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A discrete time Galerkin approximation of a class of convex, control constrained optimal
control problems for second order hyperbolic system is considered. The optimal solutions regularity
in the original problem is investigated. Basing on [1], the respective estimates for the state appro-
ximation error are derived. Exploiting the obtained results and applying Lagrange formalism tech-
nique, a linear convergence of approximating sequence to the optimal control is proved.

1. Introduction

The paper deals with convergence of the standard Galerkin approximation
[1,8] applied to an optimal control problem for a linear second order hyperbolic
system with locally constrained distributed control and the cost functional of in-
tegral type.

A linear convergence of approximation was proved in [8] for an analogous
parabolic case, as well as in [4] for an unconstrained hyperbolic problem, with the
use of Lagrange formalism technique. The presence of control constraints in hyper-
bolic case restricts considerably [5] regularity of the optimal solutions that makes
difficult a direct adaptation of the previous methods.

In the paper the problem of regularity is handled taking advantage of some
additional, but unrestrictive assumptions concerning the functional. It enables us
to demonstrate in Section 3 that the primal and dual optimal state variables are
in H*2(Q) and H?3(Q), 1espectively.

In Section 4 a discrete time Galerkin approximation to the original control
problem is introduced by means of the known two-level form of the discrete state
equation. Applying techniques of [1], L® (H°®) —estimates of the state approxi-
mation error are derived with essentially weakened requirements on regularity of
the solution. Moreover, the obtained L® (H*')— estimates are slightly stronger in
comparison with the analogous result of [2].
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The main theorem estimating the rate of convergence of approximation for
the optimal controls by 0 (t+#4+k) is derived in Section 5 using Lagrange for-
malism technique.

The notation used is based on [6]. In particular, for s>0, H5(2) will denote
the Sobolev space of real-valued functions on @ with a norm |- |l;. As a conse-
quence, H°(Q)=L?(2) with the inner product

(u, v)= f u-vdx, wu,veLl?(Q).
2

For a Banach space X with norm || - [|x we shall consider the spaces of Lebesgue

measurable functions v: [0, T]—X denoted, by

L? 0, T; X)={v: [ollpxy<c0}, p=2,00

with the norms
T
lollZn= [ lloC-, Y115 d
0

and

"7’”L°°(X)= sup (-, 1) llx,
0<t<T

respectively.
For 0=0x(0,T), H"(Q) will denote the Sobolev space of functions
ve L?(0,T; H'(Q)) such that

s

dt*

eL2(0, T; H°(Q)).

Throughout the rest of the paper all constants appearing in the error estimates
will be denoted by the generic C.

2. The optimal control problem

Let be given a bounded domain 2< R" situated locally on one side of the pro-
perly regular boundary 2.

In the cylinder Q=0 x (0, T) we consider a system governed by the following
weak formulated hyperbolic equation

d?y(t) X
—p Y tab@,9)=(f(1),v) VeeH'(Q),1e(0,T), @.1)

along with the initial data
dy
YO=y eH (@), —-O)=rcH'(2). (2.1a)

Here.and in the sequel @ (-, ) denotes a symmetzic bilinear form defined on
H'(Q)x H'(Q) by '
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o 0 0
a2 [ [2“”(") . 20 +ao(x)<o<x)w(x)] d, @2

3xi
2 i,

where the functions a, (*) and a;; (- )=a;, () are assumed to be sufficiently re-
gular and such that

2 a;()&EE>a )] G VxeQ; &, R, (222)
Lo J=1 i=1
()=, Ve (2.2b)

for some constant «y>0.

It follows from (2.2) that a(-, -) is continuous and coercive on H*(Q), i.e.
there exists a constant «; >0 such that

a(p, )<ey el lwll,  Yo,we H(Q), 2.3)
a(p, p)zeollolll  VoeH'(Q). 24
Associated with (2.2) is an operator 4 € & (H'(Q), (H*(Q))’) defined by

(4y) ()= 2 5 ) e =03 () @)
along with homogeneous Neumann boundary conditions on y
—x,0)=0, (x,H)ed2x][0,T]. (2.53)
v,
Certain general regularity results [6,4] are esseniially important in the sequel.

Lemma 2.1. If(2.3), (2.4) hold and moreover

fe H**(Q)
then the solution of (2.1)
yeH*?(Q).
LemMA 2.2, If(2.3), (2.4) hold and
e B *@), (2.6a)
d
f©) e H3?(Q), ;Z;(O)GH”Z(Q), (2.6b)
yre H'2(Q), y*eH%?*(Q), (2.6c)
! o>
3"‘; 0)=0, yA 0)=0 (2.6d)

then the solution of (2.1)
' ye H>*(Q). @7
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In order to state the optimal control problem let us introduce the space of control
functions

U=L?*0,T; H°(2)) 2.8)
containing the set of admissible controls
U L{ueU:Pw<0 ae. inQ}#o, 2.9
where
YT (w)y=[u'—u, —u®+u] (2.92)
for a given
u',u> e H-*(Q). (2.9b)
We define the cost functional of integral type
T
T 3) 2 [ [ o0, (1) dxdt, 2.10)
0o Q2
where ¢ (-, ) is a convex, twice differentiable function satisfying the conditions
|00 u s, D)5 00, @ D) 10y, MISC, (2.11a)
0u @, Y)2a>0 Vu,yeR:, (2.11b)
9, y=0, ,=0 a.e.inQ. (2.11¢)
Assume moreover that there is given an operator
Be ¥ (H"(Q), H(Q)) for r=0,1. 2.12)

The following control — constrained optimal control problem will be discussed
in the sequel.

