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An accurate assessment of the decision-maker's utility function is an important problem. 
Sometimes we are faced with the situation of stochastically dominating alternatives when we do 
need an exact utility function. The paper considers stochastic dominance tests based on fuzzy initial 
information. 

1. Introduction 

Decision analysis, as presented in [1], supposes some alternative aP to be strictly 
preferred to another alternative aq if and only if it has a greater expected utility 
value: 

(1) 

where > is the strict preference relation on the set of alternatives A; EUP, EUq are 
expected utility values of the alternatives aP, a11 EA, respectively. 

The assessment of utility functions and probability distributions for the evalua
tion of EUP, EU11 is an important problem in using the expected utility theory. So, 
from the practical point of view, it is useful to examine situations when a best alter
native can be chosen according to (1) without the evaluation of expected utility 
value. 

2. The concept of stochastic dominance 

Some alternative may be preferred in terms of the criterion of maximum expected 
utility even when the information about the utility function is sufficient only to draw 
limited conclusions about its shape (e.g., non-decreasing, concave, etc.). It is the 
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so-called stochastic dominance (SD) situation. Some alternative stochastically 
dominates the others if it has such stochastic characteristics (i.e. probability dis
tribution features) that we can assert the exceeding value of its expected utility when 
the decision-maker's (DM's) utility function is not precisely kno-wn [2]. Note that 
an analogous question of utility dominance arises if we have no sufficient information 
about probability distributions [3]. 

In the case of SD the incompleteness of information means that what is known 
about the DM's utility function is that it is contained in a certain class of real-valued 
functions. According to the specific type of this class, both the strict and non-strict 
SD may be defined [2]. The strict first-degree SD is considered in the paper. Instead 
of the preference relation ">" on the set A, the strict first-degree SD relation "> D, 

is defined as 
ap> D aq~EUp>EUq, 

which requires, in contrast to (1), the DM's utility function to be determined unly 
in terms of being contained in the class of strictly increasing functions. 

The necessary and sufficient conditions of the strict first-degree SD are given 
by the following theorem [2]. 

THEOREM An alternative aP stochastically dominates an alternative aq if and 
only if 

a) the DM's utility function lies in the class of strictly increasing ones (assertion a); 
b) Q (x)~P (x) for any possible consequence x; 
c) there exists such a consequence x that Q (x)>P (x). 

Here P (x) and Q (x) are the cumulative probability distribution functions under 
the alternatives aP and aq, respectively. 

It is easy to show that the conditions (b) and (c) taken together are equivalent 
to the assertion: 

[J: "Alternatives aP and aq satisfy the relation R•", 

whereR•, the strict preference relation on the set A, is defined as follows. Consider R, 
the stochastic preference relation on the set A, i.e. 

aP Raq~Q (x)~P (x) for any consequence x, (2) 

which is equivalent to the condition (b). The characteristic function of the relation 
R has the form: 

(a a )={1 iff Q (x)~P (x) for any x, 
f.1R P' q 0 otherwise. 

The corresponding relation R• may be defined as the difference 

R•=R-R- 1 

with the characteristic function 

(3) 
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The difference R- R - 1 is a subset of such elements of the Cartesian product A x A. 
which satisfy the relation R and do not satisfy its inverse R- 1 . 

Therefore 

where " .1\" stands for the conjunction of the assertions a and [J. The latter may be 
written in terms of the characteristic function flD (am aq) of the strict first-degree 
SD Telation "> D, and the truth value T (a 1\ [J) of the conjunction a 11 fJ: 

J1D (aP, aq)=T (a 1\ [J) 
which means 

( ) .Jl iff both a and fJ are true, 
Jl a a = · 

D P' q lO otherwise. 

The strict SD relation of any degree ·has the following main properties [2]: 
1) antireflexivity 

2) asymmetry 

3) transitivity 

This means that the strict SD relation "> D, is a strict partial order on the set A 
of alternatives. 

3. The concept of the fuzzy SD relation 

Consider the fuzzy relation > FD corresponding to the strict first-degree SD 
relation > D which takes place when the necessary and sufficient conditions of SD 
(i .e. the assertions a and [J) are true not only with the absolute degree but with 
any (possibly fuzzy) value from [0, 1]. The fuzzy SD relation is defined as the fuzzy 
subset of the Cartesian product A X A with the membership function 

JlFD (am aq)= T (a 11 [J), 

where T (a 1\ [J) is the truth value of the conjunction of assertions a and fJ as before. 
Let T (a 1\ [J) be an ordinary (i .e. non-fuzzy) number in [0, 1]. According to the 
max-mininterpretation of the set-theoretic operations [4], we have: 

(4) 

where T(a), T([J) are the truth values of assertions a and [J, respectively. 

