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A macroscopic mathematical model is proposed for description of the growth of an individual
polycrystal immersed into the melt of the same monocomponent substance and placed on an un-
dercooled support. The model approximately describes the spontaneous exit of the boundary
layer separating the bulk of the liquid phase from the crystal from its undercooled state, and
imitates the crystallographic properties of the crystal by consideration of a fixed lattice whose
every cell represents a virtual monocrystal able to adjoin to the existing crystal. For the sake of
simplicity the study is restricted to a two-dimensional (planar) framework.

1. Imtroduction

As far as it is known to the author, the mathematical description of the pattern
formation in the process of solidification of monocomponent melts or binary
alloys in non-uniform temperature fields is so far limited to efforts employing
a linear or non-linear stability theory to the Stefan-like problems, formulated for
the case of solidification of undercooled melts (Sekerka, 1968; Wollkind and Segel,
1970; Langer, 1980; Wollkind and Notestine, 1981). This approach became the
most popular after appearance of the Langer’s review (1980) where very impressive
results of computations were presented.

In what follows we try to introduce an essentially different model for macro-
scopic description of the growth of an individual polycrystal, placed on an under-
cooled support and immersed into the melt of the same substance being in a non-
-uniform temperature field. Our model is based on rather rough and maximally
simplifying assumptions. Therefore it is far from any adequacy to the real physical
process. Nevertheless we hope that it may serve as a prototype of a forthcoming
n:odel better approaching physical reality.
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Our main assumptions are the following:

1. The whole region occupied by the melt and the crystal immersed therein may
be imagined as covered by a fixed system of congruent (both geometrically and
physically) macroscopic aggregates (cells). These aggregates remain unchanged geo-
metrically and immovable even if the melt moves subject to solidification.

2. The process of solidification/melting counsists in the spontaneous, instanta-
neous transformation of the liguid/solid state of these aggregates into the solid/liquid
state. This transformation is accompanied with an instantaneous release/absorption
of the relevant latent heat and with a simultaneous increase/decrease of tempera-
ture of that aggregate till the thermodynamically equilibrium melting temperature.

3. This process of the change of the phase state takes place only in a boundary
layer separating the crystal (melt from the bulk of the liquid) solid phase.

4. The solid phase is considered as an absolutely rigid continuous body whereas
the liquid phase as a viscous fluid.

5. The change of the aggregate state is accompanied with the process of a mo-
mentary influx of mass into the solid/liquid phase, this flux resulting due the jump
of density across the phase interfaces.

6. According to assumptions 4 and 5, the state of the melt is described by Na-
vier-Stokes equations, equation of continuity and by equation of the convective
heat transfer subordinated to the classical Fourier law.

7. The thermal state within every aggregate composing the crystal is described
by the Fourier equation of heat transfer in a thermally anisotropic continuous
body. Conditions of continuity of the temperature and heat fluxes are also valid
at the boundaries of different cells within the solid phase of the system as well as
at the interfaces crystal-melt.

Since the phase change of any aggregate occures instantaneously, the process of
the change of the phase state in the system is a discrete one.

Solution of the relevant boundary value problem must include determining the
sequence of moments when the described instantaneous phase transition takes place
in at least one of the aggregates of the system, as well as the evaluation of the tem-
perature within both phases, velocity of motion of the liquid phase, and location
of the phase interfaces and their shape. The content of the paper is as follows.

Sec. 2 offers an accurate formulation of all assumptions, Sec. 3-derivation of all
governing equations of the problem in a general case and Sec. 4 remarks concerning
the relationship between the model proposed and the classical Stefan problem or
the Stefan problem with a “negative” latent heat. Several conclusive remarks are
formulated in Sec. 5.

2. Notations. Geometrical and physical assumptions

In what follows we consider a monocomponent continuous medium filling a given
region G of the Euclidean plane R ==(X, Y) and being in two phase states: solid
and liquid. Subregions G;; and G, of G are occupied at the moment ¢ respectively
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by the solid and liquid phase. G, is supposed to be a connected region whereas
G;; may become disconnected, even if it is connected at the initial moment 7= 0.
In the sequel we use notations C and F for G,; and G,,, respectively, understanding
by C, F not only the appropriate subregions of G but also the material medium
filling them. : .