PrOBLEM (P). Find u® € U, such that

J@, y@N<I(u, y(w)) VueU,,

where y (1) is the solution of the state equation

d?y() :
g Y| ra( (@), 9)=Bu(t),v) VeeH'(Q),te(0,T)
along with the initial conditions (2.1a).

The convexity of ¢ and (2.11b) imply in particular that the Hessian 62 J sa-
tisfies the condition

(I, 3); 9,259, 2)2al0lf2 ey Vi, 3,0,z L2(0,T; H°(Q)). (2.14)

Furthermore, since I (u)=J (4, y (w)) is strictly convex and continuous, while U,
is weakly compact in U—(P) admits a unique solution.

Exploiting techniques developed in [7] a Lagrange characterization of this
solution can be given. For ihis purpose let us define a Lagrange functional
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2

d
L(u,y, 2, p) Z£J (u,y)+ ((—d;z{p)) +a(y, p)—((Bu, p))+((wu, 1)),  (2.15)

where
T

a(y,p) =L [ a(y@), p(2) dt (2.15a)

0
and

pel?(0,T; H'(Q), AeL*(0, T; H°(Q)).

By convexity of the problem (P) its solution can be characterized [3] as the
saddle point of the Lagrangian (2.15). This fact can be expressed |5,7] in the equi-
valent form of Kuhn-Tucker conditions.

LeMMA 2.3. The elements u® and y°=y (u°) are the solutions of (P) iff there exist
uniquely defined Lagrange multipliers
Ael*(0,T; H°(Q), A°=0 (2.16)

and p° satisfying the adjoint equation

dzp°(t) !
(———‘55——,'0>+a(p° 0),0)=—=(3,J1°y°)(t),s) VoeH!(Q),te(0,T), (.17)
dp°®

PIy= = {@)=0 (2.17a)

such that
3, J (u°, y°)+B* p°+((A°, d, v (u)))=0 (2.18)

and

((2°, y (u))=0. (2.19)

Regularity of the optimal solutions u°, y° and p° is essential in investigating
of the rate of convergence for the finite-dimensional approximation to (P). These
regularity properties are formulated in the following

THEOREM 2.1. The solutions u°, y° of (P) satisfy the regularity conditions

u® e H*1(Q), (2.20a)
3 e B 10} (2.20b)
If moreover
B3 o L A =l i R (2.21)
then
p° e H33(Q). (2.20c)

Proof. To prove (2.20a) we use the optimality condition (2.18). First define an
auxiliary function # (x, #) given by
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3,13, y°, B¥ p°)=0 ae.inQ, 222
where \
I(u, y, B* p) &£ ¢ (u, )+ <B* p, u>. (2.23)
Note that by (2.11b)
1
[0y, L (u, y, B* p)]"1§<*(;<oo‘v’u, »B*peR', (2.24)

hence it follows from implicite function theorem that there exists a mapping =
=1 (y, B* p) continuous in a neighbourhood of the point (3°, B* p°) and such that
(2.22) holds. The mapping @ is moreover differentiable at (»°, B* p°) that by (2.23),
(2.24) and (2.11c) yields

ai(x, t o O0B* p°(x, t
Y 2 g 5 i i s —%7L~)~, (2.253)
94 (x, t) i 9B* p°(x, 1)
SSp 0 1,0y]=1 ., -
or, (94,0 % %)) o ik Ble (QA30)

It is obvious [6] that by (2.1a) »°, p® e H*(Q), thus making use of (2.25) we
have

ae HY1(Q). (2.26)
The optimal control u° (x, 7) satisfying (2.8a) can be expressed in the form
u° (x, t)=max {u' (x,1), min {@(x, 1), u>(x, £)}}. .27

Utilizing (2.9b) it is possible to check [7] that fo1 # fulfiling (2.26), the function u°
defined by (2.27) fulfils (2.20a).

Now (2.20b) is trivially satisfied by Lemma 2.1, since its assumptions hold by
(2.20a) and (2.12).

To prove (2.20c) consider the adjoint equation (2.17) and apply Lemma 2.2
for the reversed direction of time. Conditions (2.6c-d) hold by (2.17a). Therefore
it is enough to check that the right—hand side of (2.17) satisfies (2.6a) as well as
(2.6b) at t=T. To this end note that by (2.11c)

8, J (12, YO) (x, )=9, (u° (x, 1), )° (x, 1)), (2.282)
d ' 17 dyO(x’ t)
e @, ) (x, )=9, , @ (x, 1), y°(x, 1)) T (2.28b)
_Mé ..... 5. J@°, 1°) (x, )= fit 0 (x, 1), 1°(x, £) .‘Bgf(x, t)“ (i=1,2 ),  (2.28¢)
oy u®, ¥ (x, )=0p, (@°(x,1),)°(x, 1) v i=1,2,..,n), (2.28¢

a2 d?y°(x, 1)

g O, ) (x5 =0, (0 (5, 10, (5, ) -

dy°(x, 1)

2
+o, @ (x, 1),)°(x, t))'[———;]-;“} . (2.28d)
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Assume that ¢, (-, -)=0. Then (2.6 a-b) follow directly from (2.28) and
(2.20b), that by Lemma 2.2 implies (2.20c).
In the case n<3 condition (2.20b) and Sovolev’s Lemma [6] yield

ay°
dt
Taking advantage of (2.11a), (2.20b) and (2.29) in (2.28) we conclude that
O, J (u°, y°) e HV2(Q).
On the other hand, (2.28a-b) and (2.20a) imply in particular [6] that

