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The paper considers consequences of theorems given in [2, 3, 4]. Certain degenerate cases
and the range of the synthesis method of diagonal controller described in [2, 4] are studied. The
possibilities of adding nondiagonal elements to diagonal controller are assessed.

Notations:

det (G); ... minor of the matrix G created by deleting i-th row and j-th column.

m(f)= inf |f(jw)  where j?=~1.

@ €[0, w4
M(f)= sup |f(jo)l
wWE[0, wq]
Hq (]CU)“:M (QI) +.. +M (qn) f()r q (jcg)z(ql (]CU), ] qm (f{/')))
f(@=o0(g") it p=min {k-integer [ lim -‘ }];(Eik)l -=0}
llg >0

1. Introduction

The paper constitutes a continuation of the article [4], which regarded the syn-
thesis of multivariable linear control systems in the frequency domain. The distur-
bance damping over the given frequency range [0, w,] was accepted there as a per-
formance index and the requirements were formulated in a quantitative way. The
sequential method of diagonal controller design was proposed, which warrants
that the closed-loop control system will be stable and will satisfy specified demands.
In connection with this the following questions could be stated: :

— Can the strong disturbance attenuation be achieved for all plants?
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— If we considere plants, for which strong disturbance damping can be achie-
ved, does the procedure described in [4, 2] apply to all of them?

— Will the increased number of “degrees of freedom”, that is using the same
method for the design of the controller containing more nonzero elements
than the diagonal one, improve characteristics of the system?

In the presented paper we shall try answer these questions. At the begining,

in order to prepare foundations, we shall remaind some results from [2] (part 2)
and describe the generalized on the case of full controller sequential return diffe-
rence method (part 3). Than we shall discuss the first two questions (part 4) and
the last one (part 5).

2. Basic relationships

Let us consider the standard control system with feedback loops and distur-
bances acting additively on outputs. Assume, that the plant is described by the
transfer-function matrix '

G (S>=[gij (S)]i,.i=1,...,m (1>
The antidisturbance performance of the system is represented by the matrix
0 ®)=[q:; O, j=1,..ma=I+G(5) R (S))_ ! ~12)

where R (s)=diag (711, ..., 'mm) refers to the controlier.
- From now on we shall omit the argument s=j if it does not lead to misun-
derstanding.
in [2] the notion of main loops was introduced, which are created by the con-
troller and diagonal elements of matrix G when interactions are cancelled (g;;=0
for 7%j). For these loops the vector-valued function

q=(915 G2 -y qm): Where qt=1/(1 +gii rii) i (3)

of autonomous dampings was built.

In the original formulation of the synthesis problem [2, 4], the diagonal ele-
ments of matrix O, or dampings achieved in main loops after taking into account
interactions, play the decisive role. The vector built of them we shall call diagonal
dampings and denote with

q:lz(QMa G225 ens qmm) (4)

For both of these vectors we define norms |lg] and |lg,| (see Notations).
In [23] the fundamental for subseguent considerations theorem was proved.

THeEOREM 1. Let
det G p det (G)!

n ] i m (5)
[I Sk Hgkk
k=1 k=1

k#i
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det (/+GR)
R ©)
n (1 + & Tek)
k=1

Then for the given control system the following relationships hold:

A, ,
qii=—B_qi+0(q)a i=1,.,m N

i

det (G)] _
q,.j=(—1)‘“det(éf C]iifO(‘l), i#j ®)

BA@—ZQ ZA%M@ ©)

On the basis of this theorem we are able to formulate the sufficient conditions
of satisfying inequalities

M (q:)<6;, i=1, e, M. (10)

which, with the requirement that the system should be stable constitute our control
problem.

Let us introduce for autonomous dampings denotions
x=M(q), k=1,..,m. a1

Then the sufficient conditions of satisfying (i0) form the setvof inequalities

M (4,) x; )
> o <9y (12)
m(A) (1= 3 x)= > M (49 x
k=1 .
x;>0 X .
m (A) (1- Z x,c)— 2 M (4;) x,>0. (13)
k=1 =

3. Return differences

The return differences method consists in consecutive joining of single control-
lers into feedback loops in a way which ensures stability of the final closed-loop
system. The procedure described here, based on [3], is slightly more general than
in [5].

i) Let Ry be a zero matrix and R («, f) the matrix which has the only nonzero
entry r,, on the place (o, f) «, f<m. r,, is the transfer function of the appro-
priate controller.
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Let us arrange all the controllers we want to add into sequence
0.5 Fog ooy ¥ <m? (14)
Lydy? Tigdyr e PigdS %

The final matrix R can be expressed as

R= >R (ixs o (15)
k=1
We shall define also the sequence
{-R09 -Rl, L Rs} (16)
where
Re=Ri_+RGu i), k=1,..,s (17

To each Ry corresponds matrix 7}, which will play the crucial role in the algorithm,

Tk=[rk (iwj)]lv j=15'-'m=(I+GRk)—1 G (18)

ii) Now we shall calculate the transfer function being seen by the controller R,
under assumption, that the remaining k—1 controllers R; ;, .., R
have been already joined to the system. ‘

& Ik

T g Jg—y

It turns out [3], that it is simply the proper element of the matrix 7;_;

ti1 (oo ) (19)
Let us form the cone-dimensional return difference
ﬂ=l+"ikjk bt (s Te)'s k=1, ..,s. (20)

As it can be easily proved [5, 3], if no one of the return differences has zeros
in the right half-plane, then the whole system is stable.

The selection of the controller R, ; for transfer function #_; (Ji» i), by means
of standard methods, we shall call synthesis of the A-th equivalent loop.

