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A survey of fuzzy-set-theoretic operations is proposed with emphasis on set-differences and
inclusions. General procedures for a systematic generation of such connectives are described. Their
importance for a proper statement and analysis of equations involving fuzzy numbers is stressed.
The study of such equations leads to the definition of new types of fuzzy arithmetics where errors
(or imprecision) compensate. Such “optimistic™ fuzzy arithmetics are based on inclusion (i.e. im-
plication) connectives while the usual “pessimistic” fuzzy arithmetics are based on intersection
connectives,
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Introduction

The problem of finding suitable representations of fuzzy-set-theoretic operations
has been often debated. Significant progress along this line has been recently obser-
ved. The first part of this paper provides a structured presentation of multiple-
-valued logical connectives which correspond to the intersection, union, comple-
mentation, difference and inclusion of fuzzy sets. Systematic generation procedures
are developed.

Already acknowledged as basic in natural language and approximate reasonning
modeling techniques, these connectives shed also some light on fuzzy arithmetics
as demonstrated in the second part of this paper. Namely, a general formulation
of a solution of equations involving fuzzy numbers is proposed, based on the use
of the introduced implication connectives.

*) This paper is a thoroughly revised version of a communication [7] presented at the 5th
International Seminar on Fuzzy Set Theory held at Linz (Austria) in September 1983.
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While fuzzy arithmetics, as studied in [4], extend the interval analysis [13] to
fuzzy intervals, and allow for no compensation of imprecision, the study of fuzzy
equations leads to another concept of fuzzy arithmetics where a maximal com-
pensation of imprecision is allowed.

Although mainly concerned with theory, this paper contains results which are
first steps towards finding fuzzy solutions to imprecisely specified equations which
may model some optimization problems.

1. Differences and inclusions of fuzzy sets: a generation procedure

In this section we consider a set X and fuzzy sets 4, B, ... on X defined by mem-
bership functions gy, fp ... from X to the unit interval, 7=[0, 1].

1.1. A note on, intersection the wnion and complementation

Given two fuzzy sets 4 and B on X, their intersection, denoted 4 N* B is point-
wisely defined on the basis of the membership functions u, and py by:

Vx€X, py»p(X)=ps ()% 125 () 1)

where #* is a triangular norm. A triangular norm *(f~norm for short) [20] is a map-
ping from I? to I such that V(a, b, ¢, d) €I*, i) axb=bxa, ii) ax(bxc)=(axb)xc,
iii) 0%0=0; iv) 1xb, v) if a<b and c¢<d, then axc<bxd. These axioms are meant
to preserve the basic properties of set-intersection, i.e. commutativity (i), associa-
tivity (ii), 0N @=0 (iii), X " B=B (iv), a lack of monotonicity (v) would also be
very much counterintuitive. The greatest triangular norm is a*b=min (a, b) and
the least one is defined by

l a if b=1

axb=Ty (a, by=1b if a=1
lO otherwise

The basic triangular norms are, in an increasing order
Tw (a, B)< T, (a, b))=max (0, a-+b—1)<a - b<min (a, b) 2

The suitability of triangular norms as models of fuzzy set intersections was
shown in [15], [2], [11], etc. Of course, they are proper models of fuzzy Cartesian
products too [5].

Similarly, the union 4U*B of the two fuzzy sets 4 and B is defined by (see
[151, [2], [11] for justifications)

VxeX, p, rp(X)=p4(x) L pp(x) 3

where L is a triangular conorm [20], i.e. a mapping from I? to I which satisfies the
same axioms as a triangular norm except that iii) and iv) are changed into 1 L 1=1
and 0 L b=b, respectively. Note that while #-norms are semigroups of [0, 1] with
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identity 1, and absorbing element 0, conorms are semi-groups of [0, 1] with identity O
and absorbing element 1.

The basic conorms are, in an increasing order:

a if b=0
max (a, b)<a-+b—ab<min (1, a+b)< T, (a, b)=} b if a=0 4)
1 otherwise.

A continuous triangular co-norm 1, such that vi) Vae(0,1), e La>a, is said
to be Archimedean. It can be expressed in terms of a generator ¢ which is a con-
tinuous strictly increasing function from I to [0, +00) such that ¢ (0)=0, as, [12]:

a Lb=gpx(p (a)+¢ (b)) (5

where @* is the pseudo-inverse of ¢, defined by

_Je ' (@ if a0, ¢ (1)]
9’*(")—{1 if ae (1), +o0)

A similar result holds for continuous Archimedean f-norms (axa<a).
The complement 4° of a fuzzy set 4 is defined by