9, J (%, 0 (-, T) e H3*(Q),

al*(0). (2.29)

d

dl yJ(uobyo)(' > T) EHUZ(Q)'

In conclusion, the function J,J (x°, y°) satisfies conditions (2.6a-b) that completes
the proof of (2.20c). O

3. Approximation of the contrel problem

A finite — dimensional approximation of (P) is founded upon a discrete-time
Galerkin scheme characterized fully in [5]. We recall here briefly some main concepts.
Let 7, be a finite — dimensional subspace of V=H!(Q), depending on the
parameter of discretization . converging to zero. The family of pairs {V}, Pplo<n<
is said to be an approximation of V for P, € % (¥, V) being a projection operator.
Assume that there exists a constant C<oo such that
inf [llo—oillo+Ahll —vull ISChlpl, VveH*(Q), s=1,2. G.D
PhEVy
The above properties imply [1, 2] the following elliptic projection result, widely
applied in error estimation techniques.

LemMA 3.1. Let y € L* (0, T; H(Q)) for 1<s<2 be the solution of (2.1). Then there
exists a uniquc mapping w, € L* (0, T; V) which satisfies
a(a),,(t), ‘Z)h),=£l(_y’(t), l’lz) V"(')h € Vh’ te [0, T] ¥
Furtherimore, if for some integer k=0
dey

dt*

elr(0,T; H*(Q),

then

d* w,
g €L, TV
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and

| a |
I}:E’T (y—wn) |

liep ()

5 dty
<ChS— -
7 I odt* e’

i=0,1,

where p=2, oo, ]

The interval [0, 7'] is discretized with the step size 7=T/N (7) for a fixed integer

N (7). Denoting by y,(t) and 7,(#) the characteristic functions of subintervals

[nr, (n+1) 7) and (n7, n+ 1) 7], respectively, we define the spaces E, (ny7, (n,+1) 7; X)
and E; ((n,—1) 7, n, v; X) of step functions

| D v w),

n=njy

v, ()= o, (nr)e X (3.2)

n,—1

D e+ 1)) 20,

n=pny—1
respectively, for any 0<m, <n,<N (1) and a Banach space X.
Weintroduce the projection operators

N

(Po)(D=2.()L Y v(n7) 1,(0), - (33a)
Py O=50 % Y 0@ 2(0), (33b)
% o N-1 1 (n+1)t

CoO=5.0% 3 (> [ o) 10 (34)

defined respectively on C([0, T']; X) in the cases (3.3) and on L?(0,7; X) in the
case (3.4).

Itisasserted in Lemma 2.1 that the weak solution of (2.1)isin C ([0, T]; H*(Q)),
hence the approximation for the space of states can be chosen as {E, (0, T+1; V}),
P, - P,}, where

(Poo)(t) 2P, (1) Vielo,T]. (3.5)

The space of controls U=L? (0, T; H°(Q)) is approximated by {U, ., P, - P} for
U, .=E, (0, T; W,), where W, is a finite — dimensional subspace of W=H?°(2) and

EFwEPw ae. ing. (3.6)

The projection operator P, e & (W, W) is defined in the same way as those in
[5, 8] satisfying the condition

w—Pewllo<Ckllwll, VYweH'(Q). G.7

In the sequel we shall utilize the standard finite — difference operators defined
below
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(@: v ()=[o: ¢+ 1) —2:()))/7,
(@2 ()=[v: () =0, (1=D)]/r,
(07 v) () =[v.(t =) — 20, (t) +0. (t+7)]/7?,
Ves 12 (O)=[0: (1) +0. (1 £7)]/2,
0, (8) =00, (t—7) +(1 —20) v, () +Ov. (1 +7)

|
for any v, € £,(0, T+7; V3) and 0<0<—2-—

tions (82 v,) () and v,, (- ) defined on the interval [z, T) will be considered as ex-
tended by zero to [0, T).

Some essential properties of the introduced approximation are collected below as

. To avoid some technicalities, the func-

Lemma 3.2. If the functions u and y are sufficiently regular, then for any 0< 9<~2—,

p=2,00

1

5 = Ly
”)’*‘)’z“u(HS)'*"”J/“yez"Ln(HS)<CT W (S‘_‘O: L )5

ILP (H®)
and for s=0, 1

dr
I d

§|u—ﬁk,,||,_z (H°)<C [T {LZ(HO) +k ”ﬂ”Lz(Hx)] s

I d

% 'y dy
lly—y,,,gt(lL,,(HS)<C[r~ dt e+ (”y”’“"(m“ﬁ {d ”(H““))]’
I g I dz2
12 _s5 | <c[ 1 d ]
| dt <, ’ily( ) T[ dr? 2@ dt |y

—f2 o <Cl|7 ;

” dr? T, ez o) T. dt3 L2(H°) dtz L2(HY =

For notation simplicity the following symbols have been used: j, ,=P, P, y,
ﬁkﬂ:f", P, u. Proof of Lemma 3.2, based on some elememary but tedious evalua-
tions, can be found in [5].

