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This paper discusses the properties, convergence conditions and the speed of convergence of
certain penalty-functional techniques. The numerical comparison of these algorithms with the SUMT
and the shifted penalty technique is provided.

1. Introduction

In 1968 Morrison [17] observed that the solution to the problem
minimize f(x) subject to g; (x)<0, i=1, .., n )

with f, g,: R"—>R can be found by minimizing the functional

TG0 MY=(FC)=M)+ D] g (x) max (0, & () @

for a sequence of parameters M, converging from below to the optimal value of f
in (1). This method has been further investigated theoretically and numerically
by several authors. In particular, linear convergence of Morrison’s algorithm was
proven for the convex case [8, 14]. A variant of the method was compared numeri-
cally with SUMT ¥ algorithm of Fiacco-McCormick in [12, 18], but the results
were contradictory. An interesting application is presented in [19] for finding time-
optimal control.

*) This paper was partly prepared during the first author’s visit to the Case Western Reserve
University, Department of Systems Engineering, Computer Engineering and Information Science,
Clevelant, Ohio 44106.

1) Through the paper by SUMT we denote the ordinary penalty function method.
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Grzegorski [9, 10, 11] described a particular extension of the Morrison algorithm
to more general infinite-dimensional problems subject to the constraint

g(x)<0 ®
with g>0. Constraints of the type (1) are here included with

g)= D' g (x) max (0, & (x). @

He applied 7(-) of the form
I(x, M)=p (f(x)— M) +g (x), r,p>0, &)

and observed that the convergence for large r should be better in the vicinity of
optimum, but worse farther from the solution. Also Razumikhin [19] indicated
the possibility of tuning r in (5) in order to accelerate the convergence.

The present paper discusses properties of the functional 7(-, ) more general
than (1) or (5) and convergence of three variants of Morrison’s algorithm, also
in the absence of convexity.

Convergence estimates are provided for those algorithms without assuming
the existence of Kuhn-Tucker vectors. It appears, that the order of convergence
for Morrison method based on (4) and (5) is proportional to r—1, and thus, might
be higher than one. This serves as a basis for a new algorithm with variable exponent r.

Finally, the numerical performance of described algorithms is compared with that
of SUMT [6] and the shifted penalty technique [1, 23]. Morrison-type algorithms
perform considerably better than SUMT and seem to be comparable with the very
efficient shifted penalty method, their logic being less complicated.

Part of the results presented here appeared in the second author’s M. Sc. Thesis
[16]. The rest has been developed during the other author’s stay in the Department
of Systems Engineering, Computer Engineering and Information Science at the Case
Western Reserve University. The friendly and stimulating atmosphere which accom-
panied this research, especially the help of Professor Stephen Kahne is here
gratefully acknowledged.

2. Properties of the Functional I (., -)

Let X be an arbitrary set, /' and g two functionals over X with g nonnegative.
For y>=0 denote

X,={xeX:g)<y}, f()= inf f(x). ©

xeXy

We assume throughout that X, is nonempty. Consider the problem
minimize f(x) subject to g (x)<O. @)

The optimal value of (7) is clearly /(0)<oo since X5 3.
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Problem (7) is below approximated by unconstrained problems of minimizing
overx € X a functional I (x, M) for fixed M, where

I(x, M)=y (f(x)—M+p (g (x). ®)

In regard to the functions w:R—R,,? u:R,—R,, the following hypotheses
are formulated. "

(H1) w, p are strictly increasing and forcing ® on R,
(H2) w )=y (—1),
(H3) w, u are differentiable and convex.

It is tacitly assumed that (H1) (H2) are always fulﬁlled and (H3) only when
explicitly stated.

It has been shown by Grossman [8] that part of the results presented below may
be obtained for more general form of 7 (-, -). Formula (8), however, covers the most
important cases met in practice: for y (£)=u (t)=t> we obtain the functional of
Morrison, and for u(#)=t>, w (t)=pi"—that of Grzegdrski.

LemMA 1. Let ¥ minimize 7 (-, M). Then,
M) fB</©) it M<f(0),
(i) f(®)=/(0), g (D=0 if M=/ (0)

Proof. Proof is similar to the original proof of Morrison [17].

We shall first discuss the Everett theorem for functional (8). The Everett theorem
is known to hold for linear Lagrange functionals, various penalty and augmented
Lagrange functionals —see [5, 15, 23], under no assumptions whatsoever on the
regularity of problem (7). This is no longer true for the functional I (-, M).

