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A discrete time Galerkin approximation of a class of convex, control constrained optimal 
control problems for second order hyperbolic system is considered. The optimal solutions regularity 
in the original problem is investigated. Basing on [1), the respective estimates for the state appro
ximation error are derived. Exploiting the obtained results and applying Lagrange formalism tech
nique, a linear convergence of approximating sequence to the optimal control is proved. 

1. Introduction 

The paper deals with convergence of the standard Galerkin approximation 
[1,8] applied to an optimal control problem for a linear second order hyperbolic 
system with locally constrained distributed control and the cost functional of in
tegral type. 

A linear convergence of approximation was proved in l8] for an analogous 
parabolic case, as well as in [4] for an unconstrained hyperbolic problem, v.ith the 
ust of Lagrange formalism technique. The presence of control constraints in hyper
bolic case restricts considerably [5] regularity of the optimal solutions that makes 
difficult a direct adaptation of the previous methods. 

In the paper the problem of regularity is handled taking advantage of some 
additional, but unrestrictive assumptions concerning the functional. It enables us 
to demonstrate in Section 3 that the primal and dual optimal state variables are 
in H 2

•
2 (Q) and H 3

•
3 (Q), 1espectively. 

In Section 4 a discrete time Galerkin approximation to the original control 
problem is introduced by means of the knov.n two-level form of the discrete state 
equation. Applying techniques of [1], L.,(H0)-estimates of the state approxi
mation error ate derived with essentially weakened requirements on regularity of 
the solution. Moreover, the obtained L., (H 1)- estimates are slightly stronger in 
comparison with the analogous result of [2]. 

• 
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The main theorem estimating the rate of convergence of approximation for 
the optimal controls by 0 (r+h+k) is derived in Section 5 using Lagrange for
malism technique. 

The notation used is based on [6]. In particular, for s~O, H•(Q) will denote 
the Sobolev space of real-valued functions on Q with a norm II • 11 •. As a conse
quence, H 0 (Q)=£2(Q) with the inner product 

(u,v)= J u·vdx, u,vE£2(Q). 
!> 

For a Banach space X with norm II · llx we shall consider the spaces of Lebesgue 
measurable function:, v: [0, T] ~X denoted, by 

£P(O, T; X)={v: llviiL•(x)<oo}, p=2, oo 

·with the norms 
T 

llvlli•(x)= J llv( ·, t) IIi dt 
0 

and 

O~t ~ T 

respectively. 

For Q=D X (O,T), Hr·•(Q) will denote the Sobolev space of functions 
v E £2 (0, T; nr (Q)) such that 

a•v 
dt• E £2 (0, T; H 0 (Q)). 

Throughout the rest of the paper all constants appearing in the error estimates 
will be denoted by the generic C. 

2. The optimal control problem 

Let be given a bounded domain Q c Rn situated locally on one side of the pro
perly regular boundary oQ. 

In the cylinder Q=Q x (0, T) we consider a system govemed by the following 
weak formulated hyperbolic equation 

( 
d 2 y(t) ) -Ji2, v +a(y(t), v)=(f(t), v) Vv E H 1 (Q), t E (0, T), (2.1) 

along with the initial data 

y(O)=y1 E H 2 (Q)' 
dy 
dt (O)=yz E Hi (Q). (2.la) 

Here. and in the sequel a ( · , ·) denotes a symmetric bilinear form defined on 
H 1 (Q) X H 1 (Q) by 
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(2.2) 

where the functions a0 ( ·) and atJ ( · )=ait ( ·) are assumed to be sufficiently re
gular and such that 

n n 

.2; al}(x) ~~ ~j);ao .2; ~; '1:/x E Q; ~" eJ E R 1
' (2.2a) 

i,j=l 1=1 

a0 (x)); a0 '1:/x ED (2.2b) 

for some constant oc0 > 0. 

It follows from (2.2) that a { ·, ·) is continuous and coercive on H 1 (.Q), i.e. 
there exists a constant a1 > 0 such that 

a (tp, l.fl)~ a1 lltpllt · ll!flll1 '1:/ (jJ, l.fl E H 1 (.Q), 

a(tp, tp));aoiiiPIIi 'l:/tpEH1 (.Q). 

Associated with (2.2) is an operator A E 2 (H1 (.Q), (H1 (D))') defined by 

(2.3) 

(2.4) 

n a oy 
(Ay) (x)= '\1 OX· (alj(x) ax (x))-ao(x)y(x) (2.5) 

..::::..- J I 
t,j=l ' 

along with homogeneous Neumann boundary conditions on y 

ay 
-;- (x, t)=O, (x, t) E (}.Q X (0, T]. 
uvA 

(2.5a) 

Certain general regularity results [6,4] are essentially important in the sequel. 

LEMMA 2.1. If (2.3), (2.4) hold and moreover 

fe Ho,1(Q) 

then the solution of (2.1) 

y E H2,2(Q) . 

LEMMA 2.2. lf(2.3), (2.4) hold and 

fe H1,2(Q), 

f(O)eH 312 (.Q), : (0)EH112 (.Q), 

then the solution of(2.1) 

yl EH7/2(.Q), 

()yl 
-(0)=0 
OVA ' 

y2 E HS/2 (.Q)' 

()y2 
-(0)=0 
OVA 

y E H3,3(Q). 

(2.6a) 

(2.6b) 

(2.6c) 

(2.6d) 

(2.7) 
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In order to state the optimal control problentlet us introduce the space of control 
functions 

U=L2 (0, T; H 0 (Q)) 

containing the set of admissible controls 

Ua dt {u E U: IJ'(u)~O a.e. in Q}¢~, 

where 

for a given 

ut, u2 E H 1
•
1 (Q). 

