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The problem of determination of a trnasfer functi.on m~ttrix for systems with delays is consv 
dered in [1, 2, 4]. In the papers [1] and [4] the two different methods of a computation of a matrix 
transfer functions for a system with one delay are given. The method of a computation of a charac­
teristic quasi polynomial from · the · state equation for a system with· delays is given in [2].' 

In this paper the new method of calculation of the matrix transfer functions for the Iine'!r p:~ulti­
;variable time -invariant system with delays . on the ba,se .of description of this system in the state 
space is gi~e!l.- This method can be used for nu~erical compl!tation. 

1. Statement of the problem 

Consider the linear delay - differential system described in the state space by 
the equations · · .. . . . . . · 

1 

x (t)= ). A; x (t-ih)+Bu (t), t;?=O, 
...,..; 
i=O 

y (t)=Cx (t) 

with the initial condition 

·tXo x(t)= 
rp (t) 

fort=O . 

for t E [~fh, 0), 

(1) 

(2) 

(3) 

l ~·:./ : 

where O<h=const., x (t) ERn, y (t) E Rm, u (t) E R' and A; (i=O, 1, ... , !); B, C 

are matrices of appropriate djmensions with . constant elements. 
The characterisitc matrix of the system described by the equations (l), (2) has 

the form 
} . 

. ' 1 : · . .,.(4) 
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where 

1 

M (e-•h)= ,2; A; e-sih (5) 
i=O 

and the characteristic quasipolynomial, determinant of the matrix A (s, e-•h), has 
the following form 

.11 

q (s, e-•")= ,2; rz; (e-•h) · s•-i, (6) 
i=O 

where 

il 

( -•h)- ~ -•hi R -I oc, e - L.J a;,i e , a,,J E , a0 , 0 - • (7) 
j=O 

The matrix transfer functions of the system described by the equations (1), ~) 
(with initial condition equal to zero) has the following form 

1 

( 
-•h) C · adjLJ(s, e-•h) B 

q s, e 
(8) 

for all complex s for which the determinant of the matrix Li (s, e-•h) does not 
vanish. 

Calculation of the matrix transfer functions from the formula (8) required the 
knowledge of the algebraic adjoint of Li (s, e-•h) and of the characteristic quasipo­
Jynomial q (s, e-•h). The classical computation of the matrix adj L1 (s, e-•h) (by cal­
culation of the minors of L1 (s, e-•h)) and of the quasipolynomial q (s, e-•") by cal­
culation of the determinant of Ll (s, e-•h) is very complicated for large n and I (n ~ 3, 
/~2). 

The purpose of this paper is to give the new method for determining the transfer 
function matrix G (s, e-•h) without classical computation of A- 1 (s, e-•n). 

2. Solution of the problem 

The elements of the characteristic matrix (4) and characteristic qu.asipolynomiaJ 
(6) are the polynomials of two variables sand e- s1

'. Therefore we will further con.si­
der thease polynomials as the polynomials of the hew pair of variables sand p, where 
variable p shou.Jd be put instead of e-•h. · 

The matrix adj Ll (s, p) can be expressed as 

n-1 

adj L1 (s,p)= ~ S11 - 1 ~ 1 F1 (p), F0 (p)=f. (9) 
i=:O 

We can prove (as in [3] for M(p)=M- real matrix) that the matrices F; (p) and th.e 
polynomials rx- 1 (p) (7) can be computed by the following algorithm 



H; (p)=M(p) FL- 1 (p), F0 (p)=l, 

1 
oc; (p)=--- -.- tr H 1 (p), i=1, 2, ... , n, 

l 
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(10) 

(U) 

(lZ) 

From the above formulas it follows tha~ F1 (p) is a matrix polynomial in p of degree 
at most il. 

From (4), (5) and the properties of determinant it follows that the matrix 
adj A (s, p) can be written in the following form 

n-1 il 

adjA(s,p)=Kn-1,o(s)+}; 2,; K,_1:...i,J(s)p1, (13) 
1=1 J=(l-1}1+1 

where K,_ 1 _ 1, i (s) denotes an nxn matrix polynomial ins of degree at most n-1-f. 