Assume that X is a topological space. In the sequel we shall frequently invoke
the following regularity assumptions.

(Al) For all >0 the sets X, are connected.

(A2) For each y>0, X,={xe X:g (x)<y}.

THEOREM 1. Suppose the functions f, g are continuous, assumptions (A1) (A2) are
satisfied. If M<f(0) and % minimizes I (-, M) over X then

fF&x)zM ®
and ¥ solves the problem:
minimize f(x) subject to x € X5, =g (%). (10)
Assumptions (Al) (A2) are obviously satisfied when X is a topologlcal vec-

tor space and g is convex continuous.

THEOREM 2. Suppose y, u satisfy (H1) (H2) (H3), X is a topological vector space,
M< £(0) and % minimizes I (-, M) over X. If either (i) f, g are Gateaux differentiable

) R,={teR:t=0}.
3) u is forcing if u (£)—0 if and only if 7—0.
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and (Al) (A2) hold, or (ii) f, g are convex continuous then A=y’ (f(%)—M),
Ay=p' (g (%)) are Lagrange multipliers at % for the problem (10).

Moreover, (A, 41)7#(0, 0).

The proofs lean on the following.

LemMA 2. Under assumptions of Theorem 1, if f(x)<M, then there is a point
x" with g (x)<g (x), f(x")=M.

Proof. X, being nonempty, it contains a point xo€ Xo, f(x0)=f(0)>M. By
assumption (A2) and the continuity of f, there is a point x; with y=g (x)<g (x),
f(x)<M. Since X, is connected and contains x,, X;, by continuity of f it must
contain x’ with f(x")=M.

Proof of Theorem 1. For x € X7, f(x)>M. Otherwise we could use Lemma 2
to establish the existence of a point x’ with g(x")<7, f(x)=M, and (by (HI)
(H2)),

I, M)y=0+p (g () <p ()< (5, M)

which contradicts the optimality of X. Since for x € X7, g (x)<g (X) and I(x, M)>
=1 (%, M), we must have by (HI)

y (f()-M)zy (f(X)-M)
or f(x)=f (%), due to (H1) again.
Proof of Theorem 2. Introduce the Lagrange functional
L (x, Ao, A)=20 f (x)+21 (g () —g (%))
In the case (i),
0=1I, (%, M)=L, (%, o, 1)=2o /" (£) =21 &' (%)
and since by Theorem 1, ¥ solves (10), (40, 4;) are the Lagrange multipliers for (10)
at x.
For the convex case denote
F (g, =y (p—M)+u(7), 720,
A={(p, y):Ixe X, ¢p=f(x), y=g ()},
B={(p, 7):3x € X, f()=M, 9p=f(x), y=g (x)}.
We shall show that
where @=1(%). Observe that for (¢, y) € B, by (H1)
F(p, NZ2F (f(x), g ))=I(x, M)=I(x, M)=F (p, y)
where M<f(x)<g¢, g(x)<7y. If (9, y) € A\ B, then ¢p=f(x), y=>g (x) with f(x)<
<M. Apply now Lemma 2:
F (o, )=y (p—M)+p(»)>0+p(g (xN=1(", M)=F(p, 7),
and (11) follows.
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F is convex and differentiable on the convex 4. A well known necessary con-
dition for (11) to hold is

oF (3, 9) OF (,9)
e PPt (= D20 V(p e (12
But,
@) _FG)
PEach it ISP k.

3(0 » yl ay
and (f(x),g(x))e 4, xe X. So that (12) gives
lo f(X)+21 8 (X)Zho f(D)+A18 (%)

i.e., ¥ minimizes the Lagrange functional L (-, Ay, 4;) over X.

Since y, ¢ are increasing on R, and f(X)=M, then 1,, 1,>0. Suppose 1,=
=2,=0. Since y, u are convex, with minimum at zero, it obtains f(X)=M, g (¥)=0
which is impossible since M < f(0).

The following examples show that the assumptions of Theorem 1 cannot be re-
laxed.

Example 1 (see Figure 1). Let X=R, f(x)=—x and

0 x<0
()= X 0<x<0.6
EW ™ 12-x 06<x<gl
x—0.8 x<1
Then
" -y 0<y<0.2
_ 1
hAG)) {-—0.8—7/ 7>0.2 ()
a “b) dv
f.g
02
T T
gix) (1#*0.6)2' az=0.18 3 l (-0.3,03)
AN
M=0.6 i \>(,/}‘Z}={Hx).g(x))
ol e a |
: (-0.9,0.3)
o2l /L __
! o %
06 10 X
ll’=?’7’
fix}

Figure 1
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Take M= —0.6. There are two minimal points of the Morrison functional

I(x, M)=(f(x)—M)*+g* (%), ' ' (14)
namely x;=0.3 and x,=0.9. We have g (x,;)=g (x,)=0.3, f(x)=-0.3 >M>f(x,)
=-0.9, £(0.3)=—1.1<f(x5)<f(x1). ‘ »

Observe that the sets X, have two components for 0.2<y<0.6 so that (Al)
is not fulfilled.