We define the cost functional of integral type 
T 

J(u,y)dt J jrp(u(x,t),y(x,t))dxdt, 
0 f.l 

(2.8) 

(2.9) 

(2.9a) 

(2.9b) 

(2.10) 

where rp ( · , · ) is a convex, twice differentiable function satisfying the conditions 

lrp::u(u, y)l, lrp~:y(u, y)j, lrp~:~ju, y)l~ C, 

rp::u(u,y);;;::o:.>O Vu,yeR 1
, 

rp:: y= rp~: u=O a. e. in Q. 

Assume moreover that there is given an operator 

BE 2 (H'(Q), H'(Q)) for r=O,l. 

(2.1la) 

(2.llb) 

(2.llc) 

(2.12) 

The following control- constrained optimal control problem will be discussed 
in the sequel. 

PROBLEM (P). Find u0 E Ua such that 

J(u0,y(u0))~J(u,y(u)) VuE Ua, 

where y (u) is the solution of the state equation 

( 
d2 y(t) ) ' -*, v +a(y(t), v)=(Bu(t), v) Vv E H 1 (Q), t E (0, T) 

along with the initial conditions (2.la). 

The convexity of rp and (2.11 b) imply in patticular that the Hessian <52 J sa
tisfies the condition 

(<52 J(u, y); v, z; v, z);;;:: o:.iivlli•(uo) Vu, y, v, z E L 2 (0, T; H 0 (Q)). (2.14) 

Furthermore, since I (u)=J (u, y (u)) is strictly convex and continuous, while Ua 
is weakly compact in U- (P) admits a unique solution. 

Exploiting techniques developed in [7] a . Lagrange characterization of this 
solution can be given. For this purpose let us define a Lagrange functional 
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L(u, y, A,p) dr J(u,y)+( ( ~; ,p) )+a(y,p)-((Bu,p))+((!flu, A)), (2.15) 

where 
T 

a(y,p) dr J a(y(t), p(t)) dt (2.15a) 
0 

and 

By convexity of the problem (P) its solution can be characterized [3] as the 
saddle point of the Lagrangian (2.15). This fact can be expressed l5,7] in the equi
valent form of Kuhn-Tucker conditions. 

LEMMA 2.3. The elements u0 and y 0 =y (u0 ) are the solutions_ of (P) iff there exist 
uniquely defined Lagrange multipliers 

(2.16) 

and p 0 satisfying the adjoint equation 

\:fv E H 1 (Q), t E (0, T), (2.17) 

(2.17a) 

such that 

(2.18) 

and 

(2.19) 

Regularity of the optimal solutions u0
, y 0 and p 0 is essential in investigating 

of the rate of wnvergence fm the finite-dimensional approximation to (P). These 
regularity properties are formulated in the following 

THEOREM 2.1. The solutions u0
, y 0 of (P) satisfy the regularity conditions 

uo E H1•1 (Q)' (2.20a) 

yO E H2,2 (Q). (2.20b) 

If moreO'Ver 

n~3 or q/" ( · · )=0 in R 2 
y,y, y ' 

(2.21) 

then 

Po E H3,3 (Q). (2.20c) 

Proof. To prove (2.20a) we use the optimality condition (2.18). First define an 
auxiliary function u (x, t) given by 
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(2.22) 

where 

l(u, y, B* p) ctr q:~(u, y)+ <B* p, u>. (2.23) 

Note that by (2.11b) 

1 
![<5u u l(u, y, B* p)]- 1!::::;:-<ooVu, y, B* p E R1 , 

, lX 
(2.24) 

hence it follows from implicite function theorem that there exists a mapping ii= 

=ii (y, B* p) continuous in a neighbourhood of the point {y0
, B* p 0

) and such that 
(2.22) holds. The mapping ii is moreove1 differentiable at (y0

, B* p0
) that by (2.23), 

(2.24) and (2.11c) yields 

oii (x, t) oB* p0 (x t) 
---= _ [ 11 (uo o)]-1. ' ot . QJu,u ,y ot (2.25a) 

(i=1, 2, ... , n). (2.25b) 

It is obvious [6) that by (2.la) y0 , p0 E H 1 •1 (Q), thu" making use of (2.25) we 
have 

tt E H 1•1 (Q). (2.26) 

The optimal control u0 (x, t) satisfying (2.8a) can be expressed in the form 

u0 (x,t)=max{u1 (x,t), min{ii(x,t), u2 (x,t)}}. (2.27) 

Utilizing (2.9b) it is possible to check l7] that fot ii fulfiling (2.26), the function u0 

defined by (2.27) fulfils (2.20a). 

Now (2.20b) is trivially satisfied by Lemma 2.1, since its assumptions hold by 
(2 .20a) and (2.12). 

To prove (2.20c) consider the adjoint equation (2.17) and apply Lemma 2.2 
for the reversed direction of time. Conditions (2.6c-d) hold by (2.17a). Therefore 
it is enough to check that the right-hand side of (2.17) satisfies (2.6a) as well as 
(2.6b) at t=T. To this end note that by (2.llc) 

JYJ(u0,y0)(x, t)=QJ~(u0 (x, t),y0(x, t)), (2.28a) 

d 
11 

. dy0 (x, t) 
dt JYJ(u0

, y0 )(x, t)= QJy,y(u0 (x, t), y 0 (x, t)) · --;;;-, (2.28b) 

_!__ ( 0 0) )-II 0( 0 ))•!_yO(X,f) 
~ JYJ u ,y (x,t -QJ).,Y(u x,t),y (x,t ~ , 
~ ~ 

(i=l,2, ... ,n), · cz~28c) 

(2.28d) 
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Assume that 97~::.Y ( ·, · )=0. Then (2.6 a-b) follow directly from (2.28) and 
(2.20b), that by Lemma 2.2 implies (2.20c). 

