Control
and Cybernetics

VOL. 13 (1984) No. 3

A formulation of fuzzy linear programming
problem based on comparison of fuzzy
numbers

by

H. TANAKA
H. ICHIHASHI

K. ASAI

Department of Industrial Engineering
University of Osaka Prefecture

591 Osaka, Sakai, Mozu-Umemachi 4-804
Japan

The paper aims to formulate Fuzzy Linear Programming (FLP) Problems with linear fuzzy
constraints based upon the inequality relation between fuzzy numbers. The paper deals with two
kinds of FLP problems, [A] and [B], which are written in the form of LP problems as follows.
Problem [A] is to find an optimal solution x that maximizes ¢x subject to ay x;4...-la, x, & b,
where a, b and ¢ are fuzzy numbers. Problem [B] is to find an optimal fuzzy solution x that maxi-
mizes cx subject to a, x,+...--a, X, = b. Problem [A] generates optimal crisp solution under
consideration of possibility of coefficients. Problem [B] generates optimal fuzzy solution reflecting
the possibility of coefficients in the right-hand-side of Problem [B]. These FLP problems can be
reduced to conventional LP problems by defining the inequality and maximization with respect
to the fuzzy numbers.
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1. Infroduction

In fuzzy decision making problems the concept of a maximizing decision was
proposed by Bellman & Zadeh [1]. By adopting this concept to a mathematical
programming problem, we formuolated the so-called “Fuzzy Mathematical Pro-
gramming” [2] and showed that a compromise solution of the decision maker
(DM) could be obtained through an iterative use of linear programming technique.
Zimmermann [3] also presented a fuzzy approach to multi-objective linear pro-
gramming problem.

Fuzzy Linear Programming (FLP) problem with fuzzy coefficients was formulated
by Negoita [4] and called robust programming. Dubois & Prade [5] investigated
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linear fuzzy constraints. We also proposed a formulation of FLP with fuzzy coef-
ficients [6].

In this paper two FLP Problems with fuzzy coefficients are formulated based
upon the inequality relation between fuzzy numbers. Problem [A] is to find a crisp
non-fuzzy solution x that maximizes y=ex subject to Ax<b and Problem [B] is to
find a fuzzy solution x that maximizes y=cx subject to 4x<b. This fuzzy solutlon
means a possibility distribution of solutions in Problem [B].

Since the FLP problem [A] takes the possibility distribution of coefficients into
consideration, its solution is robust with regard to the uncertainty of the model,
compared with the solution of the conventional LP problem. The FLP problem [B]
provides us with possibilities of the solutions which reflects fuzziness of the coef-
ficients.

Fuzzy sets are restricted to those with triangular membership functions. Owing
to this simplification, the FLP problem can be transformed into a conventional LP
problem with twice the number of constraints of the FLP problem. In modeling
a real LP problem, coefficients in the LP problem are usually inexact, vague, ill-de-
fined or in short fuzzy so that the FLP problems with fuzzy coefficients would be
more adequate to describe reality. This approach seems tractable and applicable to
real world decision problems where human estimation is used. Numerical examples
are described to explain our FLP problems.

2. Possibility measure and its calculation

Fuzzy sets can be regared as a possibility distribution which is a fuzzy restriction
[7]. Given a fuzzy set F whose membership function ug (x) is normal, a possibility
function 7y (x) is defined as 7y (x)-& ur (¥).

DerFINITION 1. A possibility measure of a set E is defined as

Ty (E)=sup 7x (x) M
XeE

A possibility measure has the following properties:
@O 7 (@=0, nx(x)=1 2
(i)  7x (B3 VE)=mnx (E1)V 7x (E>) 3

A possibility space is represented by (X, P(X), nx (+)), where P (X) is a set of
all subsets of X. Let us consider two sets X and ¥, and a function f: X— ¥. A possi-
bility space (¥, P(Y), ny (+)) can be induced from a given possibility space as
follows.

Denoting E={x|y=f(x)}, a possibility distribution function of y is induced
from 7y (-) as

ny (Y)=mnx (E) 4
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This relation is analogous to that of probability Py on ¥ induced by the mapping
J: X— Y and probability Py on X. Eq. (4) can be rewritten by the definition of possi-
bility measure as
ny ()= sup 7x(x) %
[xly=r (x)}
Eq. (5) is similar to that of probability measure where the operator “Sup” is
replaced by “Z” (sum).