VxeX, pyc(x)=c (1) (6)

where ¢ is a strong negation, see [21]. A strong negation is a continuous strictly
decreasing function ¢ from I to I, such that i) ¢ (0)=1, ii) ¢ (¢ (a))=a (involution).
For instance, ¢ (@)=1—a is a strong negation. Any strong negation ¢ can be ex-
pressed by means of a continuous strictly increasing mapping ¢ from 7 to [0, -}-c0],
such that 7(0)=0 and #(1) is finite, as, [21]

c(@=t* (t(1)—1(a)) (7

With a triangular norm * and a strong negation ¢, we can associate a triangular
co-norm defined by

alb=c(c(a)=c (b)) (8)

Then, we have axb=c(c(a)) L (¢ (b)), and = and L are said to be c-dual [1]; and
to be just for c(@)=1—a. i

The main families of intersections and union of fuzzy sets are obtained from the
following classes of ~norms and #-co-norms.

a) STRICT OPERATIONS

They are continuous, Archimedean, strictly increasing t-norms (resp. #-co-norms).
They are isomorphic to the product a- b (resp. a--b—ab). Strict co-norms can be
represented by (5) with ¢ (1)=-+-00; then it is clear that p*=¢~* holds. Any c-dual
of a strict #-co-norm is a strict 7-norm and conversely. Such a strict t-norm can be
represented by (5), changing ¢ into f=¢ o c. Intersections and unions of this family
are neither idempotent nor mutually distributive, nor are the excluded middle and
non-contradiction laws valid for any choice of a complementation.
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b) NILPOTENT OPERATIONS

They are continuous, Archimedean 7-norms (resp: #-co-norms) such that for
any sequence (a,),.y of numbers in (0, 1),

g, ayxdyk...xa, =0
(resp.: ¢y Lay Ll..1la,=1)

Nilpotent ~co-norms (or : -norms) are isomorphic to the bounded sum min (1, a--b)
(or : I,). They can be represented by (5) where ¢ is such that ¢ (1)<+c0. Note
that ¢ also generates a strong negation c,, by changing 7 into ¢ in (7). The c¢,~-dual
of = is a nilpotent 7-norm generated by (5), changing ¢ into ¢ (1)— ¢. Intersection
and union operations generated by c¢,-dual f-norms and f-co-norms satisfy the
excluded middle and non-contradiction laws, if the complementation is based
on ¢,. But they are neither idempotent nor mutually distributive. For «=T7,,, L=
=bounded sum, ¢, (a)=1—a.

¢) IDEMPOTENT OPERATIONS (AU A)=A=(4n A)

The only idempotent fuzzy set union and intersection are “max” and “min”,
respectively. Then all usual properties of union and intersection are recovered
(for any choice of ¢) except for the excluded middle and non-contradiction laws.
Note that max and min cannot be represented by (5).

1.2. Set differences and inclusions: a first construction

In the classical set theory the set difference is defined by
Vde2* VBe2X, A—B=ANB* )

where B¢ denotes the complement of B in X. The complementary operation (4 —B)*=
=A°UB is directly related to the set inclusion since

ASB<A°UB=X. (10)
Turning to fuzzy sets, given a strong negation ¢ and a triangular norm =, we can
define
VxeX, py_p(X)=p, (x)%c (;‘JB () (11)
Fuzzy set inclusions can be defined by generalizing (10), using a strong negation
¢ and a triangular co-norm L, if we define:
ASBaVxeX, ¢ (p (%)L g (x)=1 (12)

When % and L are c-dual, we have (4—B)Y’=A°U'B.
Table 1 gives the operations which correspond to 4—B and to A°U*B for
basic triangular norms and co-norms, ¢ being defined by ¢ (¢)=1-a. The deriva-

tion of more general families based on strict or nilpotent operations, according
to (11) or (12) is left to the reader (see [3, 7]).
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Table 1. Differences and inclusions (u, (x)=a, us (x)=5).

AN*B A—B AUt B Al B
J
min (a, b) min (a, 1 —b) | max (a, b) | max (1l —a, b) (Dienes)
a, b a—a. b a-t+b—ab 1—a-+ab (Reichenbach)
max (0, a+b—1) max (0, a—b) || min (1, a+b) min (1, 1 —a+5)
(bounded difference, (Lukasiewicz)
| Zadeh) |

On the right side of table 1 we recognize several implication functions used in
multi-valued logic.
It can be checked that with definition (12) for the inclusion, we have:

« If the triangular co-norm L is nilpotent and has the same generator as the
strong negation ¢, then

ASB=aVxeX, p (X)<pp (%) (13)

which is the usual definition of inclusion in the fuzzy set theory, originally
proposed by Zadeh.