Let (as in [4]) D~ denote 

1 dt ' 
---
k! dpk 

p=O 

and let 

D! Ft (p)=R~, 

where R~ denotes an n x n real matrix. 
From the relations (9), (13) and (14) we have 

and hence 

K,_ 1 , 0 (s)=D~ [ ~$"- 1 - 1 F1 (p)] = ~ s"- 1
-

1 R~, 

K,~2, 1 (s)=D~ [ t sn-1-i Fl(p)] = i sn-1-1 Ri, 
i=O 1=1 

K -. (s)=Dt+1 ["~ s"-1-1 F-(p)] = ~~~.,f'-1-1 Rl+1 
n-3, • + l p ~ ' ~ i ' 

1=0 1=2 

......... ........ .... ................ 

K . (s)=D(n-1) 1 [ ~
1

sn-1-i p. (p)] = R(11-1) 1 
O'(n-1)1 ~ ~ 1 n-1 

1=0 

n-1 

K () ~ n-1-1 Ro 
n- 1,0 S = ~. s i' 

1=o 

(14) 

(15) 
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n ,-1 . , , 

Kn-1-i•J (s)= '2.: sn-1-k R,~ 
k=i 

for i=1, 2, ... , n-1; j=(r--1) l+ 1, (i-1) 1+2, ... , il. · 
Let us denote 

LEMMA .1 . • ~Jte matr,ices R~ can .be .computed in . thefollowing way: 

l<~=R~+Iai, K• 

where the coefficients a;,k ofthe polynomial rt. 1(p) (7) are equal to 

' 1 -k 

ai•k= --. . tr R1, . . l ': . ·. . . 

and the matrices R~ are computed by iterative formula 

where 

and 

R-k A Rk A Rk-1 A Rk-z i= 0 1-1+ l ·;-1+ ... + I 1-1 • 

k _{I for k=O, 
Ro-

.· '"· .0 for ~¥:0 

R~=O for j <0 or k <o. 
Proof. Taking into account(14), (17) and 

.· ¥: ,B.l)SLQ}V"Iq 

(16) 

(17) 

. (18) 

(19) 

(20) 

(21) 

(22) 

(23) 

from the formula (12) we obtain the relation (18), and from (11)-the relation (19). 

Using the Leibniz formula and (10), (17) we obtain the rdation (20): 

k 

R~=D~ [M(p) F1_ 1 (p))=}; (D~M(p)) (D~~ 1 F1_ 1 (p))~ 
i=O 

because 

D~M (p)=A 1; j=O, 1, ... , l. (24) 

The conditions (21), (22) foUowsJrom the, definition pf D~ an~ f<m~ulas (10), (11), 
(12) and (14). This completes the proof. : ·.: : · • 

. -~' ~; _, · : __ ; ' ; :i. ' 

LEMMA 2. For i> jl ··- -.- .~. 

(25) 
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·Proof (by induction) . . 
For }=1 trom (20) we :have · ·. j 

R~ ~A0 R~+A 1 .R~- 1 + ... +A1 R&"' 1
. · 

ar{d by (21) R~=O tor i>l and lienee by (19), (18) Ri=O tor i>l. Assu~ethat 
the formulas (25) are true for j-1 · 

RJ_ 1 =0 and Rj_ 1 =0 for i>(j-1)l (26) 

and computeR~ from (2C) ~ We obtain 

R-~-A Ri . +A Ri-1 .+ +A Ri-r 
j- 0 j-1 1 j-1 ... l J-l> . 

and from (26), (27) Rj=O for i> jl. By {19), (18) we have Rj=O for i>jL . 

(27) 

• 
THEOREM 1. The transfer function matrix for a system with ddays described by the 
equations (1), (2) can be written in the following form 

n-1 

P,-1,o (s)=.}; s"_ 1_1 CR?B, 
i=O 

.- . . n-.1. 