In the case n~3 condition (2.20b) and Sovolev's Lemma [6] yield 

dyO 
dt EL4 (Q). (2.29) 

Taking advantage of (2.11a), (2.20b) and (2.29) in (2.28) we conclude that 

r5yJ(uo, yo) E fil,z (Q). 

On the other hand, (2.28a-b) and (2.20a) imply in particular [6] that 

r5J(uo' yo) ( . ' T) E fi3/2 (Q)' 

d 
dt-r5yJ(uo' yo) (. ' '{) E H 1/2 (.Q). 

In conclusion, the function r5y J (u0 , y 0 ) satisfies conditions (2.6a-b) that completes 
the proof of (2.20c,). 0 

3. Approximation of the control problem 

A finite- dimensional approximation of (P) is founded upon a discrete-time 
Galer kin scheme characterized fully in [5]. We recall here briefly some main concepts. 

Let V1, be a finite- dimensional subspaLe of V=H 1 (.Q), deJ-~ending on the 
parameter of discretization It converging to zero. The family of pairs { V11 , P11 }o< 1, ., 1 

is said to be an approximation of V for P1, E!!! (V, V1,) being a projection operator. 
Assume that there exists a constant C < = such that 

inf [llv-v 11 ll0 +h II·~ -v1,li 1 ]~C hllvll. Vv E H•(Q), s=l, 2. (3.1) 
L'h EVh 

The above properties imply [1, 2] the following elliptic p1ojection result, widely 
applied in ell'or estimation techniques. 

LEMMA 3.1. Let yEL2 (0, T; fl''(.Q))for· l~s~2 be the solution of(2.1). Then there 
exists a uniqu.:: mapping w11 E L 2 (0, T; V11) which satisfies 

Furthermore, iffor some integer k?;O 

dky 
dtk E U (0, T; H• (Q)), 

then 
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and 

i=O, 1, 

where p=2, oo. D 
The interval [0, T] is discretized with the step size r = T/lV ( r) for a fixed integer 

N ( r). Denoting by Xn (t) and Xn (t) the characteristic functions of subintervals 
[nr, (n+ 1) r) and (m, n+ 1) r], respectively, we define the spaces E, (n 1 r, (n2 + 1) r; X) 
and E, ((n 1 -1) r, 112 r; X) of step functions 

v,(nr) EX (3.2) 

respectively, fot any O~n1 <n2 ~N(r) and a Banach space X. 

We introduce the projection operators 

N 

(F,v)(t)=v,(t) df }; v(n r) Xn(t), (3.3a) 
n=O 

(3.3b) 
1J=0 

N-1 ( 1 (n+l)t ) 

(1\v)(t)=v,(t) -df_}; -; J v(t)dt X11 (t) 
n=O nt 

(3.4) 

defined respectively on C ([0, T]; X) in the cases (3.3) and on L2 (0, T; X) in the 
case (3.4). 

It is asserted in Lemma 2.1 that the \Veak solution of (2.1) is in C([O, T]; H 1 (.Q)), 
hence the approximation for the space of states can be chosen as {E, (0, T + r; Vh), 
P, ·Ph}, where 

(3.5) 

The space of controls U=U (0, T; H 0 (.Q)) is approximated by {Uk,<> P, · Pk} for 
Uk,,=E, (0, T; Wk), where Wk is a finite- dimensional subspace of W=H0 (.Q) and 

(3.6) 

The projection operator Pk E £' (W, Wk) is defined in the same way as those in 
[5, 8] satisfying the condition 

(3.7) 

In the sequel we shall utilize the standard finite- difference operators defined 
below 
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(ot vt)(t )= [vt (t+ r)- vt(t)]/r, 

(at vt) (t)= [vt (t) -vt (t- r)]/r, 

ca; vt)(t)=[vt(t-r)-2v,(t)+vt(t+r)]/r2
' 

vt± 112 (t)= [vr (t) +vr (t± r)]/2, 

Vet (t)=IJvt (t- r) + (1-2{)) Vt (t) + IJvt (t+ r) 

1 

95 

for any vr E Er (0, T + r; Vh) and 0:( {)=( 2. To avoid some technicalities, the func-

tions (o; vt) ( ·) and Vet ( ·) defined on the interval [r, T) will be considered as ex
tended by zero to [0, T). 

Some essential properties of the introduced approximation me collected below as 

1 
LEMMA 3.2. If the functions u andy are sufficiently regular, then for any 0:( {)=( 2, 
p=2, 00 

and for s=O, 1 

D 

For notation simplicity the following symbols have been used: yh r=P, Ph y, 
iik, r=Pt Pk u. Proof of Lemma 3.2, based on some elementary but tedi~us evalua
tions, can be found in [5]. 

Let the set of admissible controls Ua be approximated by the finite - dimen~ 

sional subset 

(3.8) 

Then we can introduce the following discrete -time Galer kin ap:[;rm.imation of 
the original optimal control problem (P) . 

