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This paper discusses the properties, convergence conditions and the speed of convergence of 
certain penalty-functional teclmiques. The numerical comparison of these algorithms with the SUMT 
and the shifted penalty technique is provided. 

1. Introduction 

·, 
In 1968 Morrison [17) observed that the solution to the problem 

minimize .f(x) subject to gi (x)::;;O, i=1, ... , n (1) 

with f, g 1 : R'"--+R can be found by minimizing the functional 

11 

I(x,Mk)=(f(x)- Mk) 2+}; gi(x)max(O,gi(x)) (2) 
i =l 

for a sequence of parameters Mk converging from below to the optimal value off 
in (1). This method has been further investigated theoretically and numerically 
by several authors. In particular, linear convergence of Morrison's algorithm was 
proven for the convex case [8, 14]. A variant of the method was compared numeri
cally with SUMT l) algorithm of Fiacco-McCormick in [12, 18], but the results 
were contradictory. An interesting application is presented in [19] for finding time
optimal control. 

*) This paper was partly prepared during the first author's visit to the Case Western Reserve 
University, Department of Systems Engineering, Computer Engineering and Information Science, 
Clevelant, Ohio 44106. 

1 ) Through the paper by SUMT we denote the ordinary penalty function method. 
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Grzegorski [9, 10, 11] described a particular extension of the Morrison algorithm 
to more general infinite-dimensional problems subject to the constraint 

g (x)~O (3) 

with g~O. Constraints of the type (1) are here included with 

11 

g(x)=}; g1 (x) max (0, g1 (x)). (4) 
i=l 

He applied I ( ·) of the form 

I(x, Mk)=p (f(x)-Mk)'+g (x), r,p>O, (5) 

and observed that the convergence for large r should be better in the vicinity of 
optimum, but worse farther from the solution. Also Razumikhin [19] indicated 
the possibility of tuning r in (5) in order to accelerate the convergence. 

The present paper discusses properties of the functional I ( ·, ·) more general 
than (1) or (5) and convergence of three variants of Morrison's algorithm, also 
in the absence of convexity. 

Convergence estimates are provided for those algorithms without assuming 
the existence of Kuhn-Tucker vectors. It appears, that the order of convergence 
for Morrison method based on (4) and (5) is proportional to r-1, and thus, might 
be higher than one. This serves as a basis for a new algorithm with variable exponent r. 

Finally, the numerical performance of described algorithms is compared with that 
of SUMT [6] and the shifted penalty technique [I, 23]. Morrison-type algorithms 
perform considerably better than SUMT and seem to be comparable with the very 
efficient shifted penalty method, their logic being less complicated. 

Part of the results presented here appeared in the second author's M. Se. Thesis 
[16]. The rest has been developed during the other author's stay in the Department 
of Systems Engineering, Computer Engineering and Information Science at the Case 
Western Reserve University. The friendly and stimulating atmosphere which accom
panied this research, especially the help of Professor Stephen Kahne is here 
gratefully acknowledged. 

2. Properties of the Functional I ( ·, ·) 

Let X be an arbitrary set, f and g two functionals over X with g nonnegative. 
For y~ 0 denote 

X1={xeX:g(x)~y}, j(y)= inff(x). 
X EX1• 

We assume throughout that X 0 is nonempty. Consider the problem 

minimize f(x) subject to g (x)~O. 

The optimal value of (7) is clearly J (0) < oo since X 0 -:;t. 0 . 

(6) 

(7) 
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Problem (7) is below approximated by unconstrained problems of minimizing 
over x EX a functional I (x, M) for fixed M, where 

I(x, M) = ljl (f(x)-M+Jl (g (x)). (8) 

In regard to the functions lji:R--+R+, 2
) Jl:R+-"R+, the following hypotheses 

are formulated. - · 
(HI) lj/, J1 are strictly increasing and forcing 3 l on R+, 
(H2) ljl (t) = ljl ( - t), 
(H3) ljf, J1 are differentiable and convex. 

It is tacitly assumed that (HI) (H2) are always fulfilled, and (H3) only when 
explicitly stated. 

It has been shown by Grossman [8] that part of the results presented below may 
be obtained for more general form of I ( ·, · ). Formula (8), however, covers the most 
important cases metin practice: for ljl (t) = Jl (t) = t 1 we obtain the functional of 
Morrison, and for p (t) = t 1

, ljl (t) = pt" -that of Grzeg6rski. 