Pn-1-i,i (s)= ~ s"- 1 -kCR{B, 
. ' . '····· . . .:....; . ' ' . ' 

k=i 

.. . ' : (29) 

(30) 
··' · 

'for i=1,2, ... ,n-1; j=({--1)/+I;(i-'1)!+2, ... ,if, where the matrices' Rj' itre 
computed froin the formulas givim in the Lemnids I and 2. 
Proof' follows froni the n;ladoris (8), (13) for p=e-sh; · • 

THEOREM 2. The tra'!sfer.,function matrix G (s, e-sh), for systern.s with delays can 
be written in the form 

1 
G(s,e- 511)= -sh. V(e- 511)P(s), 

. . ._ •· - q(s,e ,) .. -.. _ . 
(31) 

where the matrices V (e- 51') and P (s) have the forms (32) and (33), respectively. 

)?roof. [)e~ni11g th~ m x .. [((n-:-::-1) H 1)m] polynomial matfix . , _., 
V(e-sh}:;=.[[; Ie-:.sh, ·"•.Ie-sh(n-1)1] •. 

and the [((n-1) l + 1) m] X r polynomial matrix 
: :· ·. 

P11-1,o (s) 
Pn-2, 1 (~) 

. P(s)= P,:...z z (s) 
~·'.: . . ·- . ' p"_ ~~i -+1 (s) 

p - ,:Is'\ 
. .. -" 0, {n . 1)! \• J _ . ..-. 

. . . . . ' 

from the formula (28) we get (31). This completes the proof. 

. {32) 

c . 

'" · .. ; ,:: . 

(33) 

• 
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From the above considerations the following algorithm of computation of the 
transfer function matrix for system with delay from the state equations follows: 

' 1. Using the formulas (20), (21), (19), (18) and the conditions (22), (25) calculate 
the matrices .R~ and the coefficients ai ,k of quasipolynomial q (s, e-•h) for i= 
=1, 2, ... , n; k=O, 1, ... , il and the matrices R~ fori= I, 2, ... , n-I; k=O, 1, ... 
. . . , il. 

~- From the formulas (6) and (7) write characteristic quasipolynomial q (s, e-•~). 

3. From the formulas (29) and (30) compute the matrices P,_ 1 , 0 (s), Pn- 1 -;, 1 (s) 
for i=l, 2, ... , n-1; j=(i-1) l+ 1, (i-1) 1+2, ... , il. 

4. Claculate the matrix G (s, ~-•h) from the formula (28) or (31). 

3. Concluding remarks 

In the. paper the method of computing the transfer function matrix from the 
state equations for multivariable system with delays is given. This method can be 
used for numerical computation . 

. Using the formula 

Y (s)=G (s, e-•h) U (s) 

we can calculate the Laplace transform Y (s) of the output vector y (t) for the system 
.described by the equations (1), (2), with zero initial con(\ition (x0 =0 and rp (t)=O 
for t E [ -lh, 0)), where U (s) is the Laplace transform of the input vector u (t). 
Jt is easy to check that for initial condition (3) the Laplace transform of the output 
vector has the form 

(34) 

where 
I 0 

W (s, e-sh)=x0 + ,2; AJ e-•Jh J e-"'rp ('r) d1:. 
j= 1 -lh 

We ean calculate the matrix G (s, e-•h) using the Theorem 1 or 2, and we can cal­
Culate the matrix CA- 1 (s, e-•h) from the formula 

D-1 

'•-J ,o (s)= .2; ~-t-r CR~, 
1=0 

· ·-1 

R ( )- ~ n-1-lC'RJ 
rn- 1 -i ,J S- .L.J S k 

k=i 

i = 1, 2, ... , n - I. 
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4. Example 

Claculate the matrix transfer functions G (s, e-•h) of a system described by the 
equations (1), (2) with the matrices 

[
100] [1 00] [1 20] A0 = 0 0 0 ; A1 = 2 0 0 ; A2 = 0 0 1 ; 
001 0-10 0-10 

[ l 0] 
B= 01 ; 

-10 
C=[lO 0] 

01 -2 . 

ln this case we have n=3, !=2, m=2, r=2. 