Example 2 (Figure 2). Let X, f as above and

0 x<0
| ox 0<x<0.2
gD 02 o2<x<l
x—0.8 x=1

f () is again given by (13), while

int Xy ,=(—o00, 1)#(—00,0.2)={x:g (x)<0.2},
thus (A2) does not hold. For —1 <M< —0.4 functional (14) attains its only mini-
mum at ¥=-—M, f(X)=M, g (¥)=0.2 and F(0.2)=—1<f(X).

aj b
/ v

0.2 L 7

|
i
| (y.3)=(f(x).g(x))
|

. (yem)+5% =0.04
|

-1 [

L v=Fly)

Figure 2

7 3. Convergence
In this and the following sections we shall consider sequences of the functional
of the type (8). For keN let
I (e, M)=y;, (f (xX)— M)+ 1. (g (x)) (15)
Whére the functions w,, p are assumed to satisfy (H1), (H2) and additionally
(H4) v Oy (0, fr1 (02w (0).
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Algorithm. Suppose M,< f(0) and consider the sequences x;, My, 4y:

dy= inf I, (x, M) =T, (i M), (16)
xeX i

My =M+ 4y, 17

where 7
A=Ay (i, 8i» fro Mi), 8e=8 (Xi), fi=S(x).

THEOREM 3 (compare [8]). If 4,0, M,<f(0) for all k and 4,—0 implies d,—0,
then

lim g,=0. (18)

k— 0

If, moreover, f(-) is lower semicontinuous at zero, then

lim f,= £ (0). (19)

k—

Proof. The sequence {M,} is monotone bounded, so converges and 4,—0. There-
fore, d,—0 and g (g,)—0.

Since w4, (g)=> 1o (gr) by (H4), g,—0 by (H1). To prove (19) observe that
x, € X,, so by Lemma 1 (i) and by (18) !

F(0)=1im supﬂ;lim‘inff(gk)>f ©).

k— 0 k— o0

The theorem, being very general, brings no real information about the way in
which to pick up the sequence 4,. Below, three variants of the algorithm will be
specified.

Algorithm A
M, =fi.
Algorithm B (Morrison)
Mg, ;=M +yi ' (dy).
Algorithm C — assume (H3) holds for all w,, p,—

24, (1)
wr (fom M5

All the three updating rules are illustrated by Figure 3.

M,f+1=ﬁc+

 In the remaining of this section we shall show that under appropriate assumptions,
Algorithms A, B and C satisfy the requirements of Theorem 3 and, therefore, con-
verge. Roughly speaking, Morrison Algorithm B converges under virtually no
assumptions, (similarly as the SUMT algorithms), Algorithm A requires the validity
of the Everett theorem, while C is essentially applicable to convex programs. We
start with the simplest case of Algorithm B.
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Tueorem 4. For Algorithm B, lim g,=0 and lim f,=7(0) if fis Ls.c. at zero.
k- k-
Proof. dy=Mp ,— M=y ' (d) is nonnegative. By (H4), y;' (d)=vs' (d),
and since y, satisfies (H1), 4,—0 entails d;—0.
Next,

di <y (f (0)— My

FI9.7.M, )=d

F/@,a’,M,(): wk(fb-Mk/ + /ka‘r}

Figure 3

since inf I<inf I, so that by (H1) (H2)
X Xo
v L (@)<|f(0) - M,
and if M,<f(0), then also M, ,<f(0). It remains to apply Theorem 3.

