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The basic approaches to modelling of hydrologic phenomena on the example of process of open 
channel flow was discussed. The problem of synthesis of pulse response for the case of ungauged 
catchment was studied. The possibility of evaluation of conceptual model parameters on the basis 
of conditions of systems equivalence was analyzed. A number of lemmas and remarks justifying 
the. method of moment matching of system pulse responces was given. On the basis of this method 
the values of parameters of conceptual models were calculated in terms of physical characteristics 
of an open channel flow. The possibility of choice of structure of conceptual models by means of 
Pearsonian moment ratios analysis was discussed. 

1. Introduction 

In the last few decades the necessity of mathematical modelling for control 
purposes came about in the topics initially outside the classical interests of control 
systems engineers. Examples of such domain are- hydrology and water mana­
gement. Due to the increasing value of water as a raw material water economy 
deals more frequently with mathematical optimization problems. Modelling of 
hydrologic systems becomes thus an important part of the general problem- the 
control of watel' resources in the broad sense. 

The techniques of mathematical modelling of hydrologic systems have adopted 
many elements of electric circuits theory ~nd of dynamic systems science. However, 
modelling of hydrologic phenomena is far more difficult than the description of 
electronic elements of electtical circuits. In electrical circuits modelling a passive 
element e.g. capacitor can be described exactly for a wide range of working regimes 
by means of linear ordinary differential equation of the first order. 

In hydrology the same phenomenon (e.g. open channel flow) can be described 
in a number of ways, depending upon the parameters of the problem (available 
information concerning system structure, measurement data), the techniques at 
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In case of ungauged catchments measurements over a long period of time which 
are required to identify system black box model or conceptual model do not exist. 

In order to synthetise the pulse response for an ungauged catchment a sufficient 
number of measurements are first made in controlled catchments. Subsequently 
the parameters of the pulse response are correlated with the physical catchment 
characteristics. Major problems occur when these relationships are extended to 
other catchments. The correlation formulae obtained ;:tppear to be regional. 

An interesting method of determination of physical sense of parameters of con­
ceptual hydrologic models seems to be m9ment (or cumulant) matching approach 
introduced by Dooge [1, 2]. Basing on the above method one can find analytic 
formulae linking parameters of conceptual models and parameters of linear phys­
ical model. 

The starting point of the moment matching method is analysis of equivalence 
of linear dynamic systems in the sense of input/output relation. By term "systems 
equivalence" it is understood here, that both compared systems have identical 
responses to the same input signal (in particular- signal belonging to a given 
class of functions). 

Let us consider two linear systems described by equations 

00 t 

Yi(t)= J h,;(r)x(t-r)dr=yi
0
(t)+ J hi(r)x(t-r)dr,j=l,2 (1) 

0 

0 0 

where: x - input signal, y- output signal, h- pulse response, y1.- term res­
ponsible for the impact of initial condition upon the present output signal. 

Physical sense enables assumption of finite system memory T, very conve­
nient from computational point of view. One obtains 

T 

Yi (t)= J hi(r) x (t- r) dr, j= 1, 2 (2) 
0 

whereas for initially relaxed systems 

min(t, T) 

y1 (t)= J hi(r)x(t-r)dr,j=l,2. (3) 
0 

Equivalence of two linear systems in the sense of input/output relation means, 
under the assumption of finite system memory T 1

) , that for every time instance t 
and for any input signal x (t) the following relationship holds 

T 

Y 1 (t)-Y2 (t)= J [h 1 (r)-h2 (r)] x (t-r) dr=O . (4) 
0 

In a similar way one can define equivalence of infinite memory systems (T ~ oo ). 

1
) In the case of different memory lengths of the two compared systems (i.e. T1 =/= T2), the common 

memory length T=max (T, T2) will be assumed here. 
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then responses of both systems to a constant input signal of the amplitude X are 
identical, i.e. 