PROBLEM (D). Find u0 
k, t E Uak,, such that 

J(u0k,<> Yh,,(u0k,r)):o::;;J(uk,<> Yh,t(u~,;,r)) \luk,t E Ua k ., 
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where y11 , (uk ,) is a solution of the discrete equation 
' ' 

along with fr=Buk,, and the initial dc.tu 

(Jh,,(O),v~r)=(yl,v11) Vv~rE V~r, 

z11,, (0), v 11)=(y2
, vh) Vv11 E V1,. 

P. HOLNICKI 

(3.9a) 

D 

The difference scheme (3.9) is unconditionally stable [1] and (D), as a standard 
finite - dimensional convex programming problem, admits a uniqli'e solution. 

4. Approximation error of the state variables 

In this section we shall be concerned with L 2 - and H 1 -estimates of the state 
approximation. Let Yh," z11,, be the respective solvtions of the discrete state equation 
(3.9) and let wn be defined by Lemma 3.1 for y being a solution to (2.1). Introduce 
the functions 

with the time - projections denoted respectively by 

!;,=P, I;, 1'/,=P, 11, f),=P, f). 

(4.1) 

(4.1a) 

The following result is obtained by developing of the error estimation techniques 
of [1]. A suitable modifications allow to reach a desired result at considerably wea
kened smoothness requirements on the solution and the right-hand side function. 

LEMMA 4.1. Let 

y E H2,2(Q) (4.2) 

be the solution of (2.1) and Y11,, E E,(O, T+-r; V~r) be the solution of (3.9). Then 

II!;, IlL 00 (HO) ~ c ( -r + h +II!-J.IIL2 (HO)) • (4.3) 

Proof. Averaging (2.1) by means of the operation (3.4) we obtain 

(a.( dr ), (t),v )+a(ji,+ 112 (t), v)=(/.(t), v)+ 

+t., (ji,+lJz(t)-y,(t),v) \f'DEV, te(O,T], (4.4) 

since it can be easily checked that 

( 
dy) ( d2;) I a. dt • en -r)= dt2 • en -r) ·I 
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Substracting (4.4) from (3.9) we get by Lemma 3.1 and (4.1) 

(8, a,(t), vh)+a(¢r+1/2(t), vh)=(a,( ~~ ), (t)+r,(t),'Vh) 

Vv1, E V11 , t E (0, T], 

where for notation simplicity it has been put 

r, (t) =ALfy, (t) + Lffr (t), 

Lly, (t )=- Jlr+ 1/2 (t)+ j\ (t)' 

Lffr (t)= fr (t) -lr (t). 

97 

(4.5) 

(4.5a) 

Now, by the same techniques as those developed in [1], we can transform (4.5) 
to the equation 

(o, ¢,(nr), v11) +a(!Jir+ 1;2 (nr), vh)=(e,(m), v11)+ra(p,(m), v1) 

Vv1,EV1., O~n~N-1, (4.6) 

where the new functions !)?., E, and p, are defined as follows 

1)?,(0)=0, 
1t=l 

qy,(nr)=T.}; ¢,+ 112 (kr) for 1~n~N, (4.6a) 
k=O 

T 
e, tO)=o, IJ, (0)- a, (0) + 2 Lffr (0), 

T n-1 

e,(m)=or IJr (m)- a,(m:) + 2 Llfr(O) +-r .}; Llfr+I;z (h) (4.6b) 
k=O 

for 1 ::(n~N -1, 
1 

p, (0) = 2 Lly, (0)' (4.6c} 

1 n 1 n-1 

p,(m:)=2}; Lly,(kr)+2.}; Lly,(kr) forl~n:::::;N-1, (4.6d} 
k= 0 k=O 

a,(t)=o,y,(t)-(ddy) (t). 
t t+ 1/2 

Putting in ( 4.6) the test function of the form 

v11=o, IJI,(t)=¢r+lfz(t) VtE [0, T] 

we obtain 

1 1 1 
211¢, ((n+ 1) -r)ll; -211¢, (m:)ll; +2 a (qy,((n+ 1) r), !)?,((n+ 1) r))+ 

1 
-2a(l)?,(m), IJI,(n-r))=r(e,(m), ¢,+ 1; 2(m))+r2a(p,(m), ¢,+ 1; 2 (m)} 

for O~n::(N-1. (4.7) 
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Summing in (4.7) from n=O to n=l-1 for any 1 ~l~N, and using (2.4), (2.6a) 
as well as the known inequality 

1 
a· b,;::.ea2 +-b2 Va bER· e>O 

"" 4e ' ' ' 
(4.8) 

we get 
1-1 

11~. (h)ll~ + e< 0 11 T 2 ~•+ 112 (m) 11: ~ 
n=O 

1-1 1-1 

~~~~.(0)11~+2, 2 (e,(m), ~r+1;z(m))+2r2 2 a(p,(m), ~<+1/2(m))~ 
n=O n=O 

1-1 