THEOREM 5. Suppose y;, i satisfy (H1) through (H4), f, g are Gateaux differen-
tiable, (A1) (A2) hold, and for some y,>0, || /" x)| is bounded in X, and g (x)—0
whenever [|g’ (x)|—0, x € X, . If M, is sufficiently close to 7 (0), then the sequences
g [ generated by Algorithm A satisfy lim g,=0, and lim f,=7(0) if fis Ls.c. at zero.
k— o0 k— o0

Proof. By (9), f;>M, and by Lemma 1 (i), £,<f(0). Thus, for all k, M <ME, <
<f(0). It remains to show that 4,—0 implies d—0. We have I (x;, M;)=0,
d,=fi.— M, so

Vi (4 f' )+ 44 () & (x)=0. (20)

Since

Mo< M < f0), wi (f 0)— M)<yi (f (0)— Mo)<wo (f (0)—My)
and
to (8)< tx (S < de <y (f (0)— M)<yo (f(0)— Mo) (1)
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so that g,<7, if |M,—f£(0)| is sufficiently small. Thus, the sequences |[f” (x))l, g
are bounded. Take a subsequence g, —g*, say. By (H1) (H3) (H4)
' Wi, (A +h) 4 +h)
0<yy, (4,,)=lim f ¢ < lim ke ; ) =y} (4) (22)

h—0 h—0

M implies
7 £ \Q" (xk")__)o

“" “~ |l remains bounded.
Tanligg
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A

over X, and we would have g,=0. Thus, 1,,>0, and #,= 7

is finite positive.
Ok
Hence, My, =fi+m &>fi=M{,, and the left hand side of (24a) holds.
Again by Theorem 2 (ii), —#, is a Kuhn-Tucker vector to (10) with =g, and by
[20], Theorem 29.1

— € 9f (g0,
fO=/(@)—m(r—g) VryeR.
Iﬁ particular,
FO=F (@) +m gi=fitm ge=M¢,

which ends the proof. ;
To be continued in next issue.
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so that g,<7y, if |Mo—f(0)| is sufficiently small. Thus, the sequences ||f” (x)l, &
are bounded. Take a subsequence g, —g*, say. By (H1) (H3) (H4)

, Ay +h de+h)
o<y, (Akn)=1im"”""( = ) i ZL 7 - (4s) (22)

h—0 h—0

hence, (20) implies

He, (8) & (x,)—0

if 4, 0, because then y, (4, ), (0)=0 by (H2) and ||/’ (x )| remains bounded.
If g*5£0, then by (H1) (H3) (H4) 1//,"." (gx,)>0>0 and g’ (x,)—0, which implies
8, =& (x,)—0, yielding a contradiction. Thus, g*=0 and lim g;=0.

k— o
THEOREM 6. Suppose f, g are convex continuous. Then the sequences g, generated
by Alforithms A and C converge to zero, and corresponding lim f,=£(0), if £ is
Ls.c. at zero. B

Proof. Consider the Algorithm A first. By Theorem 1 and Lemma 1 (i), M, <
<ML < f(0) for all k, as shown above. By Theorem 2 (ii), do=; (fo— M=
=y, (48), Ax=u, (g,) are the Lagrange multipliers for problem (10) with j=g;
at x;, so for all x € X we have

L (x, Jogs 21)=L (s Aok A1) »

L (x, Ao A1i)=Aor [ (x)+ 241, (g (x) — i) &
in particular
/IOka(O)>lOkﬁc+)L1k 8k
or
do (f ()= f)=A1x 220 (02

We shall prove that 4;—0 implies g,—0. By (21), {g;} is bounded, Iet g* be
any of its cluster points with g, —g*. By (22), Aox,—0 and since { F(0)— S} 18
bounded, (24) yields

)v1k,, gk,,“’o .

If g*5£0, then by (H1) (H3) (H4), 4, >J>0 and g, —0 which is a contradiction.
Thus, g*=0 and lim g,=0.
Consider now Algorithm C. We shall show that

M{ SME<FO), 45> 48 (242)

and this will ensure the convergence of Algorithm C , due to the convergence of
Algorithm A.

If g,=0 then x; is the desired solution, by Theorem 1. Suppose then g,0.
By (H1) (H3) (H4) A,,>0. If Ao, =0, then from (23) x; would minimize

A1k (8 (X)—g1)



Wskazowki dla autorow

W wydawnictwie ,,Control and Cybernetics” drukuje si¢ prace oryginalne
nie publikowane w innych czasopismach. Zalecane jest nadsylanie artykutéw
w jezyku angielskim. W przypadku nadestania artykulu w jezyku polskim Re-
dakcja moze zaleci¢ przetlumaczenie na jezyk angielski. Objeto§¢ artykulu nie
powinna przekracza¢ 1 arkusza wydawniczego, czyli ok. 20 stron maszynopisu
formatu A4 z zachowaniem interlinii i marginesu szerokosci 5 cm z lewej strony.
Prace nalezy sklada¢ w 2 egzemplarzach. Uklad pracy i forma powinny by¢ dosto-
sowane do nizej podanych wskazowek.