If we are designing the system with diagonal controller then the sequence (14)
takes simple form:

. {rikjk}j;=l={"11_a Tesy I‘mm}. (21)

To fascilitate calculations of succesive matrices T} the reccursive formulas can
be worked out [5, 3]:

Fig gy

A ) _—_f;,_ Gt 0% ) Bsa Uhs®) (22)

where
te—1 (*, i) — i,-th column of the matrix T;_;

tie1 (o ) — jith row of the matrix T, .
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4. The range of the design procedure

In the above considerations the autonomous dampings occupy central place.
They are intermediate link between requirements imposed on the system (from
which we calculate xi, ..., x,) and scalar dampings in equivalent loops (which
are calculated from xy, ..., x,,. Details see [4]). By damping in k-th equivalent loop
we mean M (1/f,). Hence the relations between vector of autonomous dampings
and vector ot diagonal dampings occuring in the problem formulation (10) are of
great importance.

At the beginning let vs notice that sufficient conditions (12), (13) can be sa-
tisfied only when m(4)>0 and M (4;) <co i=1, ..., m. Generally speaking functions
A and A4; have decisive influence on the properties of the control system. It can
be expressed in the following theorem:

THEOREM 2.

1) If m(4)>0 and M (4,)<co, i=1, ..., m then

(llgll—0)=(llgall —0) (23)
iy If m(4,)>0 for i=1,...,m and M (4)<co, M (4,)<co for i=1,...,m then

(lgall=0)=-(llgll-0) (24)
iii) If m (4)>0, M (4)<oco and m (4;)>0, M (4;)<co, i=1, ..., m then

(lgdl—0)<=(llgll—0) (25)

Proof. Based on theorem 1, see [3].

Point iii) of the theorem 2 specifies conditions under which the regulation of
main loops is equivalent to the regulation of the whole system. Let us explore,
what will happen if some of these constraints are violated. Using once again the-
orem 1 in [3] it was proved:

THEOREM 3.
i) If m (A)=0 then there exists frequency , € [0, w,] such that

ql : (.}wO) Tt qmm (j(")o)z i (26)
exactly to o(q).

i) If some of the quantities M (A4;) do not exist, but M (A) exists, then for certain
frequency @; € [0, ®,]
lim (6[1 1 )+ st Goum (j(/)))=l 27

WO-roy

exactly to o (g).

This theorem describes the class of plants, for which no one diagonal controller
can make it possible to obtain satisfying disturbance dampings. At the same time
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Recalling the formula for matrix inversion, we obtain

0(q) k#a
tn(k,2)={ detG k (40)
m Gu+0 (D), =a

From the definition of o (¢) it results that

0(q") 0 (g") =0 (¢****") (41)

because we have to do only with polynomials of ¢;, i=1, ..., m. This allows us to
obtain from (33) final approximations:

diuy=00@%, i#wf; Jj=1,u,m (42)
Guy=0(q~Y), Jj=l,..,m (43)

As it can be seen, we have lost control over the impact of disturbances on
o-th output (because o (¢~1) is the function practically independent on |lg|]). Let
us check now what is the cost of deeper damping in the f-th row (34). From (40)
tw (f, «)=0 (¢) and this implies that in order to satisfy inequality (37) the con-
troller r,; must have immense gain (for |lg]|~0.1, |r,sla1000). The regularity can
be demonstrate on simple example. Let

G=

=
L D
|
[ S e

Applying R;=diag (10, 10, 10) we obtain

0.5 0.06 —02
0=10"1 =04 025 03
03 —04 0.2

After adding r,=k

: 52k+741 —32k+ 90 —40k+310
Goro o | 500 341 410
52k +14261 390  k—530  2k+231

To have any influence, & must be great, k> 300.
If it is so, than

1 -6 -8
lim0=10"110 0 O
ke 0 02 04

The result is in accordance with our conclusions. From the above it follows
that it does not pay to introduce into the system more than s controllers. It is
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even possible to formulate statement, that the only reasonable control system con-
figuration constitutes the final controller of the form

R=KR, (44)

where K — transfer function matrix of the compensator selected in order to obtain
compensated plant matrix G,=GK with suitable from the point of view of regu-
lation properties. R, is a transfer function matrix of the diagonal controller. It
elements depend immediately on requirements imposed on the system and may
be designed with [2, 4] method.
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Pewne wlasnosci wielowymiarowych ukladéw regulacji
z regulatorem diagonalnym.

W pracy rozwazane sa konsekwencje twierdzen podanych w [2, 3, 4]. Badane sa pewne przy-
padki zdegenerowane i zakres stosowalnosci metody syntezy regulatora diagonalnege podane
w [2, 4]. Rozwazane sa mozliwoéci dodania elementéw pozadiagonalnych do regulatora
diagonalnego,

HexoTopsie CBOHCTBA MHOIOMEPHBIX CHCTEM Pery/MpOBAHNS
C /IHArOHABHBIM PEryIsTOPOM

B pabore obcyxkmatorTcst ciencTBusl TeopeM, nipencrasieHubix B [2], [3], [4]. Wsyuarorcs uHe-
KOTOPBIE BRIPOKACHHBIC CIy4au 1 06.1aCTh IIPUMEHEHUS IIPEICTaBICHHOTO B [2], [4] MeToma curTesa
JIMaroHaIBHOTO peryssiropa. PaccMaTpuBarOTCsi BO3ZMOKHOCTH OIOJHEHHS JHATOHAIBHOTO PeE =
TyJasITOpa HEAMATOHATILHBIME JIMEMEHTAMH.
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