Let the set of admissible controls U, be approximated by the finite — dimen-
sional subset
Uak,t=UamEt(0> T; Wk)' (38)
Then we can introduce the following discrete — time Galerkin apgrosimation of
the original optimal control problem (P).
ProBLEM (D). Find u°; . € Uy, . such that

J(uok, T yh, T (“Ok, r)) <J(uk, T yh, T, (uk, t)) Vuk, T € Ua k1o
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where yy (4 ) is a solution of the discrete equation
(02 21, < (), 0) +a(Vh, 04 172> V) =(fe (1), 01) Yoy € V3, t€(7, T), 3.9
Oc Vi, e =2n,1+ 12
along with f,=DBuy, . and the initial datu
O, 0, v)=(p',0,) VoeVy, (3.92)
24,:(0), 2)=(y%v,) VeV, |

The difference scheme (3.9) is unconditionally stable [1] and (D), as a standard
finite — dimensional convex programming problem, admits a unique solution.

4. Approximation error of the state variables

In this section we shall be concerned with L? — and H! — estimates of the state
approximation. Let yy ., z; . be the respective solutions of the discrete state equation
(3.9) and let w, be defined by Lemma 3.1 for y being a solution to (2.1). Introduce
the functions

E dwy,
C=Vn,:— Wp, n=)—y, 8=Zh,z_7t—— (4'1)

with the time — projections denoted respectively by
§r=Fr < P 77:=P't 7, ‘9t=Pt'9' (413.)

The following result is obtained by developing of the error estimation techniques
of [1]. A suitable modifications allow to reach a desired result at considerably wea-
kened smoothness requirements on the solution and the right-hand side function.

LemMmA 4.1. Let
ye H»?(Q) “4.2)
be the solution of (2.1) and yy, . € E;(0, T+7; V3) be the solution of (3.9). Then
el moy<C (T + A+~ fill 2 aoy) - 4.3)

Proof. Averaging (2.1) by means of the operation (3.4) we obtain

dy
(at(%)t(t)9v>+a(fr+ 1/2 (t): v)=(ft (t)’ ‘ZJ)+

+"‘.(.17t+1/2 (t)_j;t(t)2 7)) Voe Va tE(O, T]r (44)

since it can be easily checked that

—

0, (%—;—)r n 'c)=(i,—2))t (n1. i
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Substracting (4.4) from (3.9) we get by Lemma 3.1 and (4.1)

dn
(at 8: (t): vh)'l'a (§r+ 1/2 (t)s ‘Uh)=<3, (77:—): (?)+l‘, (t),”k)

Vo,V te(0,T], 4.5)
where for notation. simplicity it has been put
r(t)=Ady.(6)+ 4f. (),
Ay, (t)=—Jor1)2 () +7:(1), (4.52)
Af. (=) =1.(1).

Now, by the same techniques as those developed in [1], we can transform (4.5)
to the equation

(3, é‘t (i‘I-’L'), vh) +a (¢t+ 1/2 (nf)s ‘U,,) — (8': (I’l’t), ﬂh) + ¢ (pt (I’I.’L'), "7]:)

Vo, eV,, 0<ng<N-1, (4.6)
where the new functions ¢, & and p, are defined as follows
2% (O)=05
n=1
0. (n7)="1 Z’ Eep1j2(k7)  for 1<n<N, (4.62)
k=0

£ 0)=2.7.0)= 0. 0) + 5 4£.0),

n—-1

(=0, 1 () = 0. () + 5 A O+7 3 M) (46D)
k=0
for I<usN-1,
il
P (0) > E Ayt (0) s (465)

n—1

1 & 1
p,(m)——z—k;o1 Ay,(k7:)+7k=z(: dy. (k1) forl<n<N-1, (4.6d).

@®.

T+1/2

s (5 \
Gt(t)_ tyt(t)"' dt ) .
Putting in (4.6) the test function of the form

‘vh=ar ¢T(t)=ét+1/2 (t) Vte [0: T]
we obtain

1 1 1
Sl (e +1) DM ~5 I Wllg + 75 a (9 (r+1) 7), e ((+1) D)+

1
- 5 a (9. (nT)s 2 (m'))=7: (gr (n‘[)’ €t+ 1/2 (nT)) +7%a (pz (nT): §t+ 1/2 (H'L'))
for 0O<n<<N—-1. (4.7)




98 P. HOLNICKI

Summing in (4.7) from n=0 to n=I—1 for any 1<I<N, and using (2.4), (2.6a)
as well as the known inequality

1
a-b<8a2+—£b2 Va,beR;e>0, (4.8)
we get

1=1
2. ()3 +ao H c

-1 -1

<|IE. OF +2. Z (& (n7), &ovrya (n7)) 20% Z a(p. (1), &vipp (D))<
=0

-1

<& (O)I3 +8T¢ Z e ()13 +

-1

Free Z s 1/ (G +27 2 a (pe (1), Eovrjz (M)

1
<€ ONI5 +8T lledllz2 ey + 7 mar IS (ol +

o<n<N
-1

+20% D a(p.(m0), &orapz (7). (4.9)

n=0

We shall estimate the terms on the right hand side of (4.9). Observe first that
by (4.52)

HZ 410~ 2 Afr+1/2(kf)l

2
2 oy ST~ Fla -

Hence, using the definitions (4.6 b, d) we obtain by Lemma 3.1 and Lemma 3.2

"81:"22 (H% < “at ’7:”%,2([10) + ”at”%} (H®) + Tz”f"'f;"zl (H")<

2 2

d?y
dr?

2

dy
dt

2

<C [hZ +"f_fz”iz(ﬂﬂ)] s (410)

AT
LZ(HI)

L2 (E°)
since
( i )
(at 771:) (t)= dr r(t).