~~~~. (0)11~ + 8TT 2 lie, (m)ll~ + 
n=O 

1-1 1-1 
+ 

8
TT 211~<+1/2(nr)ll~+2r2 2 a(p,(m),~r+1/2(m))< 

n;O n=O 

1 
~~~~. (O)II~+8TIIe,II~2(Ho) +4 mali 11~. (m)ll~+ 

O~n~N 

1-1 

+2r2 2 a (p, (m), ~r+1/2 (m)). (4.9) 

n=O 

We shall estimate the terms on the right hand side of (4.9). Observe first that 

by (4.5a) 
11-1 

11; Lf/.(0)-r 2 Lf/.u;z(kr)II:2 <Ho>~T2 11/-!.IIlz<Ho>· 
k=O 

Hence, using the definitions (4.6 b, d) we obtain by Lemma 3.1 and Lemma 3.2 

llerlli2(Ho)~llo, 17rllizw> + llarlli2(HD) + T 21lf-f.lliz(Ho)~ 

~C[h2 11 a; 1\:,(H'/'!
2 

11 ~;~ \\:,(HD)+IIf-f.ll~z(Ho)1• (4.10) 

since 

(o, 17r) (t)=(: ), (t). 

The following inequality is derived taking advantage of (2.3), (4.5a), (4.6c) and 

{4.8). 
l-1 

2r2 2 a (p, (m), ~'+ 112 (m))- r 2 a (Ay, (0), ~•+ 112 (0))= 
n=O 

=T
2 nJ: u(J: Lfy,(h)+ ~ Lfyr(h),~r+1f2(m))= 
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l-2 l-1 l-1 
=r

2 
}; a (Lfy, (nr), }; ~t+ 1/2 (kr) + }; ~'+ 112 (kr))= 

k=O k=n+l k=n+2 

l-2 l-1 n n+l 
=r

2
}; a(L1y,(nr),2}; ~t+lf2(kr)-}; ~•+1/2(kr)- }; ~<+1f2 (kr))~ 
n=O k=O n=O k=O 

l-2 l-1 
~s:Aet. 1 r }; IIAy. {nr)lh · max // r }; ~•+ 1/2 (kr) //1 ~ 

n =O 1,;;1 ,;; N k=O 

(4.11) 

where the constants et. 0 and et. 1 are defined by (2.3) and (2.4), respectively. 
Note that by (4.2) ~. is bounded in L 00 (0, T; H 1 (.Q)) by a constant C inde

pendent on r and h (compare the proof of Lemma 4.2 below). Hence, by (4.5a), 
(4.11) and Lemma 3.2, the last term of the right- hand side in (4.9) can be esti
mated as follows 

2,' "J: a (p, (m), (',. ,,, (m)) o>CT' (n YIIL. (H') + 11 : 1/:. (H')) + 

1 l-1 
+2 IY.o max //r}; ~•+lf2{nr)//:. (4.12) 

l~Z::;;;N n=O 

It follows from (3.1), (4.1) and Lemma 3.1 that 

11~. (0) llo ~ ll11. (0) llo + IIY1
- Yh,t (O)llo ~ Chlly1 llt. (4.13) 

Combine (4.10), (4.12), (4.13) with (4.9) making a proper choice of l on the 
left in ( 4.9 ). This yields 

ll~.llioo (HO) +~Zo 1r:;,a:N // r ,J; ~t+l/2 (m) 1/: ~C [ T 2 (IIYllLoo (H')+ 

+jj ~ /1:2(H') +jj ~;~ Jr2(HOJ+h 2 
(11Y

1lli+ // ~ //:2(HJ+ll/-f.lli2(H0)]+ 

Thus, making use of tegularity assumptions (2.1a) and (4.2) we arrive at (4.3). 0 
In the case of more regular solutions we can establish the following 

LEMMA 4.2. Let 

y E.H3•3(Q) (4.14) 

2 
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be the solution of (2.1) and Yh,, E E, ( 0, T + r; Vh) be the solution of (3.9). Then 

11.9,11Loo (HO)+ llc;;',IILoo lH')~C (r+h+ 11/-f.IIL2(Ho)). 

Proof. Let us substitute in (4.5) as a test function 

where 

Vy dy E C ([0, T]; V). 
' dt 

Then, by some elementary transf01mations we obtain 

1 
2 [11.9, ((n + 1) r)ll~ -11.9, (nr) II~+ a(¢, ((n+ 1) r), ¢, ((n+ 1) r))+ 

-a (¢t (nr), ¢t (m))]= 

=(a, ( ~; ).<nr) +rt (nr), .9<+ 1 / 2 (nr)) -a (¢t+ 1/2 (nr), (Rt wh)(nr))= 

(4.15) 

(4.16) 

=(a. ( ~~ )t (nr) +r, (m), .9t+ 112 (nr)) -a(¢,+ 112 (nr), (Rt y) (nr)). (4.17) 

Applying to (4.17) a standard procedure we obtain a supremum-norm inequality, 
that by (4.8) can be modified as follows: 

l!vti!Zoo (HO) + ll¢tl1Zoo (H')~Il.9, (0)11~ + ll¢t (O)Ili + 

+ c[( !I at ( ~; )J2(HO) + IIF\IIL2(HO} 11.9ti!Loo (flO)+ IIRtYIIL2(R'). ll¢ti!L oo(H'l~ 
~ 11.9, (0)11~ + 11¢, (0)111 + 

+ ~ C2 (II a, ( ~~ )J:2<ao> +l!rtl!i2<ao>+IIR, Yll~21a'>)+ 
1 1 

+ z119ti!Z oo (Ho) + z11¢,11z oo (H ') • (4.18) 

Observe that by (3.1), (4.5a), (4.16), Lemma 3.1 and Lemma 3.2 we have respec
tively 

11.9, (O)IIo ~ I I ~~ (0) llo + IIY2
- zh, t (O)Ilo~Chlly2 11 1 , 

11c;, (0)111 ~1111 (O)IIt + lly1
- Yh, t (0)111 ~Chi!Y1 llz, 



Conve.r·gence of Galerkin type approXJimatton 101 

IIR, yiiL'<H')~I1 Ia, .Y.-( ddyt ) !'I ~Cr II ddt
2

~ II . 
<+ 1/2 !L'(H 1) ,L'(H 1) 

Substituting the above inequalities to (4.18) we obtain 