Assume that R is covered by an ordered system 4 of congruent m-sided poly-
gons without common points, and such that if  and b are two elements of 4 and
their boundaries have common points then these boundaries coincide along a whole
side of the polygons under consideration, or have only one common point — the
isolated vertex.

Let A% be the subset of cells, entering 4, which is cut from A4 by the region G.
A* consists of a fixed number of cells, whose part crossecting the boundary 6G
may not be complete. At every moment ¢ > 0,4% is divided into two parts 4, and
Ay cut from 4* by C and F, respectively*). Let us denote the cells entering C and
F by letters ¢ and f provided with the same subscripts which are assigned to them
in the system A. All cells entering C are called “‘crystallits” and those entering F —
“virtual crystallits”. The phase transition of a virtual crystallit into a crystallit is
designated as f;—c¢;, and the melting of the crystallit — as ¢;—f;, the coincidence
of subscripts indicating the gecmetrical identity of ¢; and f; (i.e., they represent
the same element of 4). Notation ¢, is used for any element of A if its phase state
may be not indicated.

Two boundary layers may be associated with # and C: the boundary layer BF
consisting of all f; such that at least one side of their boundaries belongs to ¢C,
and the boundary layer BC, consisting of all ¢; with at least one side of their bound-
aries belonging to ¢F. Thus BF separates C from the bulk of the liquid phase, and
BC — separates F from the bulk of the crystal C. Cells f; or ¢; having only an iso-
lated vertex on the phase interface £ N C are considered as not belonging to the
boundary layer BF or BC, respectively.

We use two sets of physical assumptions:

(a;) The liquid phase of the medium under consideration is a homogeneous, iso-
tropic, incompressible fluid of a constant specific heat, density, thermal con-
ductrvity and viscosity. Hence Navier-Stokes equations, equation of continuity
and Fourier equation of the convective heat transfer must be valid within F.

(a;) The crystal C is an absolutely rigid solid of a constant density and specific
heat capacity.

(as) All crystallits ¢; may be considered as macroscopic crystallic aggregates with
a constant tensor of thermal conductivity**).

*) C and F consist ¢f the entire cells only, except for those having common points with ¢G.

#%) Periods of crystalline lattices are of order of several A for simple substances, 10—20 A
for complex organic and inorganic matters of several handreds A for crystals of globular proteins
and viruses. Taking this into account we may accept as a minimal characteristic size of cells,
entering the system 4, the value of several microns. Such a size is great enough for the use the
Fourier equation of heat transfer, naturally written for a thermally anisotropic body.
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(as) All crystallits, composing C, are congruent not only geometrically but with
respect to their physical properties, too. This, in particular, means that two
different crystallits ¢; and ¢; have the same tensor of thermal conductivity
if they are congruently connected with ¢; and c;.

(as) Energy of creation of an unit of length of the interface separating crystallit c;
from the virtual crystallit f; is a constant along every side /;; of their bound-
aries, this constant possibly varying with j*. Hence the crystallits are aniso-
tropic not only respect to their thermal conductivity but with respect to their
surface properties, too.

(b;) The process of the phase transition consists in the spontaneous, instantaneous
transform f;—¢; or ¢;—>f; within BF or respectively within BC.

(b,) Assuming that the density p, of the solid phase is greater than p, — corres~
ponding to the liquid phase, the transform f;—¢; is accompanied with an in-
stantaneous influx of mass from the bulk of the liquid phase into the cell ¢;.
Analogously, the melting ¢;—f; is accompanied with efflux of mass from ¢,
into the bulk of the liquid phase. It is assumed that this influx/efflux of mass
is uniformly distributed along the whole boundary separating the anew created
crystallit/virtual crystallit from the liquid/solid phase.

(b;) The spontaneous, instantaneous phase transition f;—c; takes place at the mo-
ment #,+0 if the following conditions hold at the moment 7, —0:

(C,) Amount of heat to be released in ¢; at the moment 7, +0 is not less than
the amount of heat required for an instantaneous heating f; from its tempera-
ture at f=1#.— 0 till the melting temperature J,,, summed with the amount of
heat needed for creating new interfaces to appear as a result of the transform
fi—e.

The analogous situation occurs for the phase transition ¢;~>f;.

(C,) The temperature &, of f; subject to the transform f;—¢; is not greater
than the melting temperature 9, everywhere in f;.

The analogous situation takes place for the transformation ¢;—f;.