The following inequality is derived taking advantage of (2.3), (4.52), (4.6¢c) and
{4.8).

2 a (pe (17), Eop1j2 (1) = 7% @ (49, 0); &op1jo ()=

=1

=1 (Z Ay, (k7)+ Z Ay, (k1)y Cov1pa (m)>

n=1
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-2

-1 1+1
=7 D aldp (), Y Gurp®)t Y Eosn ()=

k=0 k=n+1 k=n+2
=2 - n+1

7% 2 a(4y, (n), 2 Z fc+1/2 (kv)— Z fc+1/2 (kt)— Z f:+1/2 (k)<
n=0 k=0

n=0 k=0

Il

-2

<day v D) Ay, (n9)]; - max
n=0

1<I<N

T E Cov12 (R7) “1<
k=0

uz N 1 -1
Bt D Ml + o max v ) s (0=
n=0 k=0

1<I<N

062 1 -1
=8 T: 1 7e s 1/2 "lelizmx) i E %121?31\1 ” T k;: Eot 1/2 (k1) “f P (4.11)
where the constants «, and «, are defined by (2.3) and (2.4), respectively.

Note that by (4.2) &, is bounded in L® (0, T; H*(Q)) by a constant C inde-
pendent on 7 and % (compare the proof of Lemma 4.2 below). Hence, by (4.53),
(4.11) and Lemma 3.2, the last term of the right — hand side in (4.9) can be esti-
mated as follows

I=1 dy 2
212";: a (p‘l.' (nT)’ év+1/2 (nT))<C72 ("y"L"O (H1)+ W Lz(H‘)) +

+% %o max |z :‘f Grpm)}. @12)

1<isN' =5

It follows from (3.1), (4.1) and Lemma 3.1 that

1€ (0) o<l (0) llo +11* =y, O)llo < Chlly* |, - (4.13)

Combine (4.10), (4.12), (4.13) with (4.9) making a proper choice of / on the
left in (4.9). This yields

=

”fr”iw (o) T %o max “ T 2 &t 172 (n7) “:<C [72 (”y”L“’ 't
isisn! &

1z

)
dr

d?y

+
dr?

[ )+h2 (" 2+ iﬁit )‘Hlf"f”2 ]"‘
2(0) P UCT T heseany e

L2
1 =1 "
o Wl o+ oo max o 37 &y ()P
% L (H°) e ,,=Zo1 T+1/1 A

Thus, making use of 1egularity assumptions (2.1a) and (4.2) we arrive at (4.3). [
In the case of more regular solutions we can cstablish the following

LeEmMA 4.2. Let
yeH?*3(Q) 4.19)
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be the solution of (2.1) and y, . < E;(0, T+1; V) be the solution of (3.9). Then
192l oy + Sell0 (< C (2 + B+ f=Fll 2 garey) - (4.15)

Proof. Let us substitute in (4.5) as a test function

7)h=8t ft+Rr C0h=’-91:+ 1/2»

where

dy) dy
- —€eC(0,T1; V). 4.16)
B ( ) s oL ) (

Then, by some elemientary transfoimations we obtain
1
3 18 (2 + 1) DIF—=119: (n2) I3 +a (& (n+1) 2), & (n+1) 7))+

—a (ét (nT): 51 (WL‘))]=

di
== (31 (7’:'):(’”) + re (I’I‘C), '9r+ 1/2 (n‘c)) —@ (C‘Z-P' 1/2 (HT), (-Rt Cl),,) (nr))=

dn
= (31 (“‘;‘:')r () +r. (n7), 3, 4 1/2 (n'c)) il (et 1/2 (n7), (R: y) (n1)) . 4.17)

Applying to (4.17) a standard procedure we obtain a supremum-norm inequality,
that by (4.8) can be modified as follows:

"7)1”12,00 (H°)+ ”ér”iw (Hl)<”9t (0)"5 i "ét (O)HT oo

of{Jef),

<II9 O)I3+1IE. Q)1 +
1 (I [
x| eC]

1 1
+ 5 18z oy + 5 Il - (4.18)

&3 "l","Lz(HO)) § "‘gt"l,w @t "Rry"Lz @y’ ”ét”[}’"(},{l)]S

L2 (H°)

2

+ “"1"22 (H?) + ”—Rt y"z2 (H l)) +

L2 (H°)

Observe that by (3.1), (4.5a), (4.16), Lemma 3.1 and Lemma 3.2 we have respec-
tively

d
19 Olo<| 7 ©) ”0+ny2—zh,, Ollo<CHIY I ,

licz Ol <l Ol + 11" —ya, e Ol <CAlly*ll2

R T
Lo

Bl o

L’(H“)

L2’
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3
“rr"[_2(ﬂo)<C“Ay‘r”LZ(H2)+ ||Aﬁ‘IL2(HO)< C (T _C—it— 2 (H2)+ "f—.f;”[} (HD)) P
dy I 4y |
o<l 0, o=\ — <Cr|—| d
”-Rr y“LZ(H )\i 3., Ve ( dt )r+1/2 ;;LZ(HI)\CT dr? sz(Hl)

Substituting the above inequalities to (4.18) we obtain
2

2
y ) -
L2(HY)

dr® |

”‘9':”[2}‘0 (HO) + ”fr“im (111)<C [h2 (”)’1“3 + ”yzlﬁ +
|

+T2(‘

Applying to (4.19) the regularity assumptions (2.1a) and (4.14), we get (4.15). [

Note that the analogous result formulated in [2] for a similar three-level Galerkin
scheme provides H' — estimates in terms of &, ;,, at some additional requitements
concerning the initial values in the discrete scheme. Thus, the result of Lemma 4.2
is slightly stronger and more convenient from the standpoint of applications.

