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The problem of determination of a trnasfer function matrix for systems with delays is consi-
dered in [1, 2,4]. In the papers [1] and [4] the two different methods of a computation of a matrix
transfer functions for a system with one delay are given. The method of a computation of a charac-
teristic quasipolynomial from- the state equation for a system with ‘delays is given in [2].

In this paper the new method of calculation of the matrix transfer functions for the linear multi-
variable time — invariant system with delays.on the base of description of this systemin the state
space is glven This method can be used for numerlcal computatlon

1. Statement of the problem

Consider the hnear delay — dxﬁ'erentlal system descrlbed in the state space by
the equatlons

1
% (1)= ZAi x (t—ih)+Bu (t), t=0, 6))
i=0 sl e
» ()=Cx (£) e @
Wlth the initial condition v e ' :
5 o) X : for lt.=.()” i Lors s . Foste i
x ()= | o B

p(t) for te[~ih,0),

where 0<A=const., x (f) € R", y (t) € R™, u(t)"eR* and 4, (i=0,1,..,1), B, C
are matrices of appiopriate dimensions with constant elements.

The characterisitc matrix of the system described by the equations (1), (2) has
the form

T e T P e e
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where

1
M (e~)= ZAi etk 5y

i=0

and the characteristic quasipolynomial, determinant of the matrix 4 (s, e™*"), has
the following form

-

g(s,e™™M= ) a;(e7*") 5", (6)
i=0
where
il
# (e = Da;;6*", a; ;€ R, a5 0=1. (7)
Ji=0

The matrix transfer functions of the system described by the equations (1), (2)
(with initial condition equal to zero) has the following form

G(s,eM=C4~ ! (s,e ") B= C-adjA(s,e”*") B (8)

q(s,e”)
for all complex s for which the determinant of the matrix 4 (s, e™*") does not
vanish.

Calculation of the matrix transfer functions from the formula (8) required the
knowledge of the algebraic adjoint of 4 (s, e~*) and of the characteristic quasipo-
Iynomial ¢ (s, e~%*). The classical computation of the matrix adj 4 (s, e~**) (by cal-
culation of the minors of 4 (s, e~*%)) and of the quasipolynomial ¢ (s, e~*) by cal-
culation of the determinant of 4 (s, e~*") is very complicated for large n and / (n>3,
1>2).

The purpose of this paper is to give the new method for determining the transfer
function matrix G (s, e~*") without classical computation of 4~ (s, e™*").

2. Solution of the problem

The elements of the characteristic matrix (4) and characteristic quasipolynomial
(6) are the polynomials of two variables s and e~ *". Therefore we will further consi-
der thease polynomials as the polynomials of the new pair of variables s and p, where
variable p should beput instead of e~*". :

The matrix adj 4 (s, p) can be expressed as

n—1

adj 4 (s, )= 3\ U F(p), Fo(p=1. ©

i=g

We can prove (as in [3] for M (p)=M —real matrix) that the matrices F, (p) and the
polynomials «; (p) (7) can be computed by the foHowing algorithm
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H;(p)=M (p) F;-: (p), Fo(p)=1, (10)
1

Dfi(P)=“‘“i“‘ tr H;(p), i=1,2,...,m, (1)

F,(p)=H;(p)+Io; (p). (12)

From the above formulas it follows that F; (p) is a matrix polynomial in p of degree °
at most il. :

From (4), (5) and the properties of determinant it follows that the matrix
adj 4 (s, p) can be written in the following form

n—1 il

adid(5,P)=Koor o+ Y D Keriiy P, (13)

i=1 j=(i~1)i+1
where K, _; _; ; (s) denotes an n X n matrix polynomial in s of degree at most n—1—1.
Let (as in [4]) D% denote ‘
1 d*

k! dp*
p=0
and let
D} F,(p)=R}, (14

where RY denotes an nx# real matrix.
From the relations (9), (13) and (14) we have

[ n—1 n—1
Kn-—1,o(5')=Dﬁ ZS"'I 'F(p) =Zs"'1"iR?,
L i=0 i=0
= n—1
K,-2,1(5)=D, Zs"-l-iﬂ(p) = My-i-tR],
L i= 1 =1
(n—1 ] n—1
K,,_Z’I(.s<)_—.D:7 an—l—ipi(p) = S""x’iR:,
| i=0 2 i=1
n—-1
XK 3,01+1 (S)=DH'1 [ZS =k iF(p)J Zf-l'iRs'H,
i=2
: -1
Ko, n-131 (5')=D(p"—l“ (Z‘sn—l~iFi (P)] =R§.":11)'
i=0
and hence
n—1 f
K, 1,0(9)= 2 el R (15)

i=0



124

M. BUSLOWICZ

s S Bl ke
Kn—l—i,j(s)= zsn—l—k‘R’i
k=i
fof i=12,..,n-1; j=(i—1) 5t 1;'(,'__1) l+2" - g
Let us denote

. R§=D§» H, (P)

LemMA 1. The matrices R} can be computed in the following way:

where the coefficients a,;, of the polynomial o; (p) (7) are equal to

; 1
Dk
Gop= =i Ky,

and the matrices R* are computed by iterative formula
Ri=ARE +4, Ri 4.+ AR,

where "

o_|T for k=0,

%5 0 for k=0
and dis

R'=0 for j<0 or k<0.'