« If L =max or if L is a strict triangular co-norm, whatever c is, then (12) yields

A< B<>VxeX, pu,(x)=0 or pz(x)=1
<>suppd ScoreB

(14)

where suppd={x <€ X, u, (x)>0} and coreB={xe€ X, uz(x)=1}. (14) still holds if
we use in (12) a triangular co-norm L such that Va, Vb, max (a, b)<a Lb<
<al’b where L1’ is a strict triangular co-norm. (14) corresponds to a very
strong form of the inclusion.

RemMARK 1. We may think of relaxing (14) by choosing a threshold a, such that

A<, BsVxeX, pcVt pp(x)=a (15)

where L is max or a strict triangular co-norm and ¢ a strong mnegation.

However, =, is generally either not transitive, or not consistent with the usual
definition of inclusion (13). For 2 discussion on this point, see [4, 7]. A slight modi-
fication of (15), for e=4, L=max, c(a)=1—a, ensures transitivity and consis-
tency (i.e. ASB=A<, B), by stating [(4, p. 22]):

AS, BeVxeX, py(x)<tor pp(x)>3 (16)

N.B.2. Symmetrical differences can be defined as (4—B)U'(B—A), among other
possibilities. See [6] for a preliminary discussion.
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1.3. Set differences: a second construction

In this section we take the standard definition of inclusion, i.e. (13), for granted,
and build set differences on this basis.

In the classical set theory the set difference 4—B can also be defined as the
smallest S such that BU S contains 4, i.e.

A-B=\{S,A<sBUS} mn
The complement operation (4—B)° can also be similarly defined by
(A-B)y= {S,AnS<B} (18)

Both formulae can be readily extended to fuzzy sets taking (13) as a definition
of inclusion and choosing a triangular co-norm L and a triangular norm = for
extending BU S in (17) and 4N S in (18), respectively, hence we get

VxeX, ty-p ()=inf {s€ [0, 1], 5 (x) L 5> p ()} (19)
and
VxeX, py.p(x)=sup{sel0, 1], p,(x) * s<pp (x)} (20)

where s represents g (x); inf and sup are used for extending (1)S in (17) and (S
in (18) respectively, since min and max are the only triangular norm and co-norm
which are idempotent and can easily be extended to a possibly non-finite number
of arguments. (19) and (20) are usual in Brouwerian and dual Brouwerian lattices,
and define relative pseudo-complements (e.g., see Sanchez [18]). (19) and (20) are
symbolically written as

VxeX, pa-p(xX)=p4(x) "'\ Uz (x) (21)
and

VXX, pasp(x)=p,(x) %> g (x) (22)

Table 2 gives the analytic expressions of < and *- (which are mappings from
I to ), for the basic triangular norms and co-norms.

In case of triangular norms or co-norms which are not continuous (e.g. T,
or T3), it may occur that the greatest lower bound in (19) or the least upper bound
in (20) does not belong to the set defined between brackets. See also Pedrycz [14]
for the operation Q and Pedrycz [14], Prade [16], Dubois, Prade [4] for the ope-
ration s-. The operation - corresponds to implication functions which are
encountered in multi-valued logics.

A noticeable result is that 7, and the bounded sum yield the same set difference
ard inclusion in tables 1 and 2 (i.e. Zadeh’s bounded difference and Eukasiewicz’s
implication). This remark still applies to operations generated from c,-dual f-norms
and t-co-norms, where the complementation is based on ¢ in (11) and (12) (see
[3, 7D
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Table 2a. Differences of the second kind

o |

E

[ alb 1' a;’\ib
0 if a<b (Sanchez [18])
max (a, ) aif a>b
0 if b=1
at+b—a-b a—b
0,272 ) if b1
max( 1——b) if b
i (1, a+-6) max (0, a—b) (Zadeh [22])
. 0 if b>0
Ty @b 2 i b=0

Table 2b. Inclusions of the second kind

axb ax—+b
_ 1 if a<b (Godel, see
min (a, b) b if a>b Sanchez [18])

{1 if a=0 (Goguen [10])
a-b

min (1, b/a) if as=0
max (0, a-+b—1) min (1, 1 —a+b) (Lukasiewicz)

1if a<l
b if a=1

Ty (a, b)

REMARK 1. It can be checked that (4—B) Ut Bc=A4 u' B where A—B is issued
from L in the sense of (19) and where < is defined by (13); the equality holds
for .L=max.
ReMark 2. Since (17) and (18), respectively, yield
A= {S, X=4U S} (23)
A= {S, An S=0} (24)
as particular cases in the classical set theory, we can use (19) and (20) for defining
fuzzy set complementation operations without the t-norms or f-co-norms. New

operations are obtained, which are generally not involutive. However, nilpotent
intersections and unions yield back strong negations introduced earlier. See [7].