2 12

ay
dr?

dy |2 i
g e |
dt ﬂLl(HZ)

)+ Ilf —.ﬂlliz“,o,] . (419

L2(="Y)

5. Convergence of the optimal controls

In this section we estimate the rate of convergence of the discrete optimal contiol
up . to the continuous one u® — the solutions of the problems (D) and (P), respec-
tively. We shall apply the known Lagrange formalism technique [7, 8] based on
comparing of the saddle point conditions for these two problems.

For this purpose we define a discrete Lagiange functional

L:E. (0, T; W)XE, (0, T+1; Vi) XE, (0, T; ZY)XE, (=, T; V;)—»R*
putting
Ly (the,es Yn,v> 20 Piye) 22T (05 Y, )+ (O Ziy 0 P, ) +
+a Vn, er1/2> P, ) — (Bt 1 D1, o))+ ((Withy o5 Ax,2)),  (5.1)
where
Zper 1720 Vi o» (5.1a)

provided that z, . (0) — given
Note that by (2.14) Lagrangian (5.1) represents a finite dimensional convex
programming problem. Hence, by regularity of the constraints there exist [3] uniquely
defined Lagrange multipliers py ., A2 . such that the following Kuhn-Tucker con-
ditions hold:
((5)’ Ld (ul(c), T y}?, T2 ;I'I?, T2 pl?, /2 yh, T —yl?,t))=0 (523')
Vyh,t EE: (0, T+T; Vh)’ yh,t (0)=ylir’ Zh,t (0)=Z}:12_19

((5u Ld (u;?, T J’;(,), E2] l}?, 3] P;(,) o)y Uk ul?, 1:))=0 Vuk, € Er (0’ T; Wk) 9 (Szb)
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((l/lul(c),t’ A’l(c), 1:))=0’ )“l?, t>0’ (520)
where u ., is a solution of (D) and y; .=, . (4; ).
By definition (5.1), condition (5.2a) can be expressed in the form

((31 Zh, (2] p}?, 1,-))+ a (yh,H- 1/2» Pg,z = —((5.0 J("l?,t’ y;(x), r)s yh, r))a

Zp, 0+ 1/2=0z Vi, ¢ (5.3)
Vu, €L 0, T+7; Vi), ¥, (0)=0, 2z, .(0)=0. (5.3a)
Let us assume
o o 112=0: Dy o (5.4a)
where
P (1)=0, g, (1)=0 (5.4b)

It can be easily checked that by (5.3a) and (5.4) the following identities hold
(G2 Zp, 7s p}?, 1:))= i ((Zh, 5 51: P;?, r))= o ((Zh, s q]?, = 1/2))=
s ((Zh,r+ 1/2> q;?, D)= —{(0; Vi, q;?_ r))=((yh, ) gz qi(;), B M 1

a (.Vh,:+1/2,P;0.,:)=a(J’h,n P;c,‘,z..uz)- (5.6)

Making use of (5.4)—(5.6) in (5.3) we obtain the following discrete adjoint equa-
tion

@ an - @), 9+ a (P e 1125 V== (0, T (0 ., ¥y, ) (1), 9
Vo, eV tel0,T); 4P .. 12=0.D . B.7)
where
Py (T)=0, g, . (T)=0. (5.7a)

The formulated above optimality conditions reduce to the respective saddle
point conditions [3] for Lagrangian (5.1). 1t means that u . and yp .=y . (uy )
are the solutions of (D) iff there exist Lagrange multipliers pj ., A7 , such that

Ly () o 95 o 2 v BudSEa (8 s o 0 M o DR) S

<L, (uk,n Yh,o /11?, © P;?, g

Y, .<E 0, T; W),

Y1 € B (0, THT5.55)  Poin (0)=J’;, o Zhe (0)=21?,n

Vi €E (0, T;Zy), 74,.20,

Vpue € B (=1, T; Vi), Pu (1)=0, ¢,.(1)=0. (5.8

Combining (5.8) and the optimality conditions for (P) we shall estimate the
rate of convergence of the sequence {u .} to the optimal solution u°. According
to the notation of Section 3 we denote in the sequel
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iy =P, P,u® €E,(0,T; W),

22.=F P IPeE, (0, T:4,),

7p =P, P, y° €E, (0, T+7; V), (resp. pfl’,t=13t Py
@}, =P, 0} € E. (0, T+7; V3), (tesp. of, =P, w?),
O=Yp— @ =Dy .~ .,

P=y—aw, n=p°-wj,

where o} and ? are the elliptic projections of y° and p° respectively, defined in
Lemma 3.1.

It can be shown [8] by (5.1), (5.8) and the definition of 1 , that

L, (ul?, o yl(c).r’ }v?,r: Pr?, JZLa (ul?.r’ yr?,v 2% Pn,2)s (5.9)

since the domain of Ly (4 ., p.., * » Py ,) can be extended in a nautral way to the
whole space L2 (0, T; H® (2)).