LEMMA. 1. Let .X minimize I ( ·, M). Then, 
(i) f(x)~j(O) if M~j(O), 

(ii) f(x) =](O), g (x)=O if M=](O) 

Proof. Proof is similar to the original proof of Morrison [I7]. 
We shall first discuss the Everett theorem for functional (8). The Everett theorem 

is known to hold for linear Lagrange functionals, various penalty and augmented 
Lagrange functionals -see [5, 15, 23], under no assumptions whatsoever on the 
regularity of problem (7). This is no longer true for the functional I ( · , M). 

Assume that X is a topological space. In the sequel we shall frequently invoke 
the following regularity assumptions. 
(AI) For all y;?;O the sets Xy are connected. 

(A2) For each y>O, Xy = {x e X:g(x)<y}. 

THEOREM 1. Suppose the functions J, g are continuous, assumptions (AI) (A2) are 
satisfied. If M~j(O) and .X minimizes I(·, M) over X then 

f(x)~M (9) 

and .X solves the problem: 

minimize f(x) subject to x E X:y, y=g (.X). (10) 

Assumptions (Al) (A2) are obviously satisfied when X is a topological vec
tor space and g is convex continuous. 

THEOREM 2. Suppose ljl, J1 satisfy (Hl) (H2) (H3), X is a topological '\;'ector space, 
M< J (0) and .X minimizes I ( ·, M) over X. If either (i) J, g are Gateaux differentiable 

2
) R+={tER:t;;.O}. 

3
) p. is forcing if p. (t)-+0 if and only if t-+0. 

s 
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and (A1) (A2) hold, or (ii) f, g are convex continuous then Ao=!JI' (f(x)-M), 

..t1 =p' (g (x)) are Lagrange multipliers at x for the problem (10). 
Moreover, (..t0 , ..t1):r6(0, 0). 
The proofs lean on the following. 

LEMMA 2. Under assumptions of Theorem 1, if f(x)<M, then there is a point 
x' with g (x')<g (x), f(x')=M. 

Proof. X0 being nonempty, it contains a point x 0 E X0 , f(x0)'~/(0)~M. By 
assumption (A2) and the continuity off, there is a point x1 with y=g (x1)<g (x) , 

f(x 1 )<M. Since X 1 is connected and contains x 0 , x ; , by continuity off it must 
contain x' with f(x')=M. 

Proof of Theorem 1. For x E X:y, f(x)~M. Otherwise we could use Lemma 2 
to establish the existence of a point x' with g (x') < y, f(x')=M, and (by (HI) 
(H2)), 

I(x', M)=O+p (g (x'))<p (y)~I(x, M) 

which contradicts the optimality of x. Since for x e Xy-, g (x)~g (x) and I (x, M)> 
?::-I (x, M), we must have by (HI) 

If/ (f(x)-M)>!J! (f(x)-M) 

or f(x)?::-f(x), due to (HI) again. 

Proof of Theorem 2. Introduce the Lagrange functional 

L (x, Ao, 21)=2of(x)+21 (g (x)-g (x)). 

In the case (i), 

O=I~ (x, M)=L~ (x, 20 , 21)=20 /' (x)-21 g' (x) 

and since by Theorem I, x solves (10), (20 , 21) are the Lagrange multipliers for (IO) 
at x. 

For the convex case denote 

F(rp, y)=lfl (rp-M)+f.l (y), y?::-0, 

A={(rp, y):]x EX, rp?::-f(x), y?;;g (x)}, 

B={(rp, y): 3x EX, f(x)?::-M, rp?::-f(x), y?;;g (x)}. 

We shall show that 

F(rp; y)>F(iP ,yy Vx EA 

where iP=f(x). Observe that for (rp, y) eB, by (HI) 

F (rp, y)?::-F (f(x), g (x))=I (x, M)?::-I (x, M)=F ([p, y) 

(11) 

where M~f(x)~rp, g(x)~ y. If (rp, y)eA""B, then rp?;;f(x), y?::-g(x) withf(x)< 
<M. Apply now Lemma 2: 

F(rp, y)=lfl (rp-M)+f.l (y)>O+p (g (x'))=I(x', M)?::-F([p, y), 

and (11) follows. 

----------- -----
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F is convex and differentiable on the convex A. A well known necessary con
dition for (11) to hold is 

oF(- -) oF( - -) 
cp, y ( - -) + cp, y ( - -)>-: 0 

orp rp cp oy Y Y "" V(rp, y)eA. (12) 

But, 

oF(iP, y) 
.?.o = orp ' 

oF(iP, y) 
Y1 = 

oy 

and (f(x), g (x)) eA, x eX. So that (12) gives 

Ao j(x)+./.1 g (x)~.?.of(x)+.?.t g (x) 

i.e., .X mtmmtzes the Lagrange functional L ( · , ./.0 , .?.1) over X. 
Since If/, rp are increasing on R+ and f(x)~M, then },0 , .?. 1~0. Suppose .1.0 = 

=.1.1 =0. Since lfl, J1 are convex, with minimum at zero, it obtains f(x)=M, g (x)=O 
which is impossible since M <](0). 