1.4. Dual set-differences

Let ¢ be a strong negation and let (x, L) be a pair of a ¢-dual triangular norm
and co-norm. Then it can be easily checked that _
(A—B)Y=B°—A° (25)
(A= B)*=B¢—A° (26)
where A—B is defined by (19) and 4—B by (20).
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However, the usual identities of set theory:
A—B=B°—A4° 270
A—B=B¢— A° (28)

no longer hold generally for set-differences and inclusions introduced in 1.3. More
specifically, (27) and (28) never hold for the following choices of generative connec-
tives: (%, L)=(min, max), (product, a-+-b—ab) and any pair of c-dual strict ope-
rations (see [7]). Hence a new family of set differences and inclusions can be obtained
under the form ¢ (ps){c () and ¢ (ug) = ¢ (1) instead of (21) and (22) respec-
tively.

(27) and (28) are valid for set differences and inclusions built from ¢,-dual nil-
potent operations, with ¢=c, in (27) and (28). This is true especially for ¢ (a)=
=l—a, ax b=max (0, a--b—1), a Lb=min (1, a+b). Table 3 gives the expressions
of set-differences an inclusions obtained from basic -norms and t-co-norms other
than the nilpotent ones, and for ¢ (@)=1—a.

Table 3. Dual set-differences and inclusions

I
a*h I 5l set difference operations ‘ implication operations
(1—-b£(1—a) | (1—=5) s> (1—a)
_ | [0 if a<b [1if a<h
min (a, ) ‘ mac(@b) | \1-bif a>b |1—a if a>b
[0 if a=0 L[ Lif b=1
a-b at+b—ab |{ ( G—b) ‘ { . ( l—a) ‘
max |0, if a0 min |1, ——] if b#1
[ ‘ 1—h
[0 if a<1 [1if 5>0
Tw(@,b) ‘ T (@) ‘ | 1—b if a= | V1—a if b=0

1.5. Pseudo-intersections and unions

Since we have in the classical set theory
ANB=A4—B¢ (29)
AUB=A"->B (3%

where — denotes a set operation corresponding to the implication connective,
we may think of extending (29) and (30) to fuzzy sets in order to define the intersec-
tion and the union from a set difference or an implication operation and a strong
negation. It is clear that, in the framework of the first construction'j (see 1.2), the
application of (29) and (30) just yields the intersection and the union operations
which generate the set difference and the operation —. However, when 4—B8 and
A—B are defined by (19) and (20) (or also by the dual approach, as in table 3},
new intersection-like or union-like operations can be obtained by applying (29)
and (30). The results of this procedure are given in table 4, for basic t-norms and
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Table 4. Pseudo-intersections and unions

triangular ' |
co-norm from Pseudo-intersections defined from Pseudo-intersections defined from ‘
whichéis table 2 as a{- (1—b) table 3 as b/-\\(lﬂa) |
issued ‘
———— = |
; | [0 if atb<l 0 if atb<l '
max(a, %) laif atb> bif a+b>1 !
Lp b '{OIbe =0ifa=0 |
atb—a-
1 b—1
‘ max (0 ——-) if 620 max (O,i- -—) if a0 I
‘ b a |
» i § [0if b<1 [0 if a<l |
Tw (@) | laif b=1 |0 if a<i
triangnl;z‘ lnorm Pseudo-unions defined from Pseudo-unions defined from !
from which %- . table 2 as (1—a) s b table 3 as (1—b) #>a |
o siswed | ]
.y (1if atb>1 ‘ [1if atb>1
min (4, b) L b if at+b<l | \aif atb<l ‘
(1 if a=1 ' 1if b=1
a-b { (b ! { . a\ . |
min |1, if a1 | Umin (1, ———) if b1
1—a 1—b
_— | [1ifa>0 1 if b>0 |
w (@ 0) |\ b if a=0 a if b=0 1

r-co-norms, except nilpotent operations which are self-generated through (29) and
(30) (and c¢=c, where ¢ is the common generator).

Note that the operations which appear in table 4 are not commutative, and that
is why we call them pseudo-intersections and pseudo-unions. Nevertheless, starting
from a “symmetrized” form of the set difference operation, i.e. s (a{ b, (1 —b){
< (1—a)) and from a “symmetrized”’ form of the implication operation, i.e. s (@ b,
(1—b) #>(1—aq)), where s is an operation such as min or max for instance, then
we obtain the commutative operations s (aé:(l —b), b (1—a)) and s ((1—a) b,
(1—0) %~ a), which respectively coincide with the binary conjunction and the binary
disjunction when (a, b) € {0, 1}. It is worth noticing that the pseudo-intersections
and the pseudo-unions of table 4 satisfy De Morgan’s law, since lw(aé(l —b))=
=b #>(1—a) from (25) and 1—((1—a) *—>b)z(l-b){a from (26). Besides, the
operations of table 4 are not always associative:

0 if a+b<1 0if b<1l
{a if a+b>1 a if b=1

-intersection such as { would define an ““intersection” made of the

is not associative while { is associative. A pseudo-

0 if a+b<1
a if a+b>1
elements of A which sufficiently belong to B with respect to their membership degree
in A, where a=u, (x) and b= gy (x).
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1.6. The generation process is closed

In section 1.5 we obtained some new intersections and unions. From them,
using the first or the second construction, it is possible to define set difference
and implication operations. Surprisingly, we do not get new operations, as is
indicated now.