Expanding Ly (", -, A% o} ._;,) into Taylor series at (up ., @} ., q,), using
(5.9), (2.14), the left hand side inequality in (5.8) and exploiting affinity of y—we
obtain '

Lo (g, Vi o> oo P o>La (g . @y ry1j20 A% OF ._ 1)+
+((0.La (ﬁl?,v w:,r+ 1/2> A0, 60;‘1, T— 1/2): ”l?,z_ ﬁl?, N+
+((y La (@ 5 0} 141725 A% ©F, c_ 1/2)s Yoi— O cq12)) +
-- oc]lu,?,,_—ﬁ,?’rlli;(m) : (5.10)

Combining (5.10) and the estimation of L4 (ug ., ¥y . Ap.»Pp.) from above,
following directly from (5.8), we get

ocl[u,?, T ﬁg,rlli2(1i0)< [La (izl?,r’ co,’,’,,+ 1/20 Al?,w Pz?, %
—L, (ﬁl(c),r’ O} 241720 A% OF, o y)l+
+((0, La (3 ., O vxafas As OO o 112> ﬁl(c), :““1?,:)) s
+((dy Lq (ﬁl(t),r’ O o4 1/25 4%, OF o 1/2)s Op, 412 _yi?,r)) . (5.11)

Now we must estimate all the components of the right-hand side in (5.11). For
notation simplicity let us denote the first term by AL.

It follows from (5.1) that
AL<((2? 0}, .~ BiIg o Dy, e —Of 112+
+0 (O, 14> P o= O, o ) + (W (B, . —4), 42 .~ 2%),  (5.12)
since by (2.19) and (5.2c)
= (v @), & .—2%)=0.
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Note that averaging the equation (2.1) by means of the operation (3.4) we obtain

we get

2,0
y .
0=((( a2 )r B“zs Ph T w;’:’,c—uz))"'a(yS’Pg,r'wf,r— 12) -

Substracting now (5.13) from (5.12) and utilizing (4.1), (5.5) and Lemma 3.1

o o\
O ) P

_((‘B (ﬁl(c),r_ﬁg)’ p:?,r_wil:,t— 1I2))+
+a (w:,t/4—y~gﬁp}?,r_coﬁ,t—- 1/2)+
+(w W=, ), 2°— Iy, )=

G\ (DN (ar)
=((( - )r—(dt )—( = 0 (B 1) || F

—((B (@, =), Py, .= 0f - 1j2)) +

+a (373/4 o
+((w @°

J?S’pl?,r_wlx:,t-lm)_*-
= izl?,t)} &0~ }'i(c), t)) 5

Noting that by Lemma 3.1 and Lemma 3.2

d*ob i
”at (505,:'"60;’;,:— 1/2)”LZ(H°)<CT d[z i\L’(HO)
LCt (hl | )
g dt* L2y £ lL’ =@
H
DD =5 —— <
“wh,t a)h,t—-IIleLz(H‘)/CT ‘ dt 2 (Hs)\

<Cr (h“‘

dp®
dt

I 0
o
| dt

) for s=0,1
L2 (H)

L2(HY)

and applying the norm ineyuality to (5.14) we obtain

(5.13)

(5.14)

(5.15)

lAL|<C[ (dyo) ~(dy0) (né &y +z(h-l—1)H o )+
> dat Jx At felageyT T o D) dt? |2y
dy? ‘
dt L2 () (" té lle(Ho)_l_T(h+l)~ dr? LZ(HI))

+”u Uk t”);Z(HO) (”é "L’

Gt ||J7$—j).1(?/4|[L2(H‘) * (i!éf”[}(ﬂl)-f- H—F

+
dt ilL2 (H‘))

J+
L2(HY

0

dp

+ ||~ ﬁl?,r”L"(HO) 12 _j‘l(c), r”Lz(H")] ¢

(5.16)
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Applying (2.18), (4.1) and Lipschitz continuity of J,J (-, *) on bounded sets
by the same arguments as those used in [8], we get

[((6u Ly (ﬁ,? o O 1 +1]2 A%, 0 v 1/2)’ ’71?, 5T u;?,:))[ <C [lju® - ﬁl?,t”Lz(HO)—!—
FIW° =@ 4 1i2llz @y +1P° —0F o yjallra oyl * N, o= % ollp2 ey (5.17)

To handle the last term in (5.11) let us modify that expression utilizing the adjoint
equation (2.17). Thus we have

((6)’ Ld (ﬁI?,tﬂ wl};,r+ 1/22 ’{‘0’ w;:,r—l/Z)’ yi?,r—w;:,t+ 1/2))=

=((0y J (8, 0» @, e 12) =0y I (4 3°), Yo .=} o y1y2))+

dlpo
+ (( di? __.612 Wy o yi?,r—wi):,r+ 2] +a(® —0F oi4s y,‘,”t-—co,y,, sia) -
From this ideniity, regarding Lipschitz continuity of J,J (-, +) on bounded
sets of arguments and relations of the form (5.15) applied to o} ,, we get
!((5y Ld (ﬁl?, 12 wi, T4+1/22 )“0’ a)}lz’, T— 1/2)’ y'(l), r—w;:,r+ 1/2))[ <

d’p
dr?

A0
—33 CO,I: +Hp°—'p,/4_”Lz(H2)+

5T

P

SC[

L2 (H°)

+ [16° = 7%, ollp2 oy + 7= Oy oy 1p2ll2 (H°)] ? ||J’;(.), L AR | PRI

d20
<C[“ = =iE

di? H°)+"83 ﬂg”LZ(HO)"'

L2 (

20 ~0
+ ”po ”pr/4”L2 (H?) + ”yo it COZ’ T4 1/2"1‘2 (H%) + “uO g uk, THLZ (Hﬂ)] Y

dy°
dt

Lz(m)] ; (5.18)

Substitute now (5.16) —(5.18) to (5.11) observing that [8]

|
? [lléﬂly @y +7 (B+1) {]

!MO T A;z’ r"Lz (H°)< C [lluo S u}?, -,;HLZ [¢: + ||;V° —y;?, 1;”[,2 H% T ”B* po B p}(z), 'r"L2 (H“)]
and [2]
d*n?
dt?