1!.9,1i~oo (HO) + ll(,llioo (H')~C [ h2 (11Y 1 11~ + IIY2 11i +II ~;~ IJ:,(HJ + 

( II 
dy ~ ~2 II d2y 

1

1

2 ) ] 
+rz dt IL'(H') + dtz IL'(H') +llf-t:lli'(Ho) . (4.19) 

Applying to (4.19) the regularity assumptions (2.1a) and (4.14), we get (4.15). 0 
Note that the analogous result formulated in [2] for a similf[r three-level Galerkin 

scheme provides H 1 -estimates in terms of~<+ 112 at some additional requirements 
concerning the initial values in the discrete scheme. Thus, the result of Lemma 4.2 
is slightly st1 onger and more convenient from the standpoint of applications. 

5. Convergence of the optimal controls 

In this section we estimate the rate of convergence of the ·discrete optimal control 
u~., to the continuous one u0 -the solutions of the problems (D) and (P), respec
tively. We shall apply the known Lagrange formalism technique t7, 8] based on 
comparing of the saddle point conditions for these two problems. 

For this purpose we define a discrete Lagtange functional 

Ld:E,(O,T; Wk) x E,(O,T+r; V11) x E,(O,T;Zk)xE,(-r,T; V1,)-"'R1 

putting 

Ld (u"·" h." A",., Ph,,) df J (uk," Y11, ,) + ((o, zh," P11, ,)) + 

where 

zh,t+!f2 = o,yh,t• (5.1a) 

provided that z11,, (0) - given 
Note that by (2.14) Lagrangian (5.1) represents a finitt dimensional convex 

programming problem. Hence, by regularity of the constraints there exist [3] uniquely 
defined Lagrange multipliers P~. ,, }.~., such that the following Kuhn-Tucker con
ditions hold: 

((o.v Ld (u~. ,, Y~. ,, A~,,, P~. ,), Yh,,- Y~, ,))=0 (5.2a) 

Vy11,, E E, (0, T+ r; V11), Yh,, (O)=Y;,,, zh,, (O)=z;,,, 

((o,. La (u~., Y~, ,, A~.,, P~. ,), uk,- u~. ,))=0 Vu~;,, E E, (0, T; W"), (5.2b) 
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((lfluZ,t, .A.~ •• ))=O, ;,~ t~o, 

where u~. t• is a solution of (D) and Y~. t= Yl. , t (uZ. t). 

By definition (5.1), condition (5.2a) can be expressed in the form 

((ot zh,., P~. t)) +a (Yh, t+ 1/2• P~)=- ((J} J (u2, t' Y~. t), Yh, t)), 

Let us assume 

where 

P~. t (T)=O, q~, t (T)=O 

It can be easily checked that by (5.3a) and (5.4) the following identities hold 

((ot zh,., P~. t))= - ((zh,., at P~. t))= - ((zh, ., q~. t-1 /2))= 

(5.2c) 

(5.3) 

(5.3a) 

(5.4a) 

(5.4b) 

=- ((zh, t+ 112' q~. t))= -((ot Yl.,., q~. t))=((Yh,., lJt q,?, t)), (5.5) 

a (Yh, t+l/2• P~. r)=a (Yh,., P~. t-1 /2) · (5.6) 

Making use of (5.4)-(5.6) in (5.3) we obtain the following discrete adjoint equa
tion 

(at q~, t (t), vh)+a (P~,t-1 / 2• vh)= -(JyJ (u2,t, Y~,t) (t), vk) 

Vv,, E vh, t E [0, T); q~, t-1 /2=BtP~, t ' \5.7) 

where 

P~,t(T)=O, q~,t(T)=O. (5.7a) 

The formulated above optimality conditions reduce to the respective saddle 
point conditions [3] for Lagrangian (5.1). lt means that u2,t and Y~,t=Yh , t (u2,t) 
are the solutions of (D) iff there exist Lagrange multipliers P~. t' ).2. t such that 

Ld (u2, t• Y~. r• .A.k,., Ph, r)~Ld (u?.r, Y~. t• .A.~. t• P~. t) ~ 

~Ld (uk,., Y11 ,., A~. t• P~. t) 

Vuk,t EEt (0, T; Wk), 

Vyh,t E Et (0, T+r; V,,), Yh,t (O)=Y!,,, z,,,t (O)=z;,t, 

vJck,t E Et co, r; zk), ;.k,t~o. 

VphtEEt(--r, T ; Vh), Ph ,t(T)=O, q11 ,t(T)=O. (5.8) 

Combining (5.8) and the optimality wnditions for (P) we shall estimate the . . 
rate of convergence o( the sequem.e {u2,t} to the optimal solution u0

• According 
to the notation of Section 3 we denote in the sequel 
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u~ .• =P,P~cu0 EE,(O,T; W~c), 
A~,.=P,P~cA0 EE,(O, T; Z~c), 
-o - - o o A - o y,, ,.=P,Phy EE,(O,T+-r; Vh),(resp.p,.,,=P,Php ), 

wi,,,=P, wi, E E, (0, T + -r; Vh), (resp. w~. ,=P, w~), 

_ry - yo wY _rv -po wP 
':.'t- h,t- IJ,t' "='t- h,t- lr,t' 
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where wi, and w~ are the elliptic projections of y 0 and p 0 respectively, defined in 
