn are bounded. 
Applying (16) we get 

f(xk+v~)-x (xk)?J;(f' (xk) v~)+c llv~W, k=O, 1, 2, ... 

n -fixed. 
Hen..:e 

k->00 k-> 00 

We choos,~ sequences v~ E Xz for n= 1, 2, ... , such that 

lim v~=x-xk for k=O, 1, 2, ... 
n->oo 

(such sequences exist because a linear subspace spanned by (e 1 , e2 , ••• )is dense in X). 
Then 

which means 
Iimf(xk)= f(x). 

k->00 

Using (16) we obtain 

f(xk)- f(x)?J;(f' (x), xk-x)+c llx-xkW, k=O, 1, 2, ... · 

and now it follows that 

and f(x)<f(x) for x EX, x:;rfx. 

------------------------------------------ ---

Q.E.D. 
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Observe that the assumption (16) in Theorem 2 can also be replaced by some 
other conditions used by Loridan [2], [3], for example, instead of the condition (16) 
we may assume that f is uniformly convex . . 

THEOREM 2 can be applied to the problem: 

let H 1 , H 2 be Hilbert spaces, A EL (H1 , H 2 ). 

Then 

f(x)=iiAx-YoW 

satisfies the assumptions of Theorem 2 and the minimization of functional f yields 
a solution of the equation Ax=y0 • 

5. Examples 

We give here some examples of sets QcR"' and functions cp: Q-+X, such that 
e, E cp (Q) for i=1 , 2, .... 

Example 1. Let X=L2 [a, b], a>O with e;=ti, i=O, 1, 2, ... , t E [a, b], then we assume 

m= 1, Q=R, cp (s)=t•, sE Q, t E [a, b] 

and obviously 

cp (i)=e; for i=O, 1, 2 .... 

Example 2. Let X=£2 [0, n] with linearly independent functions 1, cost, sin t, 
cos 2t, sin 2t, ... ,then we assume 

m=3, Q=R3 and cp (s)=cos (s1 t)+s2 sin (s3 t) 

t E [0, n], s=(s1 , s2 , s3), s; ER, i= 1, 2, 3. 

Example 3. Let X= [x (t) E H 1 [0, 1]: x (0)=0], ek=t exp (kt) for k=O, 1, 2, ... , 
t E [0, 1], where H 1 [0, 1]- a Sobolev space. 

Let 
1 

l 
f(x) = [ {[x' (t)]2 + [x (t)]l + 2t 2 x (t)} dt, 

x(O)=O. 

Problem: minimize f(x), xEX. 

The solution of this problem is 

:X (t)=(2-c) exp t+c exp ( -t)-t2 -2 

f(x)= -0.051100855 ... , 

where c= 1.11353988 .... 
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We take Q=( -oo, oo) ang rp (s)=t exp (st). In this case the new method consists 
in the minimization of the function 

and 

hk (or., s)=f(xk (t)+or.t exp (st)) 

t E [0, 1], for k=O, 1, 2, ... 

xk (t)=xk-l (t) -or.k i exp (sk t) for k = 1, 2, ... , 

where 
x0 (t):=0 for tE[O, 1] 

hk(or.k,sk):::;;hk(or.,s) for o::,sE(-oo,oo). 

We have performed the computations and have obtained 

CX; S; f(xk) 

1 -0.278314 -0.42 -0.04984 
2 0.312676-7 12.62 -0.0.2046 
3 0.809892-1 -4.68 -0.05083 
4 -0.113865-1 -0.30 -0.05093 

Similar examples can be constructed in the spaces of functions of several variables. 

Acknowledgments. I would like to thank Prof. K. Goebel and Prof. A. P. Wierzbicki 
for helpful comments on this paper. 
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Metoda zanurzania bazy funkcyjnej w zagadnieniach opty
malizacji 

Przedstawiono metodf< iteracyjnll minimalizacji funkcjonalu bez ograniczen. Metoda ta polega 
na zastl!pieniu zadania minimalizacji funkcjonalu okreslonego na przestrzeni nieskonczenie wielo
wymiarowej r6wnowaznym ciqgiem zadan minimalizacji funkcji okreslonych na przestrzeniach 
m-wymiarowych, przy czym m jest liczbq ustalonq. Om6wiono tez zbie:lnosc metody. 
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MeTo~ lforpy~eHWI c)ynKQHonaJILHoro Oa3Hca B ODTDMH-

3aQHOHHbiX 3a~a'laX 

S. M. GRZEGORSKI 

B pa6oTe rrpe.n;CTaBJICH HTepaJ.UIOJIHhlil: MCTO)J; MmlHMHJ~HH <I.>YHKIIHOHaJia 6eJ orpaliH'IeHBil:. 

MeTO)J; COCTOHT B JaMeHe Ja.D;a'lll MHHHMHJ~ <I.>YHKIIHOHaJia, orrpe.n;eJieHHoro Ha 6eCKOHe'lliOM 

MHOfOMepHOM npoCTpaHCTBe, 3KBHBaJICHTHOH ITOCJIC)J;OBaTCJlbHOCTbiO Ja.n;a'l MHHHMHJaliHH <J.>yHKI:IHfi 
onpe.n;eneHHbiX Ha m-MepHbiX npocTpaHCTBax, npH'leM m HBJISieTCH onpe.n;eneHHbiM 'lliCJIOM. Pac

CMaTPHBaeTCSI CXO)J;HMOCTb MeTo.n;a. 