The following examples show that the assumptions of Theorem 1 cannot be re
laxed. 

Example 1 (see Figure 1). Let X=R, f(x)= -x and 

g(x)=(,L 

x-0.8 

Then 

a) b) 

Figure 1 

x~O 

O~x~0.6 

0.6~x~ 1 · 
x~1 

O~y<0.2 
y~0.2 . 

(13) 

02 

(-0.3, 0.3} 
r 

' ' . }ll/f. 0 i=lf(x} ,g{x)) 

/ 
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Take M= - 0.6. There are two minimal points of the Morrison functional 

I(x, M)=(f(x)-M) 2 +g2 (x), (14) 

namely x 1 = 0.3 and x 2 =0.9. We have g (x1)=g (x2 )=0.3, f(x 1)= -0.3 >M> f(x 2 ) 

= -0.9, /(0.3)= -1.1 <f(xz)<f(x1). 
Observe that the sets Xy have two components for 0.2< y<0.6 so that (Al) 

is not fulfilled. 

Example 2 (Figure 2). Let X, f as above and 

)_f ~ 
g(x -l 0.2 

x-0.8 

j(y) is again given by (13), while 

x:::;;O 
O:::;;x,:;;;0.2 
0.2::(x::(l 

x;::ol 

int X0 . 2 =( -CIJ , 1)¥( - CIJ, 0.2)={x:g (x)<0.2}, 

thus (A2) does not hold. For -1 <M< -0.4 functional (14) attains its only mini
mum at x= - M, f(x) = M, g (x)=0.2 and /(0.2)= -1 </(x). 

a} b) 

(J/!,r! =l fix) .glx! J 

X 

Figure 2 

,. 
3. Convergence 

In this and the following sections we shall consider sequences of the functional 
of the type (8). For kEN let 

Ik (x, M)=lf/k (f(x)-M)+flk (g (x)) (15) 

where the functions lf/k, flk are assumed to satisfy (HI), (H2) and additionally 

(H4) lf/k+ 1 (t)::::; lf/k (t), flk+ 1 (t);::o flk (t), 

- --- - -- - ---
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Algorithm. Suppose M0~j(O) and consider the sequences xk, Mk, Ak: 
'· 

dk= inf Ik (x, Mk)=Ik (xk> Mk), (16) 
X E X 

(17) 

where 

THEOREM 3 (compare [8]). If Ak~O, Mk~j(O) for all k and Ak~o implies dk~o, 
then 

(18) 

If, moreover, /( ·) is lower semicontinuous at zero, then 

limh=/(0). (19) 
k--> 00 

Proof. The sequence {Md is monotone bounded, so converge~ and Ak~o. There
fore, dk~o and f.lk (gk)~o. 

Since flk (g1)~ J.lo (gk) by (H4), gk~o by (HI). To prove (19) observe that 
xk E Xuk' so by Lemma 1 (i) and by (18) l 

' 
/(O)~lim sup_h~lim inf/(gk)~/(0). 

k~ ao k-+ oo 

The theorem, being very general, brings no real information about the way in 
which to pick up the sequence Ak. Below, three variants of the algorithm will be 
specified. 

Algorithm A 

Algorithm B (Morrison) 

M:+l=Mk+lfli: 1 (dk). 

Algo_rithm C- assume (H3) holds for all lflk, Jlk-

c J.l~ (gk) 
Mk+l=h+ '(~'-M)gk. lflk Jk k 

All the three updating rules are illustrated by Figure 3. 

In the remaining of this section we shall show that under appropriate assumptions, 
Algorithms A, B and C satisfy the requirements of Theorem 3 and, therefore, con
verge. Roughly speaking, Morrison Algorithm B converges under virtually no 
assumptions, (similarly as the SUMT algorithms), Algorithm A requires the validity 
of the Everett theorem, while C is essentially applicable to convex programs. We 
start with the simplest case of 1-lgorithm B. 
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THEOREM 4. For Algorithm B, lim gk=O and limA=/(0) if/ is l.s.c. at zero. 
k-+00 k-+00 

Proof. L1k=M:+ 1 -Mk=lfli: 1 (dk) is nonnegative. By (H4), lfli: 1 (dk);;:;lf/01 (dk), 
and since lflo satisfies (HI), Ak-+0 entails dk-+0. 