Lemma 3.1. 

It can be shown [8] by (5.1 ), (5.8) and the definition of 12,. that 

(5.9) 

since the domain of Ld (u~, ,, Y~. ,, · , P~, ,) can be extended in a nautral way to the 
whole space L 2 (0, T; H 0 (Q)). 

Expanding Ld ( · , · , A0, w~, ,_ 112) into Taylor series at (u~, •' wi,, •+ 112 ), using 
(5.9), (2.14), the left hand side inequality in (5.8) and exploiting affinity of lfi- We 

obtain 

Ld (u~,., Y~, •' A~,,, P~, .)'~Ld (ii~, •' wf,, t+ 112• A0
, w~, t-1/2) + 

+((c5.,Ld (u~, •• w~, •+l/2 , A0
, w~,.- 112), u~,.-ii~, ))+ 

+((c5yLd (ii~,., w~,.+ 1 12• A0
, w~,•-1/2), Y~,.-w;,,,+1/2))+ 

+ o:Jiu~, ,- ii~, .11~2(RO). (5.10) 

Combining (5.10) and the estimation of Ld (u~,., Y~,., A.~, •• P~) from above, 
following directly from (5.8), we get 

o:llu~,,- ii~ .• ll~zclio)::;; [Ld (u~,., w;,,<+ 112 , A~,., P~) + 

-Ld (ii~,., wi.,t+l/2• A.o, wL-1/2)]+ 

+((c5uLd (fi~••' wi.,r+l i2 , A0
, w~,t- 1 /2), ii~,.-u~ •• ))+ 

+((c5yLd (ii~,., wi,,.+1t2 , A0
, w~,r- 1 /z), wi.,.+1/z-Y~ •• )). (5.11) 

Now we must estimate all the components of the right-hand side in (5.11). For 
notation simpliciLy let us denote the firsl term by LiL. 

I t follows from (5.1) that 

AL:s; ((o; wf,,.-Bu~, •• PL -w~, •-1/2)) + 
+a (wf,, ,,4 , P~,.- w~. ,_ 1,2) +((If/ (ii~,,- u0

), A~,,-A0
)), (5.12) 

since by (2.19) and (5.2c) 
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Note that averaging the equation (2.1) by means of the operation (3.4) we obtain -0=((( d;~o ). -Bu?, P~ .• -wr,,_ 1 1 2))+a(Y?,P~ .• -wJ:, ,_1/z) . (5.13) 

Substracting now (5.13) from (5.12) and utilizing (4.1), (5.5) and Lemma 3.1 
we get 

-((B <uL- a~). P~ .• -wr .• -112)) + 
+ ( y -o o v )+ a wh,</4-y,,ph,<-wh,t-1 /2 

+((\f/ (uo -i12,.), Ao -A~,,))= 

((( -;if) ( JyO ) ( ~ ) - 0 )) = -;jf,- -;J{,- -;Jf ,' o,(ph,,-wJ: .• -112) + 

- ((B (i1~. •- i1~), P~ .• - wJ:, •-1/2)) + 
+ ( -o -o o v )+ a Y,/4-y,,p,,,.-wh,<-1/2 

+ ((\f/ (u0- i1~ .• ), A 0 - .A.~ •• )). (5.14) 

Noting that by Lemma 3.1 and Lemma 3.2 

!1£J. (wJ:,,-w;;,._ 112)IIL2(HO)~cr ll d;~:: t cHo) ~ 

( 
1

'\ dpo II II dpo II ) -,<Cr hl-s -- + --
"' I dt L 2 (H 1) dt L 2 (HS) 

for s=0,1 (5.15) 

and applying the notm ine4uality to (5.14) we obtain 

IL1LI~C [II( d~o ), -( ~o )Jl(FJO). (112,¢i11L2(H 0)+' (h+l)ll d;~o LwJ+ 

+jj ~Y t (Ho) · (112,¢i11L2(Ho)+r(h+l) ll d;~o lluw.J+ 

+!Iii~- i1~)1L2 (HO) · (11¢i11L2(HO) + r (h+ 1) II d~o t wJ + 

+ II.Y~ -.Y~r411uw) · ( ii¢~11L2(FI') +II d:to t wJ + 

+ llu0
- i1~. ,IIL'-(FIO) · jj},o- A~ .• II£2(Ho)] · (5.16) 
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Applying (2.18), (4.1) and Lipschitz continuity of JJ ( ·, ·) on bounded sets 
by the same arguments as those used in [8], we get 

I((JuLd(u~,t' coi,,t+l/2• ).0 , co~,t-1/2), u~,t-u~ .• ))I~C [llu0 -U~)IL2(HO)+ 

+ IIY0 -cor., t+ 1/211L2(HO) + IIP0 -co~. t-1/211L2(HO)] • llu~ •• - u~ •• IIL2(HO). (5.17) 

To handle the last term in (5.11) let us n:;odify that expression utilizing the adjoint 
equation (2.17). Thus we have 

((Jy Ld (u~. r• cor,, r+ 112• ;,o, co~. r-t/2), Y~. r- cor,, •+ 1/2))= 

=((Jy J (u~.r' coi,,r+I/2)-Jy J (uo, Y0
), Y~ .• -cor,,r+1/2))+ 

From this idendty, regarding Lipschitz continuity of Jy J ( ·, ·) on bounded 
sets of arguments and relations of the fotm (5.15) applied to cor,,r, we get 

I((Jy Ld (uL, cor,, r+I/2• ;,o, co~. r-t/2), Y~ .• -cor,, r+ 1/2))1 ~ 

~ c [\I dd
2

~
0 

- o; co~ T II + IIP0
- ft~1411L2 (H2) + f ' L'(HO) . 

• [11<!~IILz (Ho) + r (h + 1) 1\ d~o t(HJ • (5.18) 

Substitute now (5.16)- (5.18) to (5.11) observing that [8] 

IIA0
- A~,tiiL2(HO)~ c [llu0 -u~ .• IIL2(HO) + IIY0

- Y~.AIL2(HO) +liB* P0 -B* P~,tiiL2(HO)] 

and [2] 

Utilizing the properties of approximation formulated in Lemma 3.1 and Lemma 