The assertions a and fJ and the whole SD relation are fuzzy when such are the 
initial data for assessing the utility functions and probability distributions. More 
specifically, the fuzzy initial data may be represented by a finite collection of fuzzy 
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propositions [5, 6]. For assessing a utility function such a proposition has the general 
form: 

g1="The utility of a consequence G1 is vt'' i=1,N, (5) 

where G1 is usually a fuzzy number [4] in the feasible set X of consequences with 
the membership function J.lG, (x), x E .X; v1 is the corresponding fuzzy utility value, 
a fuzzy number in [0, 1] with the membership function f.lv, (u), u E [0, 1]. While 
assessing the probability distribution, say for an alternative aP, the respective fuzzy 
proposition is 

gPi="The probability of the consequence Gi under aP is ),Pi", j=1, MP, (6) 

where J,i is the fuzzy probability value with the membership function /1;.~1 (p), 
p E [0, 1], which is also a fuzzy number. Let us consider the evaluation of T(a) 
and T (/3) when initial data are represented by fuzzy propositibll of the form (5) 
and (6). 

Suppose that the propositions of the form (5) are ranked in the increasing order 
of G;, i.e. 

Possible ways of ranking of fuzzy numbers are discussed in [7]. In this case the 
assertion a is the conjunction: 

where 

According to [4]: 

N-1 

a= 1\ a 1 , 

i= 1 

. ,, 
ai =at <c-+at ' 

a;~G1 <G1 + 1 , 

T(a)= min T(a1), 

1=0-=1 

T(a1)=max {min [T(a;), T(a;')], min [1-T (a;), 1-T(a;')]}. 

Dubois and Prade have proposed in [7] two possible interpretations of T (a;) and 
T (a;') in terms of comparison indices. Firstly, as the degree of possibility: 

T ( a/)=sup inf m in [1- f.lG, (y), f.lG1+1 (x)], 
yEX y~x 

yE X 

T (a;')= sup inf min [1- f-lt (v), f-lt + 1 (u)] . 
uE(O,l] v<>u 

vE(O, 1) 

Secondly, as the degree of necessity: 

T(a;)=l- sup min[J-lG
1 

(y),J-lG1+1(x)], 
)'~X 

x,yCX 

T(a;')=l- sup min [f.lv, (v), f.lv
1
+1 (u)]. 

J'~X 
x,yEX~u 
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Suppose that the propositions of the form (6) for the alternatives aP, aq are 
uniform, i.e. 

Mp=Mq=M, 

GPJ=Gqj=GJ> j=l, M. 

Then the fuzzy stochastic preference relation R corresponding to (2) may be defined 
as the conjunction: 

where 

Respectively : 

where 

According to (3): 

where 

M 

aP Raq~ 1\ {Jj', 
J=1 

M 

aq Rap~ 1\ fJ/ ', 
j= 1 

j=1,M 

( ) . T(fJJ") . flR aq, aP = m1n 
j="l;M 

Let us give the interpretation of T (fJ;) and T (fJ; 'l) in terms of comparison indices 
(7]. Firstly, as the degree of possibility: 

T(fJ;)= sup min [flpo(p), /1Qa(q)], 
q~p 

p,IE(O, 1] 

T (fJ; ')= sup min [!lPG (p), /lQG (q)], 
q~p 

p,qE[O, 1] 

Secondly, as the degree of necessity: 

T(fJ;)= inf sup max [/lPG (p), 1- /1Qa (q)], 
qE[0,1) p"i;X 

pE[0,1] 

T(fJ;')= inf sup max[l-flP(Gj)(p), /lQ(GJ)(q)]. 
pE[O, 1] q"i;p 

qe[0,1] 

(8) 

(9) 

(10) 

(11) 

As toP (Gi) and Q (G1), fuzzy values of cumulative probability distribution functions 
for the fuzzy consequence G1 under the corresponding alternatives aP and aq, we may 
define them in the following way. P (G1) is the probability of a consequence x to 
belong to the set G; of numbers not greater than the fuzzy number Gi while the 
alternative aP is chosen. According to [7]: 

/1Gj (x)=sup Paj (y), x EX. 
y~x 
yE X 
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Zadeh has shown in [5] that P (Gi), the probability of a fuzzy event "x Ea;", is 

a fuzzy number with the membership function 

JlP(Gj)(p)=sup min ni(f),pE[O,l], 
fED i=l, M 

where 

D: J Jlcj (x) f(x) dx=p, ni (f)= Jl; .• 
1
[J Jlcj (x) f(x) dx]. (12) 

X X 

Here f(x) is some probability density associated with the set X of consequences. 