Let us define the following transformations, for any 2-place operation © on I:
a) #.(O) is a 2-place operation on I such that a,¢.(®) b=c (a® ¢(b)). For ¢(a)=
=1—a, #.is denoted #, for short. Note that ¢, is involutive (7,0 # =identity).
b) ¥ (©) is a 2-place operation on [ such that

a% (®) b=sup {s,5€[0, 1], a © s<b}

Then the following diagram holds for the f~norm min, or any continuous Archi-
medean f-norm (c¢f (5)), and any strong negation c¢: Notice that the second con-
struction of implications applied to pseudo-intersections yields implications of the

intersection

+ b a ++b implication (second kind)

i c
J:I [Je JCI lgc
a

Y
implication -b e a + b=b<cla) pseudo - intersection

(first kind)

Fig. 1.

first kind: #.(¥)=%o0 ¢.0% (%), and do not produce new operations. For a nil-
potent intersection and a strong negation having the same generator, we have
%o #.=id.,i.e. A¥=x. Lastly, considering a dual implication a > b2 ¢ (b) x> ¢ (a),
generated from fnorms. we have, under the same assumptions

S (@lcB)=c(@aib)=%¢ (alcB)=ax>b
where

aQ@b=a é ¢ (b)=b A" a (the other pseudo-intersection)

From a nilpotent intersection and a strong negation based on the same generator
we can derive: q*=»>b=a ++b=a=>b.

Proofs of these statements are easily obtained by a direct check for min and T,
and using the functional representations (5) and (7) in other cases *).

2. Fuzzy equations and “optimistic” fuzzy arithm:tics

Using Zadeh [22]’s extension principle, it is possible to intrcduce fuzzy quanti-
ties in arithmetic-algebraic expressions, ard to perform calculations with them.
A theory of fuzzy numbers, which parallcls that of random variables, is now quite

*) Details of proofs can be found in Dubois, D., Prade, H. A theorem on implication func-
tions defined from triangular norms, BUSEFAL n° 18, L.S.1., Univ. P. Sabatier, Toulouse, April 1984.
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well-developed and efficient methods for practical calculation exist (see [4], and
[3, chap. 4] for an up-to-date survey). Fuzzy arithmetics, in its standard form, in-
volves error interval analysis, [13], i.e. generalizes best and worst case calculation.
In that sense, usual fuzzy arithmetics is ““pessimistic”. This section presents the “opti-
In mistic” approach to dealing with fuzzy quantities and relates it to solving equa-
tions involving fuzzy parameters.

2.1. Minkowski operations on crisp sets

Here we first consider the case of crisp, albeit imprecise quantities. Let 4 and B
be two subsets of X. X is closed under some operation denoted by ‘- ’. The quantity
A(-) B is defined by

A(+)B={z,3xc 4, IyeB, z=x-} 31)
Denoting 4 - y-4.{x-y|xe A4}, (31) can be expressed as

A(-)B={J{4 ylyeB} (32)

(31) yields interval analysis when 4 and B are real intervals. 4 (-) B is the set of
elements which may be attained by 4 - y, when y e B. It is then natural to consider
the set of elements which are contained in A -y, for any choice of y in B, i.e.

A)- (BN {4 ylyeB} (33)
={z|VyeB, Ixe 4, x-y=z} (34)

Operations (+) and ) - ( have been first studied by Minkowski, when - is the usual
addition. )-( is usually called “subtraction” although both operations extend the
addition to set-valued arguments. The following properties hold
i) A)-(B<A(-)B
i.e. )+ ( gives more precise results than ()
ii) [4)-(Bl°24°(+) B when - is left-reducible (x - y=x'+ y=>x=x")
If, moreover, Vz, Vy, 3x, x - y=z, i.e. Vy, X+ y=X, then [4)-(Bf*=4°(-)B.
iii) if (X, ) has a group structure, denoting B~!-2-{y~!|y € B} where y~! is the
inverse of y, and z-B~!'={z-y~!, y- B}, we have
A(*)B={z,(z* B"Y)NnA#0}; A)-(B={z|(z* B~1)c 4}
iv)  If-is commutative, then (-) is also commutative but ) - ( is not.

