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We propose here an approximation scheme to the optimal stopping time problem for a de
terministic system, which has been recently considered by J.L. Menaldi [1], [2] and J .L. Menaldi, 
E. Rofman [3]. 

1. The problem. 

Let us describe by a vector Yx (t) eRN (t;?! 0, x eRN) the state of a deterministic 
dynamical system governed by the Cauchy problem: 

{y: (t)=g (Yx (t)), t>O 

Yx (O)=x, 

where g is a Lipschitz continuous function , with constant c9 • 

(1) 

The optbnal stopping time problem for (1) is to find (if there exists) a t:;?!o 
minimizing the function 

' 
J .. (t)= J f(Yx (s)) · e-"" d:J+If/ (Yx (t)) · e-«r, t;?!O, (2) 

0 

where f and If/ are Borel measurable and bounded and o: a positive constant. 
It is known (see [I]) that the Hamilton-Jacobi function 

u (x)= Inf J .. (t) (3) 
' ., 0 

is the maximal solution of the following system: 

l
v (x):::; If/ (x) 

v(x).,:;,j(cP(s)f)(x)ds+(cP(t)v)(x), Vt>O, VxeRN, 
(4) 
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where 

(<1> (s) v) (x)=v (Yx (s)) · e-~•, 

and that, for continuous 'I' and u, the time t; defined by 

is optimal if finite . (it this is not the case, an optimal time doe,;n't exist). . . 

(5) 

For recent references to the semigroup approach to optimal control p~oblerils 
see, for example, A. Bensoussan, M. Robin [4] and J. Zabczyk [5J. '· , · 

2. Discretization. 

Let us consider the problem o{ finding, fo~ Ll t > 0, the maximal solution of the 
system (see also [6] for the stocl\astic case): 

r (x)~'l' (x;_l 

tv(x)~Lit}; (t1>.1 1 (k)f)(x)+(r/JA 1, (n)v) .(x),Vn~. N, x eRN(~) , 
k=O . . ' · · ·" . . . · 

where 

( (/) 'H (k) v) (x)=v (y~ 1 (kAt))· (1- rJ.Lit)\ Vk ~ N 

and y:r (kAt) is recursively defined as .,. , , .: 