(C;) Any excess of the heat amount mentioned in C, is instantanecusly trans-
ferred into all cells f; and ¢; being in a contact with ¢; and not involved at the
moment #,+0 into the change of the phase state.

The analogous situation takes place for the transformation ¢;->f;.

3. Governing equations of the problem. The general case

3.1. Description of the system A of crystallits and virtual crystallits

Let (x,v) be a rectangular Cartesian coordinate system connected with main
axes of the ellipse of thermal conductivity of a polygon g, congruent to all elements
a; of the system 4, the longer semiaxes being directed along x-axis. Let A* consist

*} We assume sides of crystallits ¢; enumerated in order of left-hand side circuit.
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of N elements a;, i=1,2,..., N. Denote by (&, #:) the axes parallel to the ‘main
axes of thermal conductivity of a; and (e, ;) coordinates of the center of the re-
spective ellips in the (X, ¥) coordinate system. We assume that systems (x, y),
(X,Y) and (&, m) have the same scaling.

Let equations

X=o+a, Grann;  y=Ptby S+b )
transform (&, ;) plane into (x,y) plane, and equations
G=mtay X+a,y;  m=Pi+by x+b, y (2)
define the inverse transform. Assume also that the transform of the (x, y) system
into (X, Y) is described by the system
X=xo+h; x+h,y; Y=po+g x+g». 3
Using (1) and (3), one may express (&, #,) as functions of (X, ¥).
Let, further,
L x—my+p;=0 GF+mi=1; i=12,..,m) 4)

be the normal equation of the i-th side of the boundary dg. Then, by the congruency
of all elements of the system A the normal equation of the i-th side of the boundary
da, in the coordinate system (&, #,) is
—L & —mn+p;=0; i=1,2,...,m. (5)

We may associate with any a,= A its environment consisted of all such ele-
ments a;,, jx=1,2,...,m of 4 that every side /; of a, coincides with i-th side /; ,
of aj,.

Equations (1)—(5) permit to determine common points of da, and da; when
these elements are described in k-th and respectively j,-th coordinate system.

3.2. Equations of heat, mass and momentum transfer

It is convenient to use the (X, Y¥) coordinate system for writing equations of
heat, mass and momentum transfer in F at any moment different from those of the
instantaneous change of the phase state in the boundary layers BF and BC. Denote
these moments by

<t <t <l Slydss (6)

according to the assumption (a,), equations of momentum, mass and heat
transfer in F are

désjdt+(1/p;) gradp;=F,+v, 4%;,
div v,=0, for t5#¢ 0

with the conventional notations used.
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Now, let ¢, be any element belonging to C at the moment 757, k=1,2,....
Assuming that there are no sources of heat distributed within the solid phase, we
find that in the coordinate system (&,,7,)

113 j6E2 432 & St =c, p, 888,  (Emm) €, ®)
where
. o
| == 9
/ 10 ;@2} ®)

is the tensor of thermal conductivity of ¢, in (,, #7.) — coordinate system and ] de-
notes the temperature of c,.

Since t5 1, k=1,2,..., as it is now supposed, continuity conditions for the
temperature and fluxes of heat must be satisfied along every common side / of the
boundaries of crystallits ¢, and ¢; or of the crystallit ¢, and the virtual crystallit f;.
Let

g=(&%, 1)=& . 14)) (10)

be the point of / in coordinate systems (¢,, #,) and (&}, #,), connected with ¢, and
respectively with ¢;/f;. Denote by 9! (&, ;, t) the temperature of a, (u=-s, f;i=r,j)
at the moment ¢. Then, because of the continuity of temperature,

% & np, =38 &}, 5, 1) (1n

where u is equal to either s or f dependently on the nature of the element g, under
consideration.
Continuity conditions for heat fluxes take the form

2, 097 (g, )05, + 77 B,65; (g, )fom,=2" 0;09] (g, 1)/eE;+ 2% B; &3] (g, t)/en; {12)
or, respectively,
2o, 097 (g, 0/0E,+27 B, 695 (g, 1) on,=2s {; 03] (g, 1) 6&;+ B; 097 (g, t)[om,}  (12%)

Here (o, ) are direction cosines of the normal to the line / in the m-th coordi-
nate system (m2=r,j).