1. W nagléwku nalezy podaé tytut pracy, nastgpnie imi¢ (imiona) i nazwisko
(nazwiska) autora (autoréw) w porzadku alfabetycznym oraz nazwe reprezento-
wanej instytucji i nazwg¢ miasta. Po tytule nalezy umiesci¢ krétkie streszczenie
pracy (do 15 wierszy maszynopisu).

2. Material ilustracyjny powinien by¢ dotaczony na oddzielnych stronach.
Podpisy pod rysunki nalezy poda¢ oddzielnie.

3. Wzory i symbole powinny byé wpisane na maszynie bardzo starannie.

Szczegblng uwage nalezy zwrdci¢ na wyrazne zréznicowanie malych i duzych
liter. Litery greckie powinny by¢ objasnione na marginesie. Szczegdlnie doktadnie
powinny byé pisane indeksy (wskazniki) i oznaczenia potggowe. Nalezy stosowaé
nawiasy okragte.

4. Spis literatury powinien byé podany na koncu artykulu. Numery pozycji
literatury w tek$cie zaopatruje si¢ w nawiasy kwadratowe. Pozycje literatury
powinny zawiera¢ nazwisko autora (autorow) i pierwsze litery imion oraz doktadny
tytul pracy (w jezyku oryginatu), a ponadto:

a) przy wydawnictwach zwartych (ksigzki) — miejsce i rok wydania oraz
wydawce;

b) przy artykulach z czasopism: nazwe czasopisma, numer tomu, rok wyda-
nia i numer biezacy.

Pozycje literatury radzieckiej nalezy pisaé alfabetem oryginalnym, czyli tzw.
grazdanka.



Recomendatious for the Authors

“Control and Cybernetics” publishes original papers which have not previously
appeared in other journals. The publications of the papers in English is recommen-
ded. No paper should exceed in length 20 type written pages (210297 mm) with
lines spaced and a 50 mm margin on the lefthand side. Papers should be submitted
in duplicate. The plan and form of the paper should be as follows:

2. The heading should include the title, the full names and surnames of the
authors in alphabetic order, the name of the institution he represents and the name
of the city or town. This heading should be followed by a brief summary (about
15 typewritten lines).

2. Figures, photographs, tables, diagrams should be enclosed to the manuscript.
The texts related to the figures should be typed on a separate page.

3. Of possible all mathematical expressions should be typewritten. Particular
attention should be paid to differentiation between capital and small letters. Greek
letters should as a rule be defined. Indices and exponents should be written with
particular care. Round brackets should not be replaced by an inclined fraction line.

4. References should be put on the separate page. Numbers in the text identified
by references should be enclosed in brackets. This should contain the surname and
the injtial of Christian names, of the author (or authors), the complete title of the
work (in the original language) and, in addition:

a) for books — the place and the year of publication and the publisher’s name;

b) for journals—the name of the journal, the number of the volume, the year
of the publication, and the ordinal number.



Author Tittle

NGuyEN DiNa QUYET: A minimizing problem of a quadratic functional for
the systems described by right invertible operators in Hilbert space

NcuyEN DiNa QUYET: On linear systems described by right invertible ope-
rators acting in a linear space

OLBROT A. W.: Control of retarted systems with function space constraints.
Pt. II. Approximate controllability

Pawrow I.: On some properties of two-layer parabolic free boundary value
problems

Sawik T.: Stochastic optimal control of a multi-facility, multi-product pro-
duction scheduling with random times of supplies

SokorowskI J.: Remarks on existence of solutions for parametric optimization
problems for partial differential equations of parabolic type

TorwiNsk1 B.: Numerical - solution of N-person non-zero-sum differential
games

TorwiKskr B.: On the existence of Nash equilibrium points for differential

games with linear and non-linear dynamics
TryBus L.: Nash feedback strategies for a two-person partial differential
game with a Neumann-type parabolic system

B

. Year No. Page
1978 3 27
1978 2 33
1977 2 17
1978 4 19
1977 3/4 21
1978 2 47
1978- 1 ~37
1978 3 37
1978 » 445



Control

and Cybernetics

Contents

volumes 6 (1977) and 7 (1978)

Author Tittle

. Year No. Page

CicHock1 K.: Optimum investment allocation in a model of economic growth

CiecaaNowicz W.: Optimal investment strategy of resource-energy system.
Pt. 1. The statement of the problem

CiecHanowicz W.: Optimal investment strategy of resource-energy system.
Pt. 2. The solution of the problem