T 

E(t)=y1 (t)-y 2 (t)=XJ e(-r:)dr. 
0 

Matching of zero-th moments is guaranteed by the assumption of finite memory 
of passive nondissipative systems (both moments are equal to 1). 

Let us assume now, that from the relationship 

T 

J -r:i e (-r:) d-r:=O i=O, ... , n 
0 

n 

results, that for the input signal X 11 (t) = ,2; ai ti the following holds 
i-0 

T 

E(t)=yl (t)-Y2 (t).= J X 11 (t--r:) e (-r:) d-r:=O. 
0 

Let it be 
T 

f -r:"+ 1 e (-r:) d-r:=O. 
0 

n+ 1 

Then, for Xn+l (t)= 2; ai ti one obtains 
i=O 

T T 

E(t)= J Xn+l (t-7:) e (-r:) d-r:= J X 11 (t-7:) e (-r:) d-r:+ 
0 0 

T 

+ J an+l (t-r)n+ 1 e(-r:)d-r:=O. q.e.d. 
0 

The above Lemma remains valid also for the case T ~ oo. 

LEMMA 4. If the first N moments of the type (6) of impulse response of two linear 
dynamic systems (described by convolution integral, i.e. initial relaxed) are respec­
tively equal and the input signal is common to both systems, then output sig­
nals in both systems have identical first N moments. 

The proof results directly from the interpretation of formula describing transfor­
mation of moments in linear dynamic systems. 

(yi (t))~, 00 =(hi (t)* X (t))~ , 00 =~(~)(hi (t))~~~ (x (t))~. 00 ; i= 1, 2. 
It is easy to see that the N-th moment of the type (6) of the output signals in each 

of the two systems depends on moments of the input signal and of the impulse 
response up to the N-th order. Since, by assumption first N moments of the impulse 
response and all the moments of the input signal are respectively equal for both 
systems, moments of the output signal for both systems are identical up to the 
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REMARK 7. If theN first impulse response moments of the type (6) of two linear 
dynamic systems (described by convolution integral - initially relaxed) are respec­
tively equal and the input signal common to both systems has the following 
properties 

(x1 (t))~. «> =(x2 (t))~. eo r= 1, .. . , N, 

(xl (t))~, 00 #(x2 (t))~. co r=N+l,N+2, ... 

then output signals from both systems retain matching of the first N moments of 
the type 

(yi(t))~; co> i=l,2. 

It results directly from the Lemma 4. 

3. Cumulant matching technique 

When comparing differing structurally linear models of the same hydrologic 
processes one can take into account several parameters of the pulse response (maxi­
mum value of the pulse response, time corresponding to this value, time corresponding 
to the "centre of gravity" of the area under the curve h (t), properties of the rising 
part of this curve and of its falling part). 

More general conclusions can be drawn from analysis of matching the pulse 
responses by moments - aggregated function characteristics. Even more convenient 
from computational point of view than moment matching is cumulant matching. 
The simplest formula for determination of cumulants rs 

d" 
Cn=(-1)" ds" [logF(s)Jis=O (7) 

where: 
n- cumulant order, F(s)- transfer function i.e. Laplace transform of the 

impulse response function f(t). 
The functional relationship exists between moments and cumulants (cf. [ 1 ], 

[3]). Thus it seems, that construction of theorems concerning cumulant matching is 
not necessary. 

Let us assume, that the real physical system is modelled by two different struc­
turally linear models with k 1 and k 2 parameters respectively. Let k 1 denotes number 
of parameters (of conceptual model) that should be determined in terms of k 2 para­
meters of physical model. 

Then by matching k 1 first moments of impulse responses of both systems one 
can find the conditions of systems equivalence for input signals being polynomial 
functions of time of the k 1-th order. 