3.3. Conditions satisfied at moments 7, k=1, 2,..., of the spontaneous
phase transition

Formulate now conditions which have to be satisfied at moments 7,, k=1,2, ...
of the spontaneous change of the phase state f;—c¢; (i.e., of the transform of a vir-
tual crystallit into a crystallit). Let s be the area of a; € 4, y-be the latent heat
of melting per unit of area (i.e., the heat per unit of area to be released at the
process f;—¢; without taking into account the energy of appearance/disappearance
of new/existing phase interfaces), and ¢; be the energy of creation of such an inter-
face of unit length along the j-th side of g. (We recall that the element g described
in subsection 3.1 is congruent to all aggregates of the system 4 of crystallits and
virtual crystallits.)
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Assume that the thermal state of the system is known at the moment ¢ =#,—0,
and that at the moment /=#,+0 the transform f,—c, takes place. At the moment
t=1t,—0 the boundary Efr consists of five parts Sy, ..., S5 (some of them possibly
empty) where

Sy = of, N F\BF
S,uS;=7df,NBF (14)

S, uSs=df,nBC

so that the new phase interfaces appear at the moment 7= #,+0 along S, S5 and
S5, disappear along S, and remain unchanged along S, (or being more precise:
the interfaces liquid-solid are transformed along S, into interfaces solid-liquid).
We recall that BF/BC is the boundary layer consisting of virtual crystallits/crys-
tallits separating the crystal/melt from the bulk of the melt/crystal. Then the
energy of creation of new phase interfaces at the moment t=1¢#,+0 and that of
disappearance of existing ones is equal to

g'= D o;(L}+L3+L]~L}) (15)

=1
where L] is the total length of all j-th sides of crystallits and virtual crystallits enter-
ing S;. If S; does not contain j-th sides of crystallits/virtual crystallits, then L} =0.

From the other hand the latent heat of the phase transition of the interior of
the virtual crystallit f; is equal to*)

LY” == ’/”s+ '9»1 (,Cf -l c.s‘) S (16)

We assume that the thermodynamical equilibrium temperature &, is a constant
despite the variability of pressure in the system, so that the change of the latter
is supposed to be small.

Thus the total energy to be released at the moment f=17,+0 is equal to

4=q"—q' =7~ D 0, (L} +L+L; =L} +8, (c;—¢)) 5. (17)
i=1
Now, let 9,(X, Y, #,—0) be the temperature of f, at the point (X, Y) in the mo-
ment #=1#,—0. Then the amount of heat necessary for heating f, till the melting
temperature is equal to

q*=¢; pr {(gm""gf X, ¥, t,—0)) dX dY (%)
Ir

*) Here y is the latent heat of ‘an abstract process of solidification which is not accompanied
with an isothermal jump of the specific heat capacity after an isothermal transition of the liquid
phase into the solid one. Naturally, the second termy on the right hand side of (16) may be
included into the first one. We recall that ¢; and ¢, are specific heat values per unit of area.
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By the condition (b;) the moment 7, is subordinated to the inequalities

‘9f (Xa Ya tk"_O} $ ‘9m V (Xs Y) Efr

, (19)
FX, Y, 5,+0=39, VX Y)ec,
and
g=q*. (20)
The excess dg =g —q* creates an instantaneous flux of heat through the boundary
S:SIU»S3US4US5 (21)

separating ¢, at the moment #=1#,+0 from that part of its environment having
then the temperature at the points of S* less or egual to §,.

Let 71 denote the normal to S* outward with respect to ¢, at points of S, and S5,
and inward at points S and S5. Then we must have

=Ar pnls, s, =(@—q") (=1 L™ n =995, s, (22)
(1 Sy +22 9, B)ls,0s,=@—q) 0 (t—t) L™ n $u—Hls, 05,  (23)

assuming that the crystallit ¢; has boundary side belonging to S, U S5 and that the
direction cosines are defined in j-th coordinate system. Here L is the total length
of S, US;US,USs, 7(x) is the Heaviside’s function and d(x) — the Dirac’s delta
distribution. (22) and (23) are written with taking into account that, by assump-
tien, the flux of heat created by the non-zero heat excess (¢ —g*) is uniformly dis-
tributed along the whole interface accessible to this flux. These conditions are,
naturally, valid everywhere along S* except for edges where the direction of the
normal 7 is not defined.