Proof. Taking into account.,(li)‘, {17) and -

szli (P)=a;

(16)

)
5 ~.(18)
19
(20)
(21
“(22)

(23)

from the formula (12) we obtain the relation (18), and from (11)—the relation (19).
Using the Leibniz formula and (10), (17) we obtain the rulation (20):

Re=D%[M(p) Fooi ()= Y (DM (p)) (D5 Fy_y (p))=

=4, R?—- 1+4y Rlic-_-i

because

DM (p)=4; j=0,1,..,1

+..+ A4, RECY,

(24)

The conditions (21), (22) follows. from the ‘dévﬁnition of D% and formulas (10), (11),

(12) and (14). This completes the proof. : ;

LemMA 2. For i>jl

‘=0 4and Rj#-Oﬁ

i
2

i

@25)
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Proof (by. induction). : :
For ] 1 trom (20) we ‘have

R A0R+A R' Y. 4+4, RS

and by (21) Ri=0 tor i>/ and hence by (19), (18) Ri=0 tor i>/. Assume that
the formulas (25) are true for j—1

R ;=0 and RJ' =0 for i>(j—1)1 (26)
apd compute R} from (2C). We obtain : S i
Ri=4,Rl_+4, RiZi+...+ 4, Rj P (27

and from (26), (27)'-ﬁj=0 for i>jl. By (19), (18) we have R!=0 for i>jl... [

THEOREM 1. The trans fer function matrix for a system with delays described by the
equations (1), (2) can be written in the following form

1 il . : ‘
- Gz -Sh_)— % e_s,,)[ o(s)+2 X b B 69" e] @

15 1.1 =(i=1)1+1

Where : ‘ ; 7
n—1 P b
Pn-—l,O(S)= an_l_iCR‘i)B’ ¢ ) Mis SIS (29)
: .n—1.
Py ,,(s)_ S’s" ~*CR!B, (30)
, £ it g

for i=1,2, ...,n—1; j=@{—1)1+1, (i=1) I+2, ..., il, where the matrices Rj are
computed from the formulas given in the Lemmas I and 2. ‘
Proof follows from the ‘relations (8), (13) for p=e~*". ' B

THEOREM 2. The transfer, function matrix G (s,e™*") for systems with delays can
be written in the form ; .

1 B
G(s, Bt e e 2G.e™ (e‘sf')P(S), (€2))

where the matrices V (e~") and P (s) have the forms (32) and (33), respectively.
Proof. Defining the m x [((n=1) [+1) m] polynomial matrix . - .. . . ..y .

Ve ™=l T ) amade PO 2oy gt oo 5eai30)
and the [((n—l) I+1) m]><i polynomlal matrix

Pt 6 (V)
Py_2,1(5) .
L PO=|Biase) | (33)
Pn s+ ()]
Pa = 1)1(5)_
from the formula (28) we get (31) This completes the proof =
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From the above considerations the following algorithm of computation of the
transfer function matrix for system with delay from the state equations follows:
1. Using the formulas (20), (21), (19), (18) and the conditions (22j, (25) calculate

the matrices R* and the coefficients @, ; of quasipolynomial g (s, =) for i=

=1,2,...,n; k=0, 1, ..., il and the matrices R® for i=1,2,...,n—1; k=0, 1, ...

St B
2. From the formulas (6) and (7) write characteristic quasipolynomial g (s, e~*").
3. From the formulas (29) and (30) compute the matrices P, o (5), Py_q—;,; (8)

for i=1,2,...,n—1; j=@G@-1D)I1+1, (-1 1+2, ..., il.

4. Claculate the matrix G (s, e~*) from the formula (28) or (31).

3. Concluding remarks

In the. paper the method of computing the transfer function matrix from the
state equations for multivariable system with delays is given. This method can be
used for numerical computation.

Using the formula
Y (s)=G (s, ") U (s)
we ean calculate the Laplace transform Y (s) of the output vector y (¢) for the system
.desqribed by the equations (1), (2), with zero initial condition (x,=0 and ¢ (£)=0
for t € [—h,0)), where U (s) is the Laplace transform of the input vector u ().