DerNITION 2. An N-ary possibility distribution 7g (x) on X=X, x.. x X, is de-
fined as

7y (X)=min [zg, (x,)] 6)
J

where 7y (X) is separable.

Eq. (6) is analogous to the joint probability distribution in which the “min”
operator is replaced by “-” (multiplication), when X; and X; (is%j) are inde-
pendent (Py,~x, =Py, * Px).

A fuzzy function whose coefficients are fuzzy numbers is denoted by f(x, a).
By Definition 1, the fuzzy number y=f(x, a) can be calculated as follows

dy ()= sup min [y, (a;)] @)

{aly=7r >, a)}

where p, (»)=0 for the case of {a|y'=f(x,a)}=¢.

10+

Fig. 1. Example of a fuzzy set @ with a triangular y
membership function. g; a;

It should be noted that the above gives an explanation of the extension principle
[8], [9] from the viewpoint of possibility measures. For the sake of simplification
fuzzy coefficients are restricted to those with triangular membership functions
(see Fig. 1). The membership functions of these fuzzy coefficients are represented as

_J1=12a;—(a;+oa)l/(Ca;—oay); ots<a;<ay
Hay (@) _{ 0 : otherwise ®)

where °a;, oa; denote the upper limit and lower limit of the O-level set of a,
respectively.
Let a;-2 (pa, °a;) denote a triangular fuzzy set.

THEOREM 1. The membership function of a fuzzy linear function

y=ay X+ Xs+...+a xuﬁax ®)
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is
1—2y—(°a-+oa) x|/(°a—oa) [X|; x#0 :
oy (¥)= 1 ; x=0, y=0 (10)
0 ; x=0, y#0

where Oa= [Dah LAl oan]': Oaz[Dals 4urg 0au]: EXI—'_—[[X;L “hmy !xn|]"
From Eq. (10) the A-level set of the fuzzy set y is as follows:
Ry (0)=[% {0 —h) ("a—oa) |x|+(°a-+oa) x}, + {(h—1) ("a—,a) x|+
+(atoa)xj] (1)
Assuming that x=0, we obtain

Ry (0)=[{(1~1[2)°a-+(h]2)ea} X, {(h/2)°a-+(1 ~h/2)oa} x] (12)

Thus the possibility of y is easily calculated in the case of a linear function.

3. Crisp solution of FLP problem [problem A]

The problem here is to obtain a crisp solution which reflects the ambiguity of
fuzzy coefficients in the FLP problem. Consider the FLP problem whose coefficients
are all fuzzy numbers. The FLP problem [A] can be written as

a;x ="b, (i=1,...,m)
max y=cx

(13)

where a;=la;,, ..., a,], e=[eq, ..., ¢, X=[x1, ..., X,]* and level A is specified by the
decision maker a priori.
“Fuzzy max” c=max [a, b], is defined by the extension principle as [9]

He(€)= ~ max  min [u,(a), s (b)]. (14)

{a, b|C=max (a, b)}
DermNITION 3. “a is greater than b is defined as
azb < max [a, b]=a (15)

Let us depict an A-level set of a as R, (a)-2[(°a);, (o@),], Where (°a), and (sa),
denote the upper and lower limit of the A-level set of a.

Fig. 2. Order relation between fuzzy sets a =" 5,
ab by definition 2.

From Definition 3 let us denote g 3" b, if (°a),>(°b), and (oa),> (ob) hold for
all k€ [A, 1] as in Fig. 2. Level 4 corresponds to the degree of optimism of the de-
cision maker.
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DerINITION 4. We define the maximization of a fuzzy set y as follows
max y <> max (w; °y+w, o) (16)

where w;+w,=1 and w;, w, [0, 1].
By Definitions 3 and 4, and Theorem 1, the FLP problem [A] can be reduced
to the following conventional LP problem:

max (Wi OC+W2 oc) X
subject to

(17
{(1—h/2) °a,+(h]2) oa;} x<(1—A[2) °b;+(h/2) ob;
{(h]2) °a;+(1 = h/2) oa;} x<(Wy2) OB+ (1= h[2) b, (=1, ..., m)
Example 1
Let us consider the following fuzzy linear programming problem.
max y=25x,+18x,
subject to
(18)
15x,434x, =" 800

20x1+10x2 ,{Hk430

where h=0.4 is specified by the decision maker. The above inequalities and objective
function can be written in the vector form as:
max y=cx
subject to
a, x Shp,
a, x Z"h,