We must add conditions determining the mass influx into ¢, being the result
of the phase transition f,—c.. By the assumption (b,), this instantaneous mass
influx is uniformly distributed along S, U S;uUSs. Hence we have

Pr Ven (X, Y, 1) = (ps—ps) (Ly +Ls+Ls) ™" 6 (1—1y) 24)

for (X, Y)eS;uS;US; and ., <t <t;.4.
Recalling that the liquid phase is a viscous fluid and that the solid phase is
a rigid immobile body, we also find that

Ve (X, ¥,£)=0 (25)

for such (X, ¥) and 7. Here v, is the tangential component of v, on &e,.

The analogous conditions must be valid if there also occures the phase tran-
sition ¢,—¢, at the same moment f=17,+0. In this case instead of S, ..., Ss
we have to consider boundaries

§*=dc, N (C\BC)
St SE=dc,NBC (26)

S: uS;: de, NBF
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so that again the new phase interfaces appear at the moment z=1#,+0 along
ST U85 USE, disappear along S, and remain unchanged (in the sense explained
above) along S,. Denoting by L' the total length of all j-th sides entering S;, we
obtain instead of (15) *) ' '

g*'= D& (L + L +L —L}% (27)
, =

whereas (16) remains unchanged. The total energy to be accumulated by ¢, to the
moment #,—0 is equal to ¢* defined by (17), where ¢", ¢" and L! must be respec-
tively replaced by ¢*”, ¢*' and by L;'. Instead of (18) we now have

7** =c, ps [ (%X, ¥, 1,—0)—9,) dX d¥ N )

Cr

Conditions (20), (21) have to be replaced now by
‘9; (X: Y’ rk"_o)>‘9m V(Xa Y)EC,; '9f (JX', Yy tk+0):‘9m V(X) Y) Efr (29)

and
gF < gtr. ' (30)
Further, instead of (22) and (23) we now have '
~ 2y pals 153 =(q*~q**) L* 10 (1—t) n (9, — I)sgoss (3D

and respectively
(A" &y o+ 42 8, B)lsxost =(q* —q**) L1 6 (t~1) n (%= lsi st (32)
Finally, instead of (24) and (25), we have
P Va (X, ¥, 8) = (ps— pp) L+ L3+ L5 ~L3%) 8 (1 1),
Ve (X, Y, 1) =0 (33)
VX, eST+S:+8: ant 6, <t<ty,.
Moments #, ¥=1,2, ..., are unknown in advance. Therefore computations

must be organized as follows.

At t=0 the state of the system is prescribed. Compute, using conditions (75,
(8), (10)—-(12*) the distribution of the temperature for >0 till the moment #,
such that inequalities (19), (20) or (29), (30) start to be valid for at least one
of elements of BC U BF. If this moment ¢, exists the change of the phase state takes
place at t=1,;+0. Use the found state of the system at #;,+0 as a new initial
state and continue computations. If, however, #; does not exist, i.e., the inequali-
ties (19), (20) or (29), (30) are valid nowhere for all >0 then the process of the
phase transition cannot evolve.

We do not consider here concrete input data. One has only to remember that
these data must be chosen so that the growth of an individual crystal may take

*) Values analogous to ¢, ¢ and ¢’ are now marked by*,
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place, in principle. This means that the temperature less than &, must be pre-
scribed along the support cooling the crystal (this support is a part of the bound-
ary 0G) whereas the rest of ¢G' must be maintained under temperature greater than
that of melting, or heat influx into G must be prescribed along this part of G.
The initial temperature within the crystal must be not greater than 9,, and within
the melt not less than 3,.

Obviously the problem of the crystal generation may also be considered in the
case of the region C degenerated at the moment =0, so that at this moment all
the system A consists of virtual crystallits.

4. Relationship between the model proposed and the classical
Stefan problem, or the Stefan problem with “‘negative’ latent
heat

A natural question arises concerning the possible relationship of our model
to the classical Stefan problem and to the Stefan problem for a ,,supercooled melt”
as it is formulated in many papers (See for instance, A. Friedman, 1977;
Langer, 1980; Ockendon, 1980), i.e. the Stefan problem with a negative latent
heat.