Tt is easy to check tha. for initial condition (3) the Laplace transform of the output
vector has the form :

Y(5)=G(5s,e) U(s)+CA~* (5, e™") W (s, e~ ™), (34)

where

] 2]}
W (s, e~ ") =xo+ ZA,- e [e=g (7) dr.
. J=1

—ih
We ean calculate the matrix G (s, e~*") using the Theorem 1 or 2, and we can cal-
culate the matrix C4~? (s, e~*") from the formula

n—1 il

1
CA"(S"*"")-‘"W[E-;,O(.s)+2 ¥ i’,,_l_,.,,(s)e-sﬂ'],

i=1 j=(@~-1)1+1
where

. n—-1
Prsol)= Ymi-i CRO,

i=0

n-1
Pn_x-.',j(-s)= 25"—1—kCRi i=1, 2, ceey n—1.
k=i
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4. Exampie

Claculate the matrix transfer functions G (s, e~*") of a system described by the
equations (1), (2) with the matrices

100 1 GO FL 20
601 0-10 [ 0-10
10 :
S
-10 .

In this case we have n=3, I=2, m=2, r=2.

Using the formulas given in Lemma 1 we calculate the matrices R, R and the
coefficients a; ,, so we obtain

,0=1,
ar0=—2, & 1=—1, a; ,=~—1,
a30=1, a2,1=I’ a,=1, a,3=-3, a4, ,=1,
a30=0, a5,=0, a;,=0, a33=3, a3 ,=-2,
a3 s=—2, a3 6=1.
And hence from (6), (7) we have

g (s, e M=53+5>(—2—e"t—e 52t s (1 +e "t e 52" —3e~3"
+e—s4h)+3e—s3h_Ze—s4h_2e—35h_e-56h. (35)

Using the formulas (29), (30) we calculate the matrices P,_ 0 (), Py—1—4,; (s) for
i=1,2; j=(G-1)2+1,(-1)2+2,...,i2 :

s2—g 0
P, (s)=C [s> R3+sR°+ R3] B= % (36
20 ()=C [5* RS+ sR+ RS [232_23 sz_zm] )
: 0 0
Pl,l (S)=C [SRi‘l“R;] B= N (37)
-2 s—1
P, ,(s)=C [sR®+R%| B il i (38)
s)= Ky = /
v i ~35p5 =3
; {0
P, 3 (5)=CR3 B= ] (39

P (s)=CR4B=[_1 O] (40)
0,4 2 1 _2 2
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From the formulas (32), (33) it follows that

VEDE010 w0 emg g e

y _Pz,o ]
Pii() W
P (5)=]P1,5 (5)
P53 (s)
1Po.4(s)]

where the matrices P, (s), Py (s), Py (S)’,. l‘?o;3 (), 'P(,,4 (s) have the forms
(36), (37), (38), (39), (40), respectively.
Using the formula (31) we obtain
1 52— g4-e 53k _g—s4h
m[232~2s—2e‘“‘+e‘”" (5—35)—3e 33" fgs4h.
e~k (Qg—2f— =, 1w . L :
8 =By e M g k) e P (s—3)—4efsv3”—2e‘34"] ]

G(s,e~h)=

where the characteristic quasipolynomial has the form (35).
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Wyznaczanie macierzy transmitancji operatorowych liniowego
wielowymiarowego ukladu z opéZnieniami na podstawie
réwnan stanu

W pracy podano metode obliczania transmitancji macierzowej liniowego wielowymiarowego:
ukitadu z opdinieniami nie wymagajaca klasycznego odwracania macierzy charakterystycznej
471 (s, e~ o postaci (4). Proponowana m.etoda moze byé wykorzystana do obliczent numerycznych
macierzy transmitancji operatorowych wiclowymiarowego ukladu z opdznieniami na podstawie
jego opisu w przestrzeni stanow. .
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Onpenesienne MaTpHIbl HepeRaToyuHbIX GyHKEHi MHOrOMEpPHOH
JIMHCIHOA CHCTEMBbI ¢ 3ana3[bIBaHnsiMi HA OCHOBE YPaBHEHHI
COCTOSTHYSE

B paGote maercst MeTo] OXpeielICHrs MATPRIE! IEPEIATOYHBIX (YHKIMI MHOTOMEPHOM JTaHe-
HOM CHCTEMBI C 3aIa3/bIBAHMAME 663 KIACCHYECKOTO BEIYACICHUS 06paTHOM MaTprupt 4~ (s, e ™).
IIpenmaraeMerii METOI MOKET OBITH HCHOIL3OBAH IS YHCIEHHOTO BBHIYUCICHMS HEPEIATO4ROMN
MaTpHIBI MEOTOMEDHOM CHCTEMBI C 3ala3bIBAHAIME HA OCHOBE €€ ONHCAHWA B IPOCTPAHCTEE
COCTOSAHUHE.
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