3.2 as well as regularity of the optimal solutions asserted by Theorem 2.1, we ob
tain the following estimation: 

llu0 -u~,rlli_z(HO)~ C (r+h +k) [II~~~~Lz(Ho) + ~~~~~~Lz(H')+ 

+ 1!8t ~fiiLz(Ho)+ llu0 -U~,tiiLz(HO) +(r+h+k)]. (5.19) 
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We are now in a position to estimate the rate of convergence of the finite- dimen
sional approximation applied to (P). The following theorem provides it in terms 
of powers of the respective discretization parameters. 

THEOREM . 5.1. Let (u0
, y0

) and (u~•'' y~) are the solutions to (P) and (D), respecti
vely. lf(2.21) holds then 

liu0 -u~,,liL•(H0)=0 (r+h+k), 

!iy0 -Y~,,IILoo (Ho)=O (r+lt+k). 

Proof. Observe that by (4.1); (5.15), Lemma 3.1 and Lemma 3.2 we have 

ua, ¢'~11L2(HO)~II.9~-1/211L2(H0)+1
1

I a, w:; ,-( ddwt:;) II ~ 
' <-1/2 L2(HO) 

(5.20a) 

(5.20b) 

~C[11.9~11Loo<Ha>+• (h+l) ll d:~o t(HlJ (5.21) 

Hence, substituting'(5.21) to (5.19) and applying Lemma 4.1, Lemma 4.2 and (2.12) 
we get (5.20a). 

Taking advantage of (5.20a) and (2.12) in Lemma 4.1, we arrive at (5.20b). D 

An important feature of the above considerations is that Lagrangian (5.1) is 
expanded into Taylor series in a neighbourhood of co~ •• and w:;,,, i.e. the elliptic 
projections of the optimal state variables. 

Such a proceeding, along with the use of Lemma 3.1, allows to avoid £2(H1)

estimates of the state approximation error. Observe in particular [4] that in uncon
strained hyperbolic problem, for sufficiently smooth initial data and the more 
general form of the cost functional, we have y 0 ,p0 E H 3 •3 (Q). Thus, following 
technique of Section 5 we easily get 

CoROLLARY 5.1. Consider (P) for Ua= U and for (2.1lc) neglected. If (2.21) holds 
and moreover 

then 

y1 E H7/2 (Q), y2 E H5f2 (Q)' 

BE 2 (Hr (Q), Hr (Q)) for r=O, 1, 2 

llu0 -u~,,IIL•(HO)=O (r+h+k), 

!iy0 -y~)ILoo(H')=0 (r+h+k). D 

In comparison with the result of [4], the special choice of starting values in 
a discrete scheme is not required. 

The above remarks have more general sens and apply also to parabolic pro
blems. ln particular, it is evident that the final result of [8] is obtainable in this 
way without using L 2 (H 1) -estimates of the state approximation error. 
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Zbieznosc aproksymacji typu Galerkina dla zadan sterowania 
optymalnego systemami hiperbolicznymi przy ograniczeniach 
na sterowanie 

Badana jesf dyskretna wzgl'"dem czasu aproksymacja Galerkina dla klasy zadan sterowania 
optymalnego ukladami opisywanymi r6wnaniem hiperbolicznym drugiego rz'"du z calkowym wskai
nikiem jakosci i przy ograniczeniach amplitudowych na sterowanie. Okreslono regularnosc roz
wil!zali optymalnych, przy kt6rej udowodniono liniowl! zbieznosc aproksymacji r6wnania stanu 
w odpowiednich normach. Wykorzystujl!C uzyskane wyniki oraz stosujl!c formalizm Lagrange'a 
wykazano liniowl! zbieinosc cil!gu sterowan przyblizonych do sterowania optymalnego. 

CxoAHMOCTb annpoKCHMaQHH THUa raJiepKHHa ~Jlll 3a~a'l 
ODTHMaJILHOrO yllpaBJieHHH rHllep60JIH'IeCKHMH CHCTCMaMH 
Dpll orpaHH'IeHHBX 11a ynpaBJieHHe 

PaccMal'pbmaercH )J.li.CRipeTHaJJ: no BpeMeim annpoKcnMam a Tlma rarrepKn:Ha ~M BbmyKrro:l!: 

3a~a':IH OTifHMPJibHOTO ynpaBJieHHll CHCTeMOll, OllB'CHBaeMOH rn:nep60Jili':ICCKHM ypaBHeHHeM 

BToporo nopH~Ka, npn: rroKarrMtbiX orpaHR':leHHltX Ha aMnJIHTy~y ynpaBJieHWi. Tiorry':leHbr ycrroBIUI 

peryJillpHOCTR ~JIH OTITRMaJibitbiX pemeHHll: HCXO~HOH 3a~a'ffi ll OUeR:rn CXO)J,li.MOCTR !lliiipOKCH• 

Maruffl ypaBHeHHH COCTOJJ:Hllh. 11CflOJib3YH 3TH pe1yJibT3Thl ~OKa3aHa JIHHell:Ha CXO,ll;RMOCib IJOCJie~o
Barem,RQCTR npn:6JIIDKemn,rx ynpaBJiemtH: K pememtro ncxo~oll: 3~'lli. 
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