Assume now that 4 and B are closed intervals [a, a'], and [b, b'] of the real line.
The operation - is supposed to be continuous, isotonic (x<x', y<y'=x-y<x'-y"),
and provides a subset X of the real line, containing 4 and B, with a group structure.
Under such assumptions [3]:

A(*)B=[a-b, a’ " b']

[la-b', a' bl if a-b'<a’-b

48 B=l @ otherwise
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If - is the usual addition, note that length (4 (-}) B=Ilength (A)-+length (B),
length (4 )-+( B)=length (4) — length (B). Hence () provides pessimistic results
(no compensation of imprecision) while )-+( provides optimistic results (maximal
compensation of imprecision). Note that (4) is only a semi-group (4 (+)—A4#0)
while 4 )+( —A=0, where —A=[—a’, —d].

Considering the equation with imprecise coefficients

S(-)A=B (35)
The greatest set S such that (35) holds for S=S is, when non-empty,

S={x|VzeB, Iycd, x-y=z}

={x|x- 4<B} (36)

When - is a group operation, then (36) can be written S=8)- ( 4~ following (34).
Hence “optimistic’ operations are useful for solving imprecisely specified equations.

2.2, Equations involving fuzzy numbers [3, 7, 8]

Any operation - on the real line can be extended to fuzzy-valued operands,
A and B, fuzzy set of numbers, in the spirit of (31) (see [4,5]. 4(-) B is a fuzzy
quantity with membership function:

sup {itq (X)=up (y)|x - y=z} a7

Hagad (z)={0 if not 3 (x,y), x-y=z

where the triangular norm =, supposedly continuous, models a fuzzy Cartesian
product. Indeed, (37) yields (31) when A and B are crisp sets of numbers, and gene-
ralizes error interval analysis [13]. Let x- B be the fuzzy quantity defined by

[sup {pz ()| x - y=2} (38)

VxeR, ﬂqu(z)=lOif notdy, x-y=z

which is a particularization of (37), then (37) may read

M.y s (2)=sup {4 ()= ptz.5 (2) | x € R} (39)

What is obtained is an extension of (32).
If - is a group operation on a subset of R containing the supports of 4 and B,
then for =, being continuous or not, (37) may also read

Hacys @=sup {1,z y)rus )|y € R} (40)
Consider now the equation in S:
S(-)A=B (41)

It is a natural generalization of imprecisely specified equations (35) to fuzzy
coefficients. Defining a fuzzy relation R4 by puy (x, 2)=1..4(2), Vx, 2z, this equa-
tion is actually equivalent to the fuzzy relational equation

SoRA=B (42)
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Where o denotes @ sup-* composition as in (39). It is easy to figure out that if S,
and S, are solutions of (41), then S; U S, (in the sense of maximum) is also a solution,
i.e. if (41) has a solution, then it has a greatest solution in the sense of Zadeh’s in-
clusion. Greatest solutions of fuzzy relational equations have been found by San-
chez [18] (+ =min) and Pedrycz [14]. Applying their results, the greatest solution
S of (41), when it exists, is defined by the extension of (36):

V x, pg (X)=inf {414 (2) 5> 15 (2) | 2 € R} @)

provided that = is continuous. = is the implication operation % (%) associated
with =, introduced in 1.3. eqn. (20). If - is a group operation, then (43) can be ex-
pressed as

S=B)- (41 (44)

provided 4)- (B is defined by

Uay,(p@)=inf {,.5—1 (x) x> p4 (x)| x & R}
=inf {pp (9) £ 10 () | x - y=2} (45)

where pg_, (X)=ug (x~1). Note that (45) reduces to (34) when A and B are crisp.
Thus a canonical definition of “optimistic’ operation on fuzzy quantities requires
the use of implications introduced earlier.

In the following, 4 and B are supposed to be fuzzy intervals, i.e. convex (Va, 4,=
={x|pu,(x)=a} is convex), normalized (3x, u, (x)=1) fuzzy quantities with up-
per-semi-continuous membership functions. Closed intervals belong to this class.
Also, operation “-’ is supposed to be continuous and isotonic.