(19)

where the fuzzy sets a;, b, and ¢ are assumed to be

a;1=(12, 18), a,,=(32, 36), b;=(750, 850)
a,1=(19, 21), a,,=(7, 13), b,=(380, 480)
¢1=(23, 27), ¢,=(7,9). .
Assuming that w;=0.5 and w,=0.5, Eq. (15) becomes in terms of the conventio-
nal LP problem
max 15x,418x,
subject to
16.8x,+35.2x,<830
13.2x;+32.8x,<770
20.6x,;+11.8x,<460
19.4x,+ 8.2x,<400

(20)

The optimal solation of (20) is x*=(12.14, 17.78). To clarify the meaning of =",
the fuzzy sets a, X corresponding to x* are shown in Fig. 3. The fuzzy set y=ex
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a.x
ok
| B—— ex
L - I Y =
350 400 450 500 ex  Fig. 3. Fuzzy sets a; x and cx in Example 1.

is also shown in Fig. 3. It is understood from Fig. 3 that the upper value of b; and b,
in the right-hand-side of Eq. (19) provide restrictions, while there are leeways for
the lower values of by and b,. y=ecx attains approximately the value 444.

4. Fuzzy solution of FLP problem. [problem B]

The problem presented here concerns obtaining a fuzzy solution reflecting
ambiguity of fuzzy coefficients. First, we need to clarify what fuzzy solution will
be meant optimal in the sense of the objective function.

Let b, (i=1, ..., m) be fuzzy and a; be crisp, i.e. a non-fuzzy a; in (13). The prob-
lem [B] is reduced to obtaining a fuzzy set x as an optimal solution in the sense
that it maximizes y, The FLP problem [B] can be written as

max y=ex
subject to (21)
ax2'h, (i=1,...m)

where a,=[a,y, ..., 4], e=[cy, ..., ¢}, and the level & is given a priori.
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By Definitions 3 and 4, and Theorem 1, the FLP problem [B] can be reduced
to the following conventional LP problem:

max ¢ (wy °x-}w, oX)

subject to 22)
a; {(1—1/2) °x+-(h/2) ox}<(1—h/2) °b;+-(R[2) ob;
8, {(4[2) °x-+(1 = 1[2) X} <(h[2) b +(1=h[2) ob;  (i=1, ..., m)

Example 2
Let us consider the following FLP problem.

max y=25x;-18x,
subject to
15x,4-34x, =" 800
20x;+10x, =" 430
13x,+37x, 2" 800

(23)

where h=04.

Eq. (23) can be written in the vector form as
max y=cx
subject to

a; x 2"b,
a.x 2"h,
a;x 2 b,

24

where a;=[15, 34], a,=[20,19], a;=[13,37], e=[25, 18], b;=(750,850), b,=
=(380, 480), b3=(650, 950), x;=(ox1, %x,) and x;=(oX2, “x2).

o a;x b,
===y ey R
B
1
11
Ch T b
1
I3}
|
1 Ll ;
600 700 800 900 ax
" o ex
10 SH el teade
04—
- =
300 600 700  ex

Fig. 4. Fuzzy sets a;x and cx in example 2,
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Assuming that w,;=0.5, w,=0.5, (24) becomes in terms of the conventional LP
problem

max 12.5 %, 49 %x,+12.5 yx;+9 ox»
subject to
12 9, +27.2 %x,--3 ox; +6.8 ox,<830
3 %%, 4+6.8 %, -12 ox,+27.2 ox, <770
16 %x, +8 %x,+4 oxy+2 ox, <460
4%, 120,416 ox;+8 ox, <400
10.4 °x,+-29.6 %%, +2.6 ox; 7.4 ox, <890
2.6 %%, 7.4 %%,410.4 4x;--29.6 ,x,<710.
The optimal solution of (25) is x*=(x7, x5)*=[(12.21, 14.26), (13.57, 19.48)]".
The fuzzy sets a; x and y=ex are illustrated in Fig. 4. It is understood from Fig. 4

that there are leeways for the lower value of b; and the upper value of b;. y=cx
attains approximately the value 625.

(25)

5. Extention to normal and convex fuzzy coefficients

In the above discussion, fuzzy coeflicients are restricted to triangular fuzzy sets.
In this section let us discuss the extension to normal and convex fuzzy coefficients.