DoLeckT S.: Semicontinuity in constrained optimization. Pt. I.1. Metric
spaces

DoLECKI S.: Seminontinuity in constrained optimization. Pt. I1.2. Norm of
spaces

DoLEckI S.: Semicontinuity in constrained optimization. Pt. II

GRZEGORSKI S. M.: Method of functions basis embeding in optimization
problem

GRZEGORSKI S. M.: On a generalization of Morrison’s method

GUTENBAUM J., Nicoro F.: Synthesis o linear multidimensional control
providing maximal dumping o Lyapunov function of the system

Kacprzyk J.: A branch-and-bound algorithm for the multistage control of
a nonfuzzy system in a fuzzy environment

KAcpPrzYK J., STANCZAK W.: On a further extension of the method of
minimally interconnected subnetworks

Kaskosz B.: A sufficient condition for evasion in a nonlinear game. Pt. I
Kas$kosz B.: A sufficient condition for evasion in a nonlinear game. Pt. II

KonsTANTINOV M. M., PATArINSkI S. P., PETkov P. HR., ChHristow N.D.:

Synthesis of suboptimal linear systems with output regulators

KuLikowsk1 R.: On optimization of demographic and migration policies in
socio-economic growth model

KuLikowsk! R.: Optimization of demographic policy in socio-economic
growth model

KuLrpa Z.: Planar grammars, parallel picture processing algorithms and their
equivalence

LasieckA I.: Finite difference approximation of state and control constrained
optimal control problem with delay

Iasiecka 1., Mavanowskl K.: On discrete-time Ritz-Galerkin approximation
of control constrained optimal control problems for parabolic systems

Lasiecka I., MALanowskr K.: On regularity of solutions to convex optimal
control problems with control constraints for parabolic systems

—if—

1977

1977

1978

1978

1978
1978

1978
1978

1977

1978

1978
1978
1978

1977

1977

1977

1977

1977

1978

1977

1

3/4

3/4

3/4

3/4

17
51

37
45

37

58

17

39

75

37

23

49

21

57



Autor tytut

Tom Rok Nr Str.

Lasiecka I, MaLanowskr K.: O dyskretnej w czasie aproksymacji Ritza-
Galerkina zadan sterowania optymalnego dla uktadow parabolicznych
przy ograniczeniu sterowania

Lasiecka I., MaLaNowskl K.: O regularnosci tozwiazan wypuklych zadan
sterowania optymalnego dla ukladéw parabolicznych przy ogranicze-
niach sterowania

NcuyEN DinH QuUyET: Problem minimalizacji funkcjonalu kwadratowego
dla ukladéw opisanych przez operatory prawostronnie odwracalne
w przestrzeni Hilberta

NouyvEN Dinag Quyer: Uklady liniowe opisane za pomoca prawostronnie
odwracalnych operatoréw w przestrzeni liniowej

OLBrOT A.W.: Sterowanie ukladéow z opOZnieniami przy ograniczeniach
w przestrzeni funkcyjnej. Cz. II. Sterowalno$¢ aproksymacyjna

Pawrow I.: O pewnych wartosciach dwuwarstwowych parabolicznych za-
gadnien brzegowych ze swobodna granica

Sawik T.: Stochastyczne sterowanie optymalne harmonogramem produkcji
o wielu stanowiskach i wielu wyrobach z przypadkowymi czasami
dostaw

SokorowskI J.: Uwagi na temat istnienia rozwiazan dla zagadnien sterowania
optymalnego dla liniowego rownania rozniczkowego czastkowego typu
parabolicznego

TorwiNskI B.: Metody numeryczne rozwiazywania wieloosobowych gier
rézniczkowych o sumie niezerowej

TorwiNskI B.: O istnieniu punktéw rownowagi Nasha dla gier rézniczkowych
z liniowymi i nieliniowymi roéwnaniami stanu

TryBUS L.: Pozycyjne strategie Nasha dla dwuosobowej czastkowej gry roz-
niczkowej z uktadem parabolicznym typu Neumanna
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Autor tytut
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Cicuockl K.: Optymalna alokacja inwestycji w modelu ‘wzrostu -gospodar-
czego

CiecHaNowiIcz W.: Optymalizacja strategii inwestycji rozwoju systemu pali-
wowo-energetycznego. Cz. I. Postawienie problemu

ClecHANOWICZ W.: Optymalizacja strategii inwestycji rozwoju systemu pali-
wowo-energetycznego. Cz. II. Rozwiazanie problemu

DoLeckr S.: Polciagtosé w optymalizacji z ograniczeniami. Cz. I.1. Przestrze-
nie metryczne

DoLeckr S.: Poélcigglos¢ w optymalizacji z ograniczeniami. Cz. 1.2. Norma
przestrzeni

Dovreckr S.: Poélciaglos¢ w optymalizacji z ograniczeniami. Cz. II.

