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A theorem on the continuity of implicit mapping related to Clarke's generalized Jacobian 
js formulateo and proved. 

1. IntroductiGn 

We say that a mapping f: Rn-.Rn is locally Lipschitzian in an open subset 
G c R" if for every x 0 e G there exists a neighbourhood Q (x0 ) c G and some 
constant K, such that 

lf(x)-f(y)l ~Kix-yl, 'v'x,y eQ(xo), (1) 

where 1 • I denotes the usual Euclidean norm. 

The usual n x n Jacobian matrix of partial derivatives, when it exists, is de
noted Jf (x). We topologize the vector space .A of nxn matrices by the norm 

IIMII=max lmiJI, where M=(miJ), l~i~n, l~j~n. 

DEFINTION 1. The generalized Jacobian of j at Xo E G, denoted by of(x)o, is the 
convex hull of all matrices M of the form 

(2) 

where the sequence {x;} converges to x0 and f is differentiable at x1 for each i . 

PROPOSITION 1. of(x0 ) is a non empty compact cvnvex subset vf vft, of(xo) c vft 
(see [1]). 

DEFINTION 2. of(x0 ) is said to be of maximal rank if every M in of(x0 ) is of 
maximal rank. 

The following theorem is proved in [I]. 
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THEOREM 1. If of(x0 ) is of maximal rank, then there exist neighbourhoods U and V 
of x 0 andf(x0 ) respectiv.ely, and a Lipschitzian function g: V-+-Rn such that 

a) g (f(x) )=x for every x e U, 
b) f(g(y))=y for every ye V. 

2. Theorem on the continuity of implicit Lipschitzian mappings · .: · 

We consider a topological space E and a mapping f of an open subset W c Ex 
x R" into Rn. Letf(a,b)=c for the fixed points aeE, beRn, (a,b)eW and 
ceRn. 

For fixed point x the generalized Jacobian of y-+-f(x, y) at a point b will be 
denoted by oyf(x, b). 

DEFJNTION 3. We say that a function f(x, y) is localiy Lipschitzian with re~pect 
toy in W, if. for arbitrary point (a, b) e W there e_xists a neighbourhood Q (a, b) 
in W and the function y-+-f(x, y) is Lipschitzian when (x, y) e Q (a, b) i.e. there 
exists some constant o > 0 such that 

lf(x,y1)-f(x, Y2)l :::;a IY1 -Y21 

for every (x, y 1 ), (x, y 2 ) E Q (a, b) . 

THEOREM 2. Let a mapping f: W-+-Rn satisfy the following conditions: 
(a)f(x, y) is locally Lipschitzidn in W with respect to y. 
(fJ) oyf(x, b) is of maximal rank, for (x, b) E W, 
(y) the mapping x-+-f(x, y) is continuous, for (x, y) E W, 

then there exist neighbourhoods U and V of (a, b) and (a, c) respectively, and 
a mapping g: V-+- R" such that 

(i) g (x, z) is Lipschitzian with respect to z in V, 
(ii) g (x,J(x,y) )=y for every (x,y) E U and f(x,g(x, z))=z for every (x, z) e V, 
(iii) the mapping x-+-g (x, z) is continuous for (x, z) e V. 

Proof. By Theorem I for a fixed (a, b) e W there exist neighbourhoods Ua (b) 
and Va (c) in Rn of b and c respectively, and a Lipschitzian function g (a, z): 
Va (c)-+-R" with Lipschitz-constant <5>0, which has the following properties : 

g (a,J(a,y))=y V ye Ua(b) 

f(a,g(a,z))=z Vze V.,(c). 

The mapping x-+-f(x, b) is continuous so that there exists also a neighbour
hood A (a) such that 

f(x,b)eVa(c) for arbitrary xeA(a) . 

From the above considerations it follows that we can apply Theorem 1 at 
the points (x,b) and z, where z=f(x,b) and xeA(a). 
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Hence there exist neighbourhoods Ux (b) and V, (z), which depend on x e A(a), 
and a Lipschitzian function g (x, () such that 

g(x,J(x,y))=y VyEUx(b), xeA(a), 

f(x,g(x,())=.;' V(EVx(z), xeA(a), 

Let Dx (b)= Ua (b) n U:< (b), Vx (z)= Va (c) n Vx (z) and 

U(b)= u Ux(b); U(b)c Ua(b) 
xEA(a) 

V(c)= u Vx(z); V(c)c Va(c). 
xEA(a) 

At the begining we shall prove the theorem in the neighbourhoods U= A (a) x 
x U(b) and V= A (a) X V(c) in W of points (a, b) and (a, c) respectively, and 
mapping g: v~R". 

Obviously, by Theorem 1 the mapping g (x, z) is Lipschitzian in V with respect 
to Sz with Lipschitz-constant 6>0, since V(c)c Va(c), i.e. 

V (x, z'), (x, z") e V=A (a) X V(c)=>z', z" e V(c) c Va (c) 

and 

!g (x, z")- g (x, z")!:::::;; 6!z'- z"!. 

Now we shall prove (ii). Let (x,y)eU=A(a)XU(b), then U(b)= u Ux(b) 
and there eXiStS xEA(a) 

U, (b) 3 y, Ux (b)= Ua (b) n U, (b). 

Hence we get 

z=f(x,y):e V:"(z) and g (x,J(x,y))=y. 

On the other hand for arbitrary (x,c;')e V, V=A(a)x V(c), there exists 
V, (z)= Va (c) n Vx (z), (x, c;') E Va (z). Hence we obtain also 

y =g (x,(), yeU,(b) and f(x,g(x,.;'))=.;'. 

Now we shall prove (iii). Let (x0 , z), (x, z) 6 V. We put y 0 =g(x0 , z), y=g(x, z), 
then we have 

/ 

g (x0 ,f(x0 ,y))=y, g (x;J(x,y))=y. 

It follows that 

g(x, z)- g (x0 , z)=g (x,J(x,y) ) -g (x0 ,f(x0 , y) )+ 

4-g (xoJ(x0 ,y))-g (xoJ(x,y)) and 

g(x, z)-g (x0 , z)=g (x0 ,f(x0 ,y) )-g (xoJ(x,y) ). 

{3) 

(4) 

Taking advantage of the fact that g (x, z) is Lipschitzian with respect to z 
m V we can obtain from (4) the following inequality: 

!g(x, z)-g(xo, z)[ ::::;;6Jf(xo,Y)-f(x,y)l. (5) 
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Since the mapping f(x, y) is continuous with respect to x in W, inequality 
(5) implies the continuity of the mapping g (x, z) with respect to x in V, and 
completes our proof. • 
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0 cil!glosci odwzorowania owiklanego 

Formuluje si~ i dowodzi twierdzenia o ciljglo5ci odwzorowania uwiklanego, zwiltzanego z uog6l
nianym jakobianem Clarke'a. 

0 uenpepLIBHOCTH UeHBHOrO OT06pa:MeHHB 

cl>opM)'JIHPYeTCll H ,!1;0Ka.:3biBaeTCH teopeMa 0 HenpepbiBHOCl'R HeliBHOfO OT06pa:JKeHHH, CBll-
3llHHOf0 c o6o6!IlaeMhlM JIK06HaHoM KIIapKa. 