From the decomposition theorem of fuzzy sets [10], a fuzzy set @ may be repre-
sented as

a= | h Ry(@ (26)
rel0, 1]
where the fuzzy set 4- R, (@) is characterized by the membership function
h; ae R,(a)
ty-r, (ay (@)= 2
oo @={ T @n

According to this decomposition theorem and Definition 2, the crisp substitute
of the FLP problem

max y=cx
subject to (28)
a,xZ*h,  (i=1,...m)
in the multiobjective linear programming problem
x { P)=(c), x
(o=(oe) x (for all ke[h, 1], i=1,..,m)
subject to (29)
(°a) x<(®by)
(03 X< (oD
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where
(Oai)"_‘[(oai!)ka “ees (oaiu)k] s (oah=[(oai ks -os (o@in)il -

Consider the normal and convex fuzzy sets a;;, b;, ¢; whose membership func-
tions assume only a limited number of values:

JHJI'”! #bp ,U:‘ € {kls Lt ] kn} (30)

with 0<k, <k, <...<k,<1. Then, since we have finite level sets the objective func-
tions and constraints can be rewritten as

ax { (Oy)k¢=(uc)*e X
(03)e,= (00K, X
subject to 31
(oal)k‘ X< (nbf);.-,t
(o), x<(ob), (i=1,...,m)

for all k,e{k;|g=1, ..., p, k, €0, 1]}.

Consequently, we can formulate the FLP problem [A] in the case of normal
and convex fuzzy coefficients. By defining the fuzzy max in (28) as described in
Definition 3, we can obtain a conventional LP problem from (31). Similarly, the
FLP problem [B] with a fuzzy solution may also be formulated likewise and be
reduced to a conventional LP problem.

6. Concluding remarks

The FLP problems with fuzzy coefficients were formulated in the paper, with
mntroduction of the concepts of a crisp solution and a fuzzy solution in a fuzzy
environment. A FLP problem is a generalization of the conventional one because
the conventional LP problem requires precise coefficients. Our solutions of both
the problem [A] and [B] are robust with regard to fuzziness of coefficients in the
model. Hence, our approach seems more tractable and applicable to real decision
problems than the conventional one.
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Sformulowanie zadania rozmytego programowania liniowego
z wykorzystaniem liczb rozmytych

Sformutowano zadanie rozmytego programowania liniowego z rozmytymi ograniczeniami,
oparte na relacji nier6wnosci liczb rozmytych. Zadanie to rozwazane jest w dwdch postaciach:
a) znajdowania x maksymalizujacego ex przy ograniczeniach ay x;+...+a, x, S b, gdzie a, b, ¢ sa
liczbami rozmytymi, oraz b) znajdowania rozmytego x maksymalizujacego ¢ x przy ograniczeniach
ay X1-+...+a, x,<b. Te dwie wersje zadania rozmytego programowania liniowego moga zostaé
sprowadzone do standardowych postaci programowania liniowego przez odpowiednie okre§lenie
relacji nierdwnosci i operacji maksymalizacji dla liczb rozmytych.

PopMyMpOBKA 3aJaYH HEYETKOro JiMHeiHOro
OporpaMMHpOBAHHA C HCIOJIL30BAHHEM HEYETKHX HHCE

DopMyJIHpYETCH 3allada HEYeTKOrO JIMHEHOTO MPOrpaMMHPOBAHHSA € HEYETKHMM OrpaHAYe-
HHAMHE, OCHOBAHHOTO HA OTHOIIEHWH HEPABEHCTBA HEYETKHX YHCEN. DTa 3a7a¥a PACCMATPHBASTCHA
B IBYX BHOAX: a) HAXOXKIEHAE X, MAKCHMA3HPYIOIIEro ¢X TIPH OTPAHMYEHAAX @y Xi-+...+a, Xa<b,
THe a, b, ¢ ABNIAIOTCA HEYETKAMH YACIAMHA; 6) HaXoxIeHHEe HEYETKOTo X MaKCHMHA3MpYmomero Cx
IpPH OrPaMHYEHHAX d) X;-...+a,X,<b. DTU IBa BHAA 3a0AYW HEYETKOrO JMHEWHHOrOo mporpa-
MMHAPOBaHAS MOTYT OBITH CBEHCHBI K CTAHJAPTHOMY BHAY JIMHEHHOrO MpPOrpAMMHPOBAHHSA TyTEM
COOTBETCTBYIOIIETO ONpPENENenHs OTHOMEHHS HEPABEHCTBA M ONEPAIAH MAKCHMH3ZALUAH A He-
YETKAX YHCEL.