In order to give an heuristic answer to this question consider the simplest case
of a thermally isotropic crystal with a rectangular system of crystallits to which
correspons the grid

X=ml, Y=nh; mun=...—2, —1,0, +1, +2, ... (34)
Let us consider a virtual crystallit
ml<X<(m+1)1; nh<Y¥Y<@m+1)h} (35)
subject to the phase change at the moment #=1#,+0, assuming that
f={mi<X<m+1)l; m+D)h<Y<@m+2)h} (35a)
belongs to the bulk of the liquid phase and the crystallit
c={ml<X<(m+1)l; wm—-1)h<Y<nh} (36)

belongs to BC. For definiteness consider the case when virtual crystallits entering
BF and contacting f (see (32)) are not involved into the change of the phase state
at the moment #,+0, when f (see (33)) is transforming into ¢. Then
Si={ml<X<@m+1)1; Y=m+1)h};
Sz =g ; S5 === @,
Sy={X=ml; nh<Y<@m+1)B}u{X=(m+1)]; nh<¥Y<(@m+1)h};
Sy={ml<X<(@m+1)1; Y=nh}.

37

B
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Hence
Iy=ly EBx=0;, Ex=dhs- i=l; Le=0; s=h +L=2+h (3%)

so that

q=h(yl—o0). (39)
Here we assume that the energy of creation of the new interfaces is independent
of their location on the boundary of the appropriate crystallit. At the same time

(m+1)1 (n+})h
(/*:Cfpff dx [ (=% (X, Y, 1,—0)) dY ~

ml nh

~ ¢; py (=95 (X*, Y*, t,—0))Th  (40)

where (X*, Y*) is some internal point of 7 under consideration.

Conditions (22), (23) are written assuming that the heat is released instantly
at the moment of the spontaneous phase transition. Now, in contrast to this as-
sumption, let us accept the assumption that the heat g—¢* must be withdrawn
from the new created crystallit not instantly, but during the time interval (¢, #; ).
Then, instead of (32) and (23), we may write

Fht (m+ 1)l

Jodt [ Gl =2 Ipslsmuany ) dx=
B (== py € G5, G0, Yo, 1) DA+3H) (@D
or, using the mean value theorem,
As Ssyly=mm—Ar Spyly=(ni 1yn=
=h(tyr1— 1) (1= 06— ps ¢r (9u—39) DIA+1 1). (42)

Let us point out that 4 is equal to the displacement of the boundary y=mnh
in direction of its normal during the time interval (#,, #;.4).

Assume now that 4—0" Then clearly
ho1=2hs 3 (X%, Y* ,—0)->3,. (43)
Hence in the limit we obtain
=0/ ne =25 35u— s Spns (44

i.e., the condition which only differs from the usual Stefan condition by the
value of the specific latent heat (per unit area):

y—0/1>0 (45)

then our condition may be formally considered as a simple discretization of the
classical Stefan condition. However, if §//>7y then (44) represents the Stefan con-
dition written for the case of a system with a negative latent heat — the case cor-
responding to the consideration of the undercooled melt in the above quoted papers.
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Another possibility is

S, or S3={X=mi; nh<Y<(n+1)h},

S;or S, ={X=m+1)[; nh<Y<(@m+1)h}. b
In this case we have, instead of (44)
. =D =1y Sy B | @)
so that the coundition (45) would be replaced by
y—0/2[>0. (48)

In cases of more complex geometry the effective latent heat may appear to be
greater than the volume latent heat y, less than it or even negative. For example,
if A4 is composed by hexagons, then the number of appearing and 'disappearing
interfaces may be equal to 5, 4, 3, 2, 1 and respectively 1, 2, 3, 4, 5, so that
in two cases the effective latent heat may be greater and in two-smaller than y*).
We recall that in the usual Stefan approach the value of surface energy enters into
governing equations if and only if the change of the melting temperature due to
the change of the principal radii of curvature of the phase interface is taken into
account. The growth of the plane interface appears in such an approach as evolv-
ing without accumulation of the surface energy.