{Y:\kAt)=Y.~r ((k-1) At) +,g (y~ 1 (k-1) At)· At, k~ 1 
~~~~=X . • . 

THEOREM 1. System (6) has a maximal s()lution uA 1 given by 

, , , ., .. .. : 

u.11 (x)=,~~! J~' (n)= !~~ {At k'J: (t1>.1 .'(k)f) (x)+(t1>.1t (n) '1') (x)}. 

(6) 

(7) 
. - :, 

(8) 

Moreover {u4 '} is uniformly bounded with respect to Lit and, if fand 'If are locally 
y-Holder continuous, with y>O, then (for sufficiently small At), oc>cgy implies· 1.1'~! 
locally y-Holder continuous, oc~ cgy implies uL~r locally /]-Holder continttOus for all 
0</]<rx(cg, uniformly with respect to . Lit. 

The first statement can be proved via the Bellman's optirnality principle. We 
have infact, by the definition of ttLI', th~t . · . 

uAt (x)= Min (J~'(O); InfJ ~ ' (n)) (9) 

· · From (9), the <tdditivity of J~' on the trajectories of (.7) and the semigroup pro
perty of the positive operators tJ>Ll' (k), it follows that u.1c is the maximal solution 
of (6). . · · . . 

n-1 

• 1 (") We put 1; (lJiilt (k)f) (x) Llt=O 
k•O 
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The uniform boundedness is a consequence of the estimate 

Min (Inf If/, 1/CJ. · lnf f)~ utJt (x)~ Sup If/· 

The Holder-continuity of uat on each compact KeRN follows, for CJ.>c9 y, from 
the inequalities (valid for all neN, and x1ox2 in RN): 

n-.1 

1 1.~1 ,' (n) -J;:(n)l~cf Llt .2; (1-CJ.Llt)k ly;: (kL1t) - y;: (kL1tW + 
k = O 

+ c.v (1 - CJ.Llt)"ly;: (nL1t)- y;;(nL1t)!Y 

l Y.~:(nL1t)-y~:(nL1t) l ~ lx 1 - x 2 l · (1-c9 Llt)-", 

where cf <'.nd c,~ are the Holder constants on K. Hence, 

00 ( (1 - CJ..clt )k 
! J_~: (n) - 1;: (n) l ~cf Llt k~ ( 1-,c

9 
Llt)Y !x1 - xz lY+ 

( 
1- CJ.Llt )" 

+cl/! (I - c
9

L1t)Y !x1-,xz !
1 

(10) 

(11) 

(12) 

and the uniform Holder continuity of uat follows from (12) through a minimizing 
sequences argument. 

The case CJ.~c9 y can be treated in a similar way. 

3. Convergence of the approximated soluti9ns. 

The convergence result is the following: 

THEOREM 2. If f and If/ are locally y-Holder continuous, y >0, then uat converges, 
as Llt--+O+, to the function u defined by (3), uniformly on compact set.!>. Moreover, 
for sz~fficient!y small Llt, the estimate 

(I 3) 
X E K 

holds for all t~ Llt and 0 <fJ < y (fJ~ y ·if CJ. >c9 y). 

Remark I. It follows from theorems 1 and 2 that, if f and If/ are locally Lipschitz 
continuous and CJ. > c0 y then u is locally Lipschitz continuous; in this case u is 
a local solution of the differential problem: 

fu~lf/, -g · Vu+CJ.u~f 
\[u-l{f] [ -gVz.+CJ.u - f] = O a.e. 

as it can be seen passing to the limit, as t--+O+, in the inequality 

u (x)- ( tP (t) u)(x) 1 Jr 
t < t (tP (s)fl (x) ds 

0 

We refer to f2] for results of this type. 

• 
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Sketch of the proof of THEOREM 2.-The pointwise convergence of a sequence 
{uAt } to some function u~f/1 is an obvious consequence of the uniform bound
edness of {uA1}. Next one shows that u satisfies the 2nd inequality in (4); the main 
tool in this respect are the estimates: 

I 
[t/AIJ]-1 (k+ l) At] t 

:~~ 6 ktL (if>411 (k)f)(x)ds-f (if>(s)f)(x)ds~cr(t,K)(LltY (14) 

sup I( if>Atj ([t/ Llt1]) uA 11) (x)- (if> (t) u) (x)l ~ c~ (t, K) · (.dtY + 
x EK 

+ e- 4
' sup iu"11 (Yx (t)- u (Y. •. ~t)), (15) 

XEK 

holding for all t?3 LJt1 and sufficiently small Llt1. 

The estimate (14) follows from well-known results on the Euler m<:>thc,d for 
ordinary differential equations, namely 

I Y~' (kiJt)- Yx (s)l ~ c, At, SE (kAt, (k + l) LJt ), k =0, ... , [t/ LJt] -1 

(see [7)). 
To prove (15) one makes use of the uniform Holder continuity of u4

' and the 
contraction property of if> (t). 

The maximality of uA' implies the maximality of ii, as it can be seen by contra
diction; this gives 

u(x)=u (x) 

and, therefore, 
t 

(u (x)-ljl (x)) · (u (x)- J (if>(s)f)(.:c) d~-(if> (t) u) (x)) =0 Vt>O (16) 
0 

From (16) one finally obtains the estimate (13); to this purpose one considers 
r 

the sets K1 = {x e: K: u {x~<-IJT(x), u (x)= i (if> (s) f) (x) ds+( if> (t) u) (x)}, K2 = 

= {x e K: u (x)=f/1 (x), u (x) < i (if> (s) f)(x) ds+ (if> (t) u) (x)} and K 3 = { x e K: 

: u (x)=lf/. (x), u (x)= l (if> (s) f) (x) ds +( 4> (t) t~) (x)}. 

4. Convergence of the optimal stopping times. 

Let us define for all je N the sets 

T1={ keN: uA'J (Y~ 11 (kLJt1)) >If/ (y~'1 (kLlt1)) -1/j} 

Under the same general assumptions of Theorem 2, the following holds: 

THEOREM 3. If there exists n1 eN a_nd Llt1 >0 such that: 

Lltr-•O+ as j-..+oo, {n1 Llt1} is bounded, u.d'J (y~'J (n1 LJt1))=1fJ (y~'1(n1 LJt1)), 

• 
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r; defined in (5) is finite and therefore optimal. On the contrary, if r; is finite, 
there exists a sequence Atr_.o+ such that Ti =l=f/J (j e N), and the :,equence 

t~ =Ati · Min {k e= N: k e TJ 

romJerges to c; as j-++oo. 

Fmal comments. For the details of the proofs the reader is referred to [8]. In that 
paper the same discretization scheme is applied to the study of the 1st order va
riational inequality arising in connection with the optimal stopping time problem 
for a deterministic system. -.eonstrained by an open bounded subset of RN. 
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Konstruktywne podejscie do deterministycznego 

zagadnienia stopu 

Proponuje sie< tutaj formule< aproksymacyjn:t dla zagadnienia optymalnego stopu dla ukladu 
deterministycznego. Uktad taki byl ostatnio rozpatrzony przez J. L. Menaldi [1], [2] i J . L. Me-
naldi, E. Rofman [3]. · 

KoucrpyKTHBHMH ROAXOA K sonpocy onpeAe~eHHH 

ORTHMilJJbHOJ'O MOMeHTa 3aAep"'KH 

flpe.rr,naraeTCll annpOKCHMa~HOHHal! CXeMa .U,Jlll3a.U,a'IK onpe)J,eJieHHll OilTHMaJihHOfO MOMeJITa 
3a,l:leplKKa .r~erepMHHHCTif'IeCKOH cucreMbr, paccMaTpHBaeMoll: ,ll;. JI. MeHaJib.n;M [1], [2] H ,ll;.JI. Me
HaJibM H 3. Poit3M3HOM [3). 
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