It can happen however, that k* physical parameters and k 1 parameters of con­
ceptual model (determined by optimization) are known. The problem reads- find 
lacking (k2 -k*) unmeasurable physical parameters. It can also be solved by moment 
matching method. 
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where the coefficients Cl., (J, )', J, e are functions of reference values and of constant 
parameters of the equations (8)-(9) (Dooge (1 ], Kundzewicz (2])· 

The cumulants can be computed directly from the above formula for the transfer 
function with no necessity of inverting the relationship (11) to the time domain. 

Due to the complexity of the above model and to its limited applicability, hydro­
logists have introduced a number of linear empirical conceptual models. 

An easy and popular approach to modelling the open channel flow is based upon 
conceptual partitioning the channel into a cascade of abstract linear reservoires 
(characteristic reaches). The basic element of this model is an abstract concept of 
linear reservoir (characteristic reach) fulfilling the continuity equation 

. ds (t) 
qxO (t)-qxL (t)=~ (12) 

and the storage equation 

s (t)=KqxL (t) (13) 

where: 

qxo (inflow to the reservoir (flow rate in the cross-section opening the charac­
teristic reach), q,;L ....,-- outflow from the reservoir (flow rate in the cross-section 
closing the characteristic reach), s- storage volume (retention in the characteristic 
reach), K - storage coefficient. 

If the outflow frorri the i-th linear reservoir in the·cascade equals to the (i+ 1)-th 
reservoir, then the system of N reservoirs can be described by means of the 
impulse response 

1 ( f )N -1 
h(t)- - - --- -K e-tf K_ 
. - K(N-1)! (14) 

If the concept of partitioning the length of the channel into characteristic reaches 
is followed, one can deal with real values of N (inconvenient for the reservoir inter­
pretation of the former version). 

1 ( f )N-1 
h (t)= Kr(N) K e-r/k . 

where r (N) is' the gamma function 

': 
! 

(15) 

The general formula for the R-th cumulant of model of cascade of linear reser­
voir reads 

(16) 

The starting point for calculation of cumulants of the complete linearized model 
is the relationship (!I) for Laplace transform of the impulse response of the ~odel 
(8) subject to the ccn1ditions (10). ·-- · ' ' . 

4 
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In Fig. 1 the comparison of simulation of the flow in the system .modelled by 
eq. (8) and subject to the conditions (10) and in the system described by conceptual 
model (12)-(13) with parameters evaluated by moment matching method is made. 
The input signal common to both models of flow in prismatic open channel with 
rectangular cross-section and length of 100 km is the switched step function 

( )_j 200m3 s-1, t<O, t> 11 min. 
x t -l 210m3 s- 1, t e [0, 11 miri]. 

In the similar way one can find the responses of the three-parameters model co­
mposed of the cascade of linear reservoirs in series with linear channel are also 
shown. 

Parameters of such models have been obtained also from matching cumulants 
of impulse response of such a conceptual model and of a linearized hydrodynamic 
model (cf. [3]). 

In the so far presented considerations no real system with an adequate set of 
measurement data has been taken into account. The moment matching technique 
has been tested on data generated by the solution of linear dynamic wave equation 

Now the discussed method will be applied to a real system of river flow (reach 
of lower Vistula-Wloclawek- dam, Wlocalwek- flow rate measurement section 
located 150 m upstream ftom the permanent gauge). 

-Inserting the values of physical parameters to the formulae (17)-(20) one obtains 

K = 13226.197 s, n= .43188. 

Fig. 2. Simulation of the flow rate by means of the model of cascade of linear reservoirs (Vistula 
at Wfoclawek, Sept. 25th 1975); x=3770 m 

J ·~ discharge from the power station, 2- measured flow rate in the cross-section x, 3-
simulated flow rate in the cross-section x 

In Fig. 2 simulation of flow on the basis of conceptual model of cascade of linear 
reservoirs with parameters obtained by moment matching method is presented. 
The recordsof discharge from Wlodawek dam and measured flow rate in the cross-
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conceptual models considered for different flow regimes. More extensive discussion 
of this problem can be found elsewhere [6]. These considerations help to explain 
the world-wide career of conceptual model in the form of serial cascade of linear 
reservoirs with or without linear channel. It has been proved, that for the Froude 
number equal to .54 such model and linear dynamic wave model (8) have identical 
form of the telationship between /] 1 and /]2 