Next, 

f!OI 1/1 

l<b , rl=ff(x), g(x)) 

T 

Figure 3 

since infl~infl, so that by (HI) (H2) 
X Xo 

lfli: 1 (dk)~ 1/(0)-Mkl 

and if Mk~ / (0), then also Mk+ 1 ~ / (0). It remains to apply Theorem 3. 

THEOREM 5. Suppose lflk> Ilk satisfy (HI) through (H4), f, g are Gateaux differen
tiable, (AI) (A2) hold, and for some y0 >0, llf' ~x) jj is bounded in XYo and g (x)-+0 
whenever Jig' (x)jj-+0, x E Xy.· If M 0 is sufficiently close to/ (0), then the sequences 
gk> A generated by Algorithm A satisfy lim g0 =0, and limfk=/(0) if/is l.s.c. at zero. 

k--H~ k-HXJ 

Proof. By (9), fk;;:;Mk and by Lemma I (i), A~/(0). Thus, for all k, Mk~Mt+ 1 ~ 
~/(0). It remains to show that Ak-+0 implies dk-+0. We have /~ (xk, Mk)=O, 

Ak=A - Mk, so 

(20) 
Since 

and 

(21) 

------------ -
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so that gk~ Yo if IM0 - J (0) / is sufficiently small. Thus, the sequences 11/' (xk) /1 , gk 
are bounded. Take a subsequence gk ~g*, say. By (Hl) (H3) (H4) 

n 

0 ~ I (LI )-r !Jfk., (Lik. +h) I" lf/o (Lik. +h) - I ( ) 

....,_!Jfkn kn- liD h ~liD h -!j/0 Lfkn (22) 
h-+0 h-o 

"'"\ imolies 

., 
1

" I ll remains bounded. 
·--.. lit>;S 
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). . .. 
over X, and we would have gk=O. Thus, },0k > 0, and '17k = ,'Ik is finite positive, 

Aok 

Hence, Mr;+1 = h+17k gk > h=Mf+1 and the left hand side of (24a) holds. 
Again by Theorem 2 (ii), -17k is a Kuhn-Tucker vector to (10) with y=gk and by 
[20], Theorem 29.1 

-11k E a](gk), 

J (0)"?; j (gk) -17k (y-gk) Vy ER. 

In particular, 

which ends the proof. 
To be continued in next issue. 
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so that gk~Yo if jM0 -](0)1 is sufficiently small. Thus, the sequences 11/' (xk)ll, gk 
are bounded. Take a subsequence gk• -+g*, say. By (HI) (H3) (H4) 

0 
1 (A )-l" lf/k11 (L1kn +h) 1. lf/0 (L1kn +h) = 1 (A ) 

~lflk. LJk• - lm h ~ lm h lflo LJk. 
h~O h~O 

(22) 

hence, (20) implies 

1( (gk) g' (xk)-+0 

if Llk,-+0, because then If/~ (L1k)-+lfl~ (0)=0 by (H2) and Ill' (xk)ll remains bounded. 
If g*~O, then by (HI) (H3) (H4) If!~ (gk )):J>O and g' (xk )-+0, which implies 

n n n 

gk,=g (xk)-+0, yielding a contradiction. Thus, g*=O and lim gk=O. 
k->oo 

THEOREM 6. Suppose f, g are convex continuous. Then the sequences gk generated 
by Alforithms A and C converge to zero, and corresponding lim_h=](O), if J is 
l.s.c. at zero. k~oo 

Proof. Consider the Algorithm A first. By Theorem 1 and Lemma 1 (i), Mk~ 
~M:+ 1 ~j(O) for all k, as shown above. By Theorem 2 (ii), },0k=lfl~ (_h-Mk)= 
=If!~ (At), A.1k= f.l~ (gk) are the Lagrange multipliers for problem (10) with y=gk 
at xk, so for all x E X we have 

(23) 

in particular 

or 

(24) 

We shall prove that At-+O implies gk-+0. By (21), {gk} is bounded, let g* be 
any of its cluster points with gk,-+g*. By (22), },0 k,.-+O and since {j(O)-AJ is 
bounded, (24) yields 

If g* ~0, then by (HI) (H3) (H4), A. 1k,.;:;: o > 0 and gk• -+0 which is a contradiction. 
Thus, g*=O and lim gk=O. 

Consider now Algorithm C. We shall show that 

(24a) 

and this will ensure the convergence of Algorithm C , due to the convergence of 
Algorithm A. 

If gk=O then xk is the desired solution, by Theorem 1. Suppose then gk~O. 
By (HI) (H3) (H4) A.lk>O. If A.0 k=0, then from (23) xk would minimize 

A1k (g (x)- gk) 
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