GRZEGORSKI S. M.: Metoda zanurzania bazy funkcyjnej w zagadnieniach
optymalizacji

GRzEGORSKI S. M.: Uogblnienie metody Morrisona

GuUTENBAUM J., Nicoro F.: Synteza liniowych wielowymiarowych uktadéw
regulacji na podstawie wskaznika jako$ci charakteryzujacego stopiefr
tlumienia przebiegdéw

Kacprzyk J.: Algorytm podzialu i ograniczen dla wieloetapowego sterowania
ukladem nie rozmytym w rozmytym otoczeniu

KACPRZYK J., STANCZAK W.: O dalszym rozszerzaniu metody zespolow
minimalnych

Kas$kosz B.: Warunek wystarczajacy ucieczki w grze nieliniowej. Cz. I

Kas$kosz B.: Warunek wystarczajacy ucieczki w grze nieliniowej. Cz. II

KonNsTANTINOW M. M., PATARINSKI S. P., PETKOW P. Hr., Caristow N. D.:
Synteza suboptymalnego uktadu liniowego z regulatorami wyjsciowymi

KuLikowski R.: O optymalizacji strategii demograficznych i migracyjnych
w spoteczno-ekonomicznym modelu wzrostu

Kurikowskl R.: Optymalizacja polityki demograficznej w spoteczno-eko-
nomicznym modelu wzrostu

Kurpa Z.: Gramatyki planarne, rownolegle algorytmy przetwarzania obra-
zO6w 1 ich réwnowazno$é

Lasiecka 1.: Aproksymacja réznicowa zadania sterowania optymalnego dla
uktadu z opbznieniem przy ograniczeniach na stan i sterowanie
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ABTOP TUTVII TOM I'OJ] Ne CTP.

LasiEckA 1., MALaNOowSKI K.: O OmckpeTROW BO BPEMEHH AIIPOXCAMAIAK
Purtna-I'anepxuHa 3a7a¥y OOTAMAJIBLHOTO yIpaBlieHus s mapabond-
YECKMX CHUCTEM IIPH OTPAaHHYCHUH YIPABIICHHS

LasieckA 1., MaLANOWSKI K.: O peryiaspHOCTH pEMICHWM BBIOYKIBIX 3a0a4
ONTHMAJILHOTO YIOPABIECHHS [T NapaOOJMYECKWX CHCTEM OpPH Orpa-
YEHUSIX [0 YIPABICHUIO

NGUYEN DiNa QUYET.: JIupeliHble CHCTEMBI OIMCHIBAEMEBIE C IIOMOIIBIO
00paTHMBIX ChOpaBa ONEPATOPOB B JIMHEHHOM MIPOCTPAHCTBE

NGUYEN DiNH QUYET.: 3amada MIHAMH3AUUA KBaIPATHYHOTO (YHKLIHO-
Haja s CHCTEM OIIMCBIBAEMBIX IIOCPEACTBOM IIPABOCTPOHHE oGpa-
THMBIX OIIEPATOPOB B THILOEPTOBOM IIPOCTPAHCTBE

OLBROT A.W.: VrpaBjeHHe CHCTEM C 3amnalIblBaHAEM TIPH OTPAHAYCHIA
B (QYHKIHOHAJIHHOM IIPOCTPAHCTBE

Pawrow L.: O HEKOTOPBIX CBOMCTBaX JBYXCIOMHBIX mapaOONMYecKHX Kpa-
€BBIX 3a7a4 Co CBOOOMHON TpaHMIEH

Sawik T.: CroxacTuyeckoe ONTHMAJILHOE YNpaBleHHE IpaduKaMH IIPOU3=~
BOJCTBA, CO MHOTWMH PabOoYMMU MeCTaMH W MHOTHMH H3ICIHSIMH,
CO CIIyYaiHBIM BPEMEHEM IIOCTABOK

SOKOLOWSKI J.: 3ameuanusi O CyIIECTBOBAHHM PEINEHHH NapaMeTPHYECKUX
ONTHMH3ALUOHHBIX 3aJady Ui yPaBHEHWH NapabOoiMYecKoro THIA
B yaCTHBIX IIPOU3BOIBBIX