(24) 

lt means, that matching the first three moments results in matching of the fourth 
moments of both system. It is wondering, that in spite of completely different for­
mulae for impulse responses of both models, for the above value of Foude number 
also a very close fit of moment characteristics /]3 can be observed, with identical 
structure of the relationship 

(25) 

where: a= 3 for the model of cascade of linear reservoirs, a= 3.0556 for the mo­
del of linear dynamic wave. 

The characteristics /]2 and /] 3 are simple measure of differences in responses 
of both models to input signals in the form of polynomial functions of time of 
fourth and fifth order respectively. 

One can create also another critetion of choice of structure that does not impose 
the. validity of linear dynamic wave model, which proves to be the model of limited 
applicability. When comparing Pearsonian plots corresponding to different concep­
tual model which gives the best fit to given conditions. 

6. Concluding remarks 

In the paper the method of moment matching and its application to approxima­
tion of conceptual models parameters (on the example of hydrologic model of open 
channel flow) on the basis of known physical system characteristics is discussed. 
The "quality" of simulation obtained by conceptual models with parameters deter­
mined by moment matching method in comparison ot the pattern behaviour of 
linear physical model is analyzed. The accuracy of simulation is referred to classes 
of input signals. The material presented forms the foundation to further reserach 
on extension of the abovementioned method by matching pseudomoments with 
weighting function of the type 

<f(t) ·rp (t))"= J t" f(t) rp (t) dt. (26) 

where rp (t) is a weighting function of the form following the heavily damped nature 
of real flow systems . 

. Extensi~n of this method~logy to the case of system black box models is straight 
forward. System models in the identification stage . (basing on the approximation 
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0 HeKOTOpOM MeTO)l;e onpe)l;eJieHHH napaMeTpOB KOHQenTy­

aJibllhiX MO)l;eJieii Te'leHIIH B OTKpbiTOM pycJie 
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PaCCM01'peHhi OCHOBilbie MeTO,llbi MO,lleJIHpOBaHIDl TR,llpOJIOT.II'IeCKHX SIBJiemill Ita llpHMepe 

npou;ecca re'!eHIDl B orKpbrroM pycrre. IIocraBrreita 3a,n:a'la CHHTe3a HMIIYJlbCitoii: xapaKTepHC1HKll 

.llllil HeKoHrpoJIHpyeMI.rx Bo.rroc6opHbrx 6acceiffioB. Hccrre,n:oBaita B03MO)KHOC'I'b ou;eHKR napa­

MerpoB KO.IU(enryaJlbHblX MO,n:erreii: Ha OCHOBe YCJIOBHH 3KBHBaJiellTilOCTH CllCTeM. IJpe,n:cTaBJieHbi 

reopeMbr H 3aMe'!aHIDl o6oCitoBbmaroruae Mero,n: corrracoBaHHH MOMeH1'0B HMIIYJibCHhiX xapaKre· 

pHCTHK CllCTeM. McnoJlb3YH 3TOT Mero,n: onpe,n:errellbi 3Ila'!ellllH napaMerpoB 3KBHBarreH1'Hhrx 

KO.IU(enryaJlbHbiX MO,!l;eJieii: Ha OCHOBe $H3H'IeCKHX xapaKrepHC1'HK Te'lellllH B 01'KpbiTOM pycrre. 

PaccMOTpeHa B03MO)l(.HOCTb Bbi6opa CTpyKTypbi KO.IU(enTyaJIJoHhiX MO,!l;erreil: Ita OCHOBe aHa.JlH3a 

nHpCOHOBbrX xapaKTepHCTHK MOMeHTOB. 