Using the formulas given in Lemma 1 we calculate the matrices .R~. R~ and the 
coefficients a1, k• so we obtain 

ao,o=l, 

a1 ,0 -=-2, a1 , 1=-l, a1 ,2 =-l, 
Oz,o=1, az,t=l, az,z=l, Oz,3=-3, a2,4=1, 

a3,0 =0, a3,l =0, a3 ,2=0, a3 ,3=3, a3 ,4= -2, 

And hence from (6), (7) we have 

q (s, e-•h)=s3 +s2 (-2-e-•h-e-•2h)+s (1 +e-•"+e-s2&-3e-•3"+ 
+e-s4h) + 3e-s3h_ 2e-•4"-2e-s5h_e-s611. (35) 

Using the formulas (29), (30) we calculate the matrices Pn-t.o (s), Pa-t-t,J (s) for 
i=1, 2; j=(i-1) 2+ 1, (i-1) 2+2, ... , i2 

(36) 

Pt,t(s)=C[sRi+R~]B= , . [ 0 0] 
-2 s-1 

(37) 

· [ 0 2s-2]• Pt,z (.Y)=C [sRi+R;] B= 
-3s+5 s-3 

(38) 

(39) 

[
-1 

P 0 ,4 (s)=CRi B= 
1 

(40) 
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From the formulas (32), (33) it follows that 

-P2,o (sf 
P1 .. 1. (s) , 

P (s)= "P1 ,2 (s) 
Po,3 (s) 

_Po,4 (s)_ 

: . .l 
M. BUSLOWICZ 

where the matrices P2,o (s), ·pt,l (s), P1,2 (s)( P0 ,3 (s), .P 0 ,4 (s) have the forms. 

(36), (37), (38), (39), (40), respectively. 
''. 

UsingJ_]Je Jornmla (31) )V~ obtain 

G(s e-sh)=---
1 [s2-s+e-s3h_e-s4h . · .. 

' q(s, e-sh) 2s2-2s-2e-sh+e-s2h (5-3s)-3e-s3h+e-s4h . 

, ::::;~;::-s~ ~s-1) +e-slh (s-3)-4e-s3h_2e-s4h]' 

where the characteristic quasipolynomial has the f()rm (35} .. 
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Wyznaczanie macierzy transmitancji operatorowych liniowego 
wielowymiarowego ukladu .. z · op6znieniami na · podstawie 
r6wnan stanu 

W pracy podano metodc< obliczania transmitancji macierzowej Iiniowego wielowymiarowego 
uk!adu z op6znieniami nie wymagaj'!C'! klasycznego odwracania macierzy charakterystycznej 
A- 1 (s, e-••) o postaci (4). Proponowana rr.etoda moie bye wykorzystana do obliczeri numerycznych 
macierzy transmitancji operatorowych wielowymiarowego ukladu z op6:i:nieniami na podstawie 
jego opisu w przestrzeni stan6w. 



Qn tihe detenrmnaJti'DIJ'l O·f a trans:f.er f,UJnCition martirix 

Onpe.u;eJienue MaTp~bi nepe,ll;aTO'IIIbiX ciJyuKuuii MHoroMepuoii 

JIHHeiiuoii CIICTeMbi C 3aDa3,Il;bl8aHUHMH Ha OCHOBe ypaBHeHHii 

COCTOHHIIH 
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B pa6ore .n;aercsr Mero.n; onpe.n;enelllisr MaTpRI\bi nepe.n;aTo'IItbiX $)'l{KII1Iil: MlloroMepHoil: JII(Heil:­

Hoii crrcTeMbi c 3ana3)J;biBaHKHMH 6e3 KJiaccwrecKoro BbilfHCJieHKSI o6pantoii Marplil\bi Ll- 1 (s, e-•h). 
IJpe.n;naraeMbrii MeTo.n; MO:IKeT 6biTb HCIIOJib30BaR )J;lli! 'll!CJieHHoro BbPJ:HCJieHKSI IIepe.n;aTO'iliOM 

MaTp!il(bl MllOTOMepROH CliCTeMbi C 3alla3)J;b!BallliHMH Jla OCHOBe ee orm:caHKSI B IlpOCTpaRCTBe 

COCTOS!RHH. 




	Bez nazwy