If B)-((4~")=0, the equation S () A=B has no solution; however, it can be
checked that we may have B)-((4~")#0 while the equation S(-) A=B has no
solution. Indeed, it is clear that S given by (44) is normalized if and only if

IxeR, VyeR, ps()<pup(x-y). (46)

since @ »»>b=1<>a<b. Thus (46) is a necessary condition for the existence of a so-
lution for S'(+) A=B, since S must be normalized, A and B being supposed to be
normalized (as it can be easily proved from (37)). (46) is not a sufficient condition.
Indeed if 4 and B are fuzzy intervals, then if s=min,

S(:)A=B+Yae(0,1], S,(-) A,=B, (47

i.e. a fuzzy equation is equivalent to an infinite set of crisp-set equations. (46) ensures
that Ve, 35, solving S, (-) 4,=B,. However, the S,, are not necessarily a-cuts oJ
a fuzzy set, since the monotonicity condition a<f=S,= S, may not hold. Hence
the fuzzy set S defined by

Vx, ps (X)=sup {a|x e S} (48)

may not be a solution of (41). If the equality in (41) is weakened into an inclusion
(in Zadeh’s sense),
S'(\)A<B (49)
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then $ solving (49) always exists (it is possibly the empty set) and it is B)- (4~
N.B. Using ¢ (¢)=1—a for the complementation, the equality (4):(B)=4¢(-)B
holds, provided (-) is defined via (37), where the f-norm = is changed into the
pseudo-intersection A*=¢ (s»)= o € (%). This remark leads to the consideration
of mew pessimistic operations on fuzzy numbers. The corresponding ‘““optimistic”
operations are based on implications £ (x), i.e. of the 1** kind. More details appear
in [7].

2.3. Linear equations and optimistic sum and product of fuzzy numbers

This section reports results about practical computation of operation ) - ( when
-=sum (on R) or product (on R*) and #=min. 4 fuzzy interval 4 can be repre-
sented by two decreasing functions L and R from R* to [0, 1] such that L (0)=
=R (0)=1, and four parameters, a, a’, a, ff, where [a, a'] is the peak of 4 (i.e.
{x| p4(x)=1}), @, a' are the spreads and are positive numbers. Then p, is of the
form (see [4]):

g—x

) xsa

Ha(x)=L (

x—a'
=R\|—7 x=a'
[# 1

(50)

A is said to be of the L—R type. For simplicity, e=a’' in the following, and 4 is
then represented by (a, e, '), as in [4]. _

It is well known [4] that if 4 and B are fuzzy intervals of the L— R type, then
the sum A4 (+) B, in the sense of (37), is also of the L—R type and:

(a, @, @) r (+) (B, B, B)rr=(a+b, a+p, a'+f)r (51

As a consequence the greatest solution S of equation S(+4) A=B where 4 and B
are L— R fuzzy numbers is, when it exists, also of the L— R type i.e. S=(8, w, w')rr
and s=b—a, w=f—a, w'=p"—da’. The necessary condition of existence (46) is
also sufficient, and is equivalent to both f>a and f'>«’ (positivity of w and w’).
Note that for -=sum, (46) expresses that it is possible to shift 4 and have the
result included in B. The corresponding optimistic sum is )-( such that [8]:

A)+(B=(a, a, a')er }+( (b, B, B)rr=(a+b, a+f', a'—B)r (52)
it is clear that S=B)-+( —4, where —A=(—a, &', @)gy.

Turning to the product of fuzzy numbers on R*, denoted 4 () B (the product
of two numbers is denoted ab), it is known [4] that even if 4 and B are of the L--R
type, then 4 () B is not; however, the peak of 4 () Bis ab, and u, (, 5 is obtained by
solving the simple equations ([4]), whose unknown is 4 € [0, 1]

z=(a—aL~" (A)) (b— L~ (3)), Vz<ab (53)
z=(a+e' R~* (1)) (b+p" R~* (1), Vz=ab (54)
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where A=/, (2). Bearing this in mind, the equation S () 4=2B can be solved
by considering the following equations induced from (53) and (54):

b

b—BL~* (A)=z (a—aL~' (3)), 2<— (55)
b
b+A R (D=z(a+d R (D), 23— (56)
a
where uz (z)=A1, when § exists. It is easily checked that S exists if and only if b =
>max (% a—) This condition is equivalent to (46). Then S=B) (4~ such that
_— b ( b—az)
£ 05 a 3 JUS (Z)_L )B_CIZ (5?)
v ﬁ'}}b R( b-—az)

] ai’ == a L] ou§ (z)"_ a! z_ﬁf

B {58)
Vazr, is(2)=0.

Hence if 4 is of the L— R type and so is B~, the optimistic product 4) (B is easily
obtained by a suitable modification of (57) and (58). The latter equations express
an optimistic quotient B):( 4. Similarly, the solution of equation S@ A=H8 is an
optimistic difference S=B)—( 4.

2.4. Comparison of optimistic and pw;imistic operations

To illustrate the difference in meaning between pessimistic and optimistic ope-
ration, let us consider a simple example. Suppose somebody has to figure out at
what time he must wake up one morning in order not to miss a plane. Between
getting up and catching the plane, he has a sequence of n tasks (washing, eating
breakfast, etc ...) to accomplish. Let ¢ be the wake up time, d; the duration of task
i, 1, the arrival time at the airport.