5. Conclusion

As it has been said in introduction we consider the above model as a rough and
therefore inadequate one. This inadequancy is, first of all, the result of a macro-
scopic character of the model, unavoidable when one is studying the influence
of external fields on the process of solidification, since the growth of the crystal
is really governed by a microscopic level of the process evolution. The growth
of the crystal faces is a result of ajoining to it individual particles (atomsjions) or,
with smaller probability, clusters of particles, but not crystallits of a macroscopic
size (G. H. Gilmer, 1980). ¥ )

Dealing with our macroscopic description we were unable to take into account
the influence of dislocations and impurities. This is in contrast to digital computer
simulations of the growth of an individual crystal using stochastic models (in par-
ticular kinetic Ising model) (See, for instaance G. H. Gilmer, 1980 and H. Mul-
ler-Krumbhar, 1975). These simulations deal with a microscopis level of the process
and do not tackle the problem of the influence of non-homogeneity of external
temperature field on the dynamics of crystal growth and on its shape.

*) We assume here that no one of virtual crystallits from the environment of that suffering
the phase transition at the moment under consideration is involved into the process of the change
of its phase state.
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Our model uses arbitrary assumptions concerning the duration of the under-
cooled state of virtual crystallits. These assumptions are compatible with laws of
energy conservation but are not necessary ones. It is known that the metastable
undercooled state of a crystal may continue indefinitely long time, whereas in our
model the duration of this state is strongly predetermined by the evolution of tem-
perature fields inside the growing crys.al and in its environment. This distinction
is, perhaps, the most vulnerable place in our model. On the other hand, our model
rigorously takes into account the contribution of the change of surface energy
into energetic balance of the crystal. This is in contrast to the classical Stefan ap-
proach to the problem which is unable to take into account the consumption of
energy in the process of enlargement of plane phase interfaces.

Taking all of this into account we can not be so far sure of the sufficient ade-
quacy of our model without aay comparison of a iepresentative series of compu-
tations with relevant experimental data. Since such comparison has not be per-
formed we counsider this paper as being only a preliminary information.
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O modelowaniu matematycznym wzrostu pojedynczego jedno-
skladnikowego krysztalu z wytopu w niejednostajnym polu
temperatury

Zaproponowany zostaje makroskopowy model matematyczny opisujacy wzrost pojedynczego
polikrysztaiu zanurzonego w wytopie tej samej jednoskiadnikowej substancji i umieszczonego na
przechtodzonej podporze. Model opisuje w sposob przyblizony spontaniczne wystapienie warstwy
brzegowej rozdzielajacej mase fazy ptynnej od krysztalu znajdujacege sie¢ w stanie przechtodzonym,
odtwarza takze wiasciwosci krystalograficzne krysztatu dzigki rozwazeniu stalej sieci, ktorej kazda
komorka reprezentuje wirtualny monokrysztal mogacy przylaczy¢ si¢ do krysztatu istniejacego.
Dla unikniecia dodatkowych komplikacji rozwazania ograniczaja sie do sytuacji dwuwymiarowe;j
(plaskiej).
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18 L. RUBINSTEIN

O mareMaTHYECKOM MO Je/EpoBaHulE pocTa OTACJILHOIC
MOHOKOMIIOHEHTHOI'0 KPHCTA/LIZ € paciHiaBsa B HEOXHOPOAHOM
TeMIIEPATYPHOM HOJIe

TIpenyaraercss MakpOCKOIMYECKas MATEMATHYECKAsh MOJENb OMACHIBAIONIAA POCT OTAECIHOrO
TOTMKPUCTAIIA IOTPYXKEHHOTO B PACIlIaB TOTO K€ CaMOTO MaTepdana H PAacIOJIOKEHHOTO ‘Ha
TIePEOXITAXKICHHOM CYIITOPTE.

Mozenb IpUGIU3UTETHHO ONMCHIBACT CIIOHTAHHON BBIXO ITOTPAHAYHOTO CHOS Pa3elisOMIero
cocTaB KUAKOIM (ha3el OT KpHCTalia B HEPEOXJIAKICHHOM COCTOSIHME, KPOME TOr0 HMHTHDYET
KpHCTaJIorpaguyeckne CBOMCTBA KPUCTaLIa paccyxnas (QUKCHMPOBaHHYIO CETh, B KOTOPOH Bce
SYEHKH IPENCTABIIAIOT BHPTVaibHbIE MOHOKDHCTAJUIBI CITOCOOHBIC NPUCOSNWHSATCS K CYIIECTBY-
FoLeMy KPHCTAIITY.

Y106 M3BIETH M3IMIIHNX OCIOXKHEHMII BCE DACCYXIEHMS OTDAHAYEHBI IBYXMEPHOI IOCTa-
HOBKOM (B TIIIOCKOCTH).