TorwiINskI B.: BoluuciuTenbHBIE METOIBI pelmeRus JnbdepeHIratbRbIX
urp N-mHil O HEHYJIEBOM CyMMe

TOLWINSKI B.: O cymecTBOBaHMIO TOYeK paBHOBecms Hoama mas mudde-
PEHIMAJIGHBEIX HIP C JIHHCHHBIMA M HEIWHEHHBHIMH YDOBHEHHSIMU
COCTOSIHUSA

TryBUS L.: ITosuumonnsie crpaTermd Homa ansa pacnpeneieHrol mudde-
PEHIMHANBHOM HUrphl OBYyX JMIl ¢ NapaboiMyecKoil CHCTeMOM THIa
Helimana
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COLEPYKAHUE
Tom 6 (1977) u 7 (1978)

ABTOP TUTVJI TOM I'O Ne CTP.

Cicnockl K.: OnTuManbHOe pacupeleiieRde KaOWTAIOBIIOKEHAN B MOJIEIH
OKOHOMHMYECKOIO poCTa

CiecaANowICZ W.: OnTaME3alHd CTPAaTerdd KalWTAJIOBIOXEHHN B pas-
BHTHE TOIUIMBO-3HEPTeTHYECKOM cHCcTeMBl. Yacts I

CiecHAaNowiCcz W.: OnrnMu3auust CTPATerHd KalWTAJOBIIOKEHHA B pas-
BHTHE TOIUIMBO-3HEpPreTHIeckoi cucremel. Yacts II

Doreckr S.: ITonyrenmpepsIBHOCTE B ONTUMU3AIMY C OrpaauyeRasmu, Yacts I

DoLrecki S.: ITonyHenpepbBHOCT, B ONTHMH3AIMA C  OTrpaBHYEHUSIMH.
Yactp 1.2

Doreckr S.: ITonyHenpepbIBHOCTP B ONTHMM3ALUMM C OrpaHHYCHHAMM.
Yacrp II

GRZEGORSKI S. M.: Meroz norpyxenas (DyHKIMOHAIBHOrO 0a3mca B ONTH-
MU3ALECHHABIX 3a7a9ax

GRzEGORSKI S. M.: O6o6ierne Merona Moppucona

GUTENBAUM J., NicoLo F.: CpHIe3 IHMHEHHBIX MHOIOMEPHBIX CHCTEM pe-
TYIMpPOBAHMs HA OCHOBE ITOKa3aTesis KaueCTBAa OMPEIENSIOLIETO CTe-
nens NeMI(GUEPOBAHMS TPOLECCOB

Kacprzyk J.: Anropursm BeTBJICHUH M TPaHMI IS MHOTOITAmHOTO YIpaB-
JIEHWA HEPa3MBITONH CHCTEMOM B Pa3MbITOM cpene

Kacprzyk J., STANCzAK W.: O naneHeifiieM pacCHIMPEHHH METONA MHHH-
MaJbRbIX TPYIIIT

Kaskosz B.: docraroynoe ycnoeme yderaHmsi B HeslmaelHoOH mrpe. Yacts I

Ka$kosz B.: HocraTouHoe yciosue yGeranas B HemmHelHOM urpe. Yacts 11

KONSTANTINOW M. M., PaTArRINSkI S. P., PErkow P. Hr. CarisTtw N. D.:
Cunre3 CyOOUTHMAIBHOM JIMHEHHOC CHCTEMBI C PeryiasATopaMd Ha
BBIXOJIE

KuLikowskl R.: O6 onraMu3aiygd IeMorpadu4eckuXx ¥ MHUTPANHOHHBIX
cTpaTermii B OOIIECTBEHHO-IKOHOMUYECKOX MO IH pocIa

KuLikowskl R.: OntuMmuzauus nemMorpaduyeckoil IMOMMTHKA B O0IIeCTBEeH-
HO-3KOHOMBYSCKOA MOJETH pocTa

KULPA Z.: ITnasapHbie TPaMMaTHKH, MapajuiejbHbIe aJfOPATMBL npeobpa-
30BaHUA M300paKeHHH ¥ WX 3KBHBAJICHTHOCTb

LasieckA I.: Pa3sHOCTHAsT anmmpoxXCMMauus 3aJa4Yd ONTHMAJIEHOTO YHpaBiie-
HMS U1 CUCTEM C 3ama3JbIBaHAEM IIPH OTPAHHYCHUAX HA COCTOSHHE
M yNpaBliCHUE
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