4. Example 

Let the DM's utility function be strictly increasing, i.e. the assertion a is abso~ 
lutely true, T(a)=l.Then according to (4): 

(13) 

Suppose that A = {aP, aq, as} and each alternative in A has the two corresponding 
propositions of the form (6) about the probability of some fuzzy consequences G1 

and G2 • After (12) we obtain the fuzzy values of corresponding comulative proba
bility distribution functions for these consequences. Let them be as in Figure 1. 

p 

Fig 1. 

According to (8), (9) and taking into account (7) and (13), we obtain the fuzzy 
SD relation represented in Table 1. On the other hand, due to (10), (11) we obtain 
another variant of the fuzzy SD relation represented in Table 2. 

Table 1. Table 2. 

fiFD ap a. as /-IFD ap a. a, 

aP 0.0 0.5 1.0 a. 0.0 0.38 1.0 

a. 0.0 0.0 0.5 a. 0.0 0.0 0.85 

a, 0.0 0.0 0.0 as 0.0 0.0 0.0 
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5. Concluding remarks 

Note that the obtained fuzzy SD relations have the following properties: 

1) antireflexivity 

for every 

2) asymmetry 

for any 

3) max-min transitivity 

for any 

According to [4] such a fuzzy SD relation is a fuzzy strict partial order on the set A 

of alternative s. This property of the fuzzy SD relation holds even when T (a)< 1. 

References 

[1] RAIFFA H. Decision Analysis: Introductory Lectures on Choices under Uncertainty. Reading. 

Addison Wesley, 1968. 

[2] FrSHBURN P.C., VrcKsoN R. G. Theoretical fundations of stochastic dominance, in: Stochastic 

Dominance: An Approach to Decision Making under Risk, G. A. Whitmore, M. C. Findlay, 

Eds. Lexington, D. C. Heath and Co., 1977. 

[3] FrSHBURN P.C. Analysis of decisions with incomplete knowledge of probabilities. Operations 

Research, 13 (1965), 217-237. 

[4] DuaoJS D., PRADE H. Fuzzy Sets and Systems: Theory and Applications. New York, Academic 

Press, 1980. 

[5] ZADEH L. A. Fuzzy sets and information granularity, in: Advances in Fuzzy Set Theory and 

Applications, M. M. Gupta, R. K. Ragade, R. R. Yager, Eds. Amsterdam, North Holland, 1979. 

[6] DuaoJs D., PRADE H. Towards the analysis and the synthesis of fuzzy mappings, in: Fuzzy 

Set and Possibility Theory: Recent Developments, R. R. Yager, Ed. New York, Pergamon 

Press, 1982. 

[7] Duaors D., PRADE H. Ranking fuzzy numbers in the setting of possibility theory. Information 
Sciences, 30 (1983). 

Received, May 1984. 

Podejmowanie decyzji na podstawie rozmytej dominacji stochastycznej 

Rozwai:ono testy sto::hastycznej dominacji oparte na rozmytej informacji wyj sciowej. Testy 

takie Sl:! stosowane w przypadkach, gdy nie jest konieczna dokladna znajomosc wlasnosci funkcji 

uzytecznosci. W pracy analizowana jest koncepcja rozmytej relacji dominacji stochastycznej. Otrzy

mane wlasnosci Sl:! nastC<pnie zilustrowane na prostym przykladzie numerycznym. 
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fipHHBTHe peweHHH Ha OCHOBe He'leTKOH CTOXaCTH'IeCKOH 

~OMHHaHTHOCTH 

N . SL YADZ, A. BORISOV 

PaccMaTpHBaiOTCJl KpHTepHH CTOXaCTH'ieCKOH .l(OMHHllHTHOCTH, OCHOBaHHbie Ha He'ieTKOH 

Bh!XO.l(HOH HHQJOpMaQHH. TaKHe KpHTepHH HCIIOJTh3YIOTCH B CJiyqae, KOr.n:a He HBJIHeTCH Heo6xo

)J;IIMh!M TO'lHOe JHaHHe CBOiicTB QJYHKQHH IIOJie3HOCTH. B pa60Te aHaJIH3HpyeTCH KOHQeiiqi[ll He

'ieTKOrO OTHOIIIeHHH CTOXaCTH'!ecKOH .l(OMHHaHTHOCTK. Ilorry'leHHbie CBOHCTBa HJIJIIOCTPHPYIOTCJl 

IIpOCTh!M 'IKCJieHHh!M IIpiiMepoM. 