The duration of each task is subjectively assessed by a fuzzy number D; so that
the total duration is D, (++) D, (+) ... (++) D,-£.D. D encompasses both the upper

and lower bounds on the total time »' d..
i=1

Suppose the man decides to get up by T, (a fuzzy value for f). Now, what can
be known about his arrival time at the airport ? The answer requires the compu-
tation of Ty (<) D (pessimistic sum) to be performed. T, (+) D is the set of possible
values of the variable #,.

Now if the man wants to make sure he arrives at the airport by time T, (ex-
pressed as a fuzzy number) in spite of the imprecision on the duration D of his
preceding activities, then he can obtain a range of wake up times under the form
T,)—(D. If he manages to wake up at 7,, in this time range, he is then sure of reach-
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ing the airport on time independently of the actual durations of his various tasks.
There are two reasons why he may fail to find a solution to his problem:

a) the required arrival time is too early, and 7, )—( D overlaps too much a sleeping
period. Such information could be obtained without using fuzzy arithmetics.

b) The knowledge on the duration of tasks is too imprecise, so that T, )~ ( D simply
does not exist. Only optimistic fuzzy arithmetics can provide such information.
Then the man must either decide to be more precise about D;, Vi, or to reiax
the precision of his demands about the arrival time 7.

This example demonstrates that the choice between optimistic and pessimistic
operations on fuzzy numbers is dictated by the way the problem under considera-
tion is stated.

3. Concluding remarks

Results pertaining to equations involving fuzzy numbers are still rather scarce.
This paper is only a first step towards a proper understanding of such equations.
For instance, we can notice that the general fuzzy equation is of the form

A()S=B(")S

which cannot be reduced to (41). The corresponding fuzzy relational equation is
of the form So RA=S0 RB, which has never been considered in the past. Another
interesting development would be the analysis of systems of fuzzy linear equations
(see Dubois and Prade [4], and Pedrycz [14] for some discussions). Note that the
particular feature of our problem is that we look for fuzzy solutions; usual fuzzy
linear programming techniques (Zimmermann [23]) only consider optimal crisp
solutions of imprecisely specified problems. Finding fuzzy solutions looks more
attractive (because of providing ranges of flexibility) but is far more difficult.
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Operacje réZnicy i zawierania zbioréw rozmytych i ich zastosowanie w analizie rownani
rozmytych

Dokonano przegladu operacji na zbiorach rozmytych ze szczegblnym uwzglednieniem roznic
zbioréw i ich zawierania. Ma to przede wszystkim duze znaczenie dla wlasciwego formulowania
i analizowania rownan zawierajacych liczby rozmyte. Pokazano, ze dla réwnar tych mozna otrzy-
maé nowy rodzaj arytmetyki rozmytej, w ktorej bledy czy nieécistoéci wzajemnie sie kompensuja.
Takie arytmetyki ,,optymistyczne™ oparte s na zawieraniu, a wiec implikacji, w przeciwienstwie
do zazwyczaj stosowanych ,,pesymistyczaych™ arytmetyk rozmytych, opartych na przecieciu zbioréw,

3
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Onepamm PAZHOCTH H BKJIIOYEHHS HEHYETKHX MHOMKECTB H HX
HIpHMEHeHHE B aHAIH3IEe HEYETKHX ypanﬂem{ii

TIposeneH 0630p onepaildii HA HEYETKUX MHOMKECTBAX C OCODBIM yYeTOM ONepaudii pasHOCTH
H BEmoueHHEA. Onucansl 00mHWe NpPONEOYPHl CHCTEMATHYECKOIO TEHEPHPOBAHHA ONpPENS/IeHHA
TAKHX OIEpaimii. 3TO MMEET CYLIeCTBEHHOE 3HAYCHHAE NPEKAE BCEr0 A1 KOPPEKTHOH (JOpMYIMPOBKH
M aHallu3a ypaBHeHHi, colepKalux Hederkde yracna. TTokasado, 410 U HTHX YpaBHEeHHH MOXKHO
TOJIYIATH HOBBIM BHI HEYETKOH apu(METHKH, B KOTOPOH OMMOKH HMIH HETOYHOCTH B3aHMHO KOM-
TeHCHpYiOTCA. Takme ,,onTEMECTHYeCKHe’ apE(GMETHKH OCHOBAHLI HA BKIIFOYSHHH, A4 3HAYAT WMILTH-
KallH#, B IPOTHBOHOMOMKHOCTE K 00BIMHO HCIONB3YEMEIM ,,IECCHMACTHIECKHM ~ HEYETKAM apHdne-
THKaM, OCHOBaHHBIM HAa IEPECEYEHHH MHOXKECTB.