4|
2 .
I[B,anLZ(Ho)< 3 ‘1 LZ(HO).

Utilizing the properties of approximation formulated in Lemma 3.1 and Lemma
3.2 as well as regularity of the optimal solutions asserted by Theorem 2.1, we ob-
tain the following estimation:

[Jue® _U;?, t"i:(m)g C(t+h+k) [Hfﬁ”z‘z(m) " IIst‘Lz(Hl)‘F
o ”51 fflle(HO)‘l‘ ”uO Y ug,tlle(Ho) +(T+h+k)] . (5.19)
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We are now in a position to estimate the rate of convergence of the finite- dimen-
sional approximation applied to (P). The following theorem provides it in terms
of powers of the respective discretization parameters.

THEOREM 5.1. Let (u°, y°) and (uy ., vy .) are the solutions to (P) and (D), respecti-
vely. If (2.21) holds then

“uo _u’?’ ‘!“LZ(HD)=0 (‘C +h+k) ) (5.20a.)
1°=yp dlpo qoy=0 (z+h+E). (5.20b)
Proof. Observe that by (4.1), (5.15), Lemma 3.1 and Lemma 3.2 we have

ar
* O™ dt |t-172

< C I:”Sf”Loc (Ho)‘l"T (]1 + 1) ”

|

”a‘ﬂ ff”LZ(HO)S“‘95—1!2IIL2(H0)+ <

L2 (#9)
dlpo ]
: 2
dt®> 2@y (G

Hence, substituting (5.21) to (5.19) and applying Lemma 4.1, Lemma 4.2 and (2.12)
we get (5.20a).

Taking advantage of (5.20a) and (2.12) in Lemma 4.1, we arrive at (5.20b). [

An important feature of the above considerations is that Lagrangian (5.1) is
expanded into Taylor series in a neighbourhood of @} , and w? , i.e. the elliptic
projections of the optimal state variables.

Such a proceeding, along with the use of Lemma 3.1, allows to avoid L2 (H*)—
estimates of the state approximation error. Observe in particular [4] that in uncon-
strained hyperbolic problem, for sufficiently smooth initial data and the more
general form of the cost functional, we have 3°, p® € H33 (Q). Thus, following
technique of Section 5 we easily get

CorOLLARY 5.1. Consider (P) for U,=U and for (2.11¢) neglected. If (2.21) holds
and moreover

Y eH"?(Q), y*eH?(Q),
Be ¥ (H" (@), H (@) forr=0,1,2
then
[16° =4, N2 a0y=0 (z+h+k),
19° =4, dlz @y=0 (e + h+k). O

In comparison with the result of [4], the special choice of starting values in
a discrete scheme is not required.

The above remarks have more general sens and apply also to parabolic pro-
blems. In particular, it is evident that the final result of [8] is obtainable in this
way without using L?(H?') — estimates of the state approximation error.
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Zbieznos¢ aproksymacji typu Galerkina dla zadas sterowania
optymalnego systemami hiperbolicznymi przy ograniczeniach
na sterowanie

Badana jest dyskretna wzgledem czasu aproksymacja Galerkina dla klasy zadai sterowania
optymalnego ukladami opisywanymi rownaniem hiperbolicznym drugiego rzedu z catkowym wskaz-
nikiem jakoéci i przy ograniczeniach amplitudowych na sterowanie. Okreslono regularno$é roz-
wigzan optymalnych, przy ktérej udowodniono liniowa zbieznosé aproksymacji rownania stanu
w odpowiednich normach. Wykorzystujac uzyskane wyniki oraz stosujac formalizm Lagrange’a
wykazano liniows zbiezno$é ciagu sterowarni przyblizonych do sterowania optymalnego.

CxoguMocTh ANMPOKCHMANHN THIA I‘aﬂepxnﬂa g 3aJda4
ONTHMAJIBHOI'0 YyHIpaBJICHUSA muepﬁoquecngn CHCTEMaMu
IpH OrPAHNYCHHAX HA YIpaBJicHHe

PaccMaTphIBaeICsS IUCKPETHAS IO BPEMEHM AIMpPOKCAMANEst Tvna I aiepkuna mist BEITYKITON
3a/la¥i OUTMM2JIHOTO yNPAaBJICHMA CHCTeMOM, OnucHBaeMOH THIEpPOOIHIECKEM YpPABHEHHEM
BTIOPOTO NOPSAIKA, IPH JOKATHHBIX OTPAHUYEHUSX Ha. aMIIMTYAy ynpasneras. Ilonygess! yenosus
DETYIsIPHOCTR [JIsi OUTAMANBHEBIX DEINICHMH HMCXOIHOM 3aJade A CUEHXH CXOOUMOCTA anopoKCH-
Malliy yPaBHEHUS COCTOsHRAS. VICLONB3ys 9TH peryIbTATH IOKa3aHa JTUHENHA CXOAUMOCIE mocIeno~
BaTEIBHOCTH NPHOIIDKEHHBIX YNPABICHRH K DEIICHIIO HCXOMHON 3a0a9H.
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