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A method for the identification of the heat conductivity matrix and the latent heat in 
a multidimensional one-phase Stefan problem from measurements of the temperature distribu
tion is proposed. 
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1. Introduction 

This paper is concerned with the identification of parameters in varia
tional inequalities which arise as variational formulation o(one-phase Stefan 
problems. Following [3], we consider the following situation: 

Let G c: Rm denote a bounded domain whose boundary consists of two 
connected C2 +a- hypersurfaces T0 and rb with T0 lying inside T1 and 
bounding a simply connected domain G0 . Let ~R be a sufficiently large 
ball with center 0 containing G; define Q: = BR\G0 , Qr: = Qx(O, T). We 
consider the problem: 

Find functions t = s (x) and e (x, t), 0 < t < T, X E D, which satisfy 

s(x) = O, if xEfJ, 

81 - Y' · (k*(x)VO) = O, in {(x,t):x ED,t>s(x)}, 

8 = 0 if t = s (x), xEfJ\G, 

Vs (x)· k* (x) ve (x, s (x)) = - L* (x), X E 0 \ G, 

e (x, 0) = h*(x), on G X {0}, 

e (x, t) = g* (x, t), on To X [0, T]. 

(1.1) 

(1.2) 

(1.3) 

(1.4) 

(1.5) 

(1.6) 
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Here g* (x, t) and h* (x) are positive functions in C2 
+a (T0 x [0 ,_ T]) and 

ea (G), respectively. For .. the latent heat we assume L* E L00 (Q\G) and 
L* (x) ~ L 0 > 0, a.e. on Q\ G, while the heat conductivity matrix k* = (ko) 
has entries k0 E e (Q) and satisfies ( · k* (x) ( ~ o: 1 1(1 2, V( E Rm, a. e. on Q, 
with some il 1 > 0. 

Introduction of the freezing index u* leads (see [3]) to the variational 
inequality: 

Find u* E K which solves 

Jut(v - u*)dx + JV(v - u*)·k*(x)Vu*dx - JJ*(v - u*)dx+ 
Q Q Q 

+ J L*(x)(v- u*)dx~O, a.e. on (O , T),VveK. (1.7) 
Q\ G 

Here we have set: 

f *(x): = {h*(x), xeG 
0 , xeQ\ G, (1.8) 

K: = {veH 1 (QT):v ~ O a.e. in QT,v = 'I' on 

(oQ X (0, T)) u (Q X {0} )} , (1.9) 

where 
t 

·- J J g*(x, T)dT, if XE To, t > 0, 

'I' (x , t) .-l 0 , if t = 0 or lxl = R. (1.10) 

The purpose of this paper is to give an approximate solution for the 
following inverse problem: 

(IP) Given u*eK, g* > 0 in C2 +a (To X [0, T]) and h* > 0 in C" (G), find 
a matrix function k* e Kt and a function L* E K~ such that (1.7) holds. 

For the sets of physically admissible parameters we assume: 

Kt: = {k = (k;j} EL"",ym (Q): llkiiL"' (Q) ~ /31, 
( · k (x) ( ~ il1 1(12 , V( ERm, a.e. in Q}, (1.11) 

K~: = {Lee (Q\G):il2 ~ L(x) ~ {32 , a.e. in Q} . (1.12) 

Here /3; ~ il; > 0, i = 1, 2, are chosen constants (prescribed by the experi
mental circumstances) and LOO.ym (Q) denotes the set of symmetric matrix 
functions with entries in L00 (Q). Moreover the norms in the spaces of 
L2 (Q)- or L00 (Q)- scalar, vector or matrix functions are all denoted by 
11· IILz<nJ or 11· IIL"' (QJ, respectively. For further convenience let us agree to 
make use of the Einstein summation convention, if appropriate. 

We may point out at this place that the results obtained here can be 
applied to other problems having the same structure as well. For a rather 
general class of identification problems in variational inequalities we refer 
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to [4]. Note, however, that (IP) cannot be subsumed under the problems 
considered there. 

It is not possible to show the existence of a solution to (lP) by our 
method. Instead, our method relies strongly on the assumption that the 
following solvability condition (which is assumed to hold throughout) is 
satisfied: 

(Al) (IP) has at least one solution. 
From the practical point of view (Al) appears to be reasonable. 

2. Asymptotic regularization 

Instead of (IP) we solve its finite dimensional approximation. To this 
end, let V c H 1 (QT), W1 c LOO,ym (Q), W2 c e (Q\G) denote finite dimensional 
subspaces which satisfy the following compatibility conditions: 

(A2) fl (Kt) c: K{, where fl is the L2 (Q)- orthogonal projection operator 
onto W;, i = 1, 2. 

(A3) u*EV, uEV=>u(O)=O 

T 

(A4) s Vu (t)0 V (u (t) - v (t)) dtt= wl, Vu, VEK n V. 
0 

T 

(AS) J (u(t)-v(t))dt1n\GEW2 ,Vu,v=KnV. 
0 . 

Here we have used the following notation: For u = (u;), v = (v;)ERm the matrix 

u®vERm,m is defined by: (u®v)ii:= ~ (u;vi+uiv;). Moreover, in (AS) the 

restrictions onto Q\ G are meant. 
T 

It is clear that (A4) can be satisfied if J u(t)dtEH1
•
00 (Q) for every uEV 

0 

which then has to hold for u = u*, in particular. In a numerical calcula
tion one would approximate Q by a suitably triangulated domain Qh with 
piecewise linear boundary and chose piecewise linear (for V) and piecewise 
constant (for W1) finite elements. 

T T 

Moreover one may chose W2 =span {J v1 (t) dt1nw, ... , J vN (t) dtlnw} if 
0 0 

V= span { v1 , .. . , vN } . Note that also (A2) holds with these choices for the 
subspaces. 

From (A3) there follows u* E K n V, hence K n Vi= ~. We finally assume 

(A6) Kt n W1 i= ~. K~ n Wz i= ~ · 
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The finite dimensional approximation to (lP) then reads : 

(IP,V) Given u*EK, g* > 0 in C2+"(T0 x [0, T]) and h* > 0 
k* E Kr and L* E K! s.t. 

m C" (G), find 

T T 

J J(ui-f*)(v - u*)dxdt + J JV(v - u*) · k*(x)Vu*dxdt+ 
0 Q 0 Q 

T 

+ J J L*(x) (v - u*) dx dt ~ 0, Vv EK n V. 
0 Q\G 

(2.1) 

By (Al) the solution set L (V) of (lP, V) is nonempty. Moreover, L (V) 
rs convex. 

We now construct a sequence of systems of variational inequalities. 
We consider the problem 

(P) Given (u0,k0,L0 ) E(KnV)x(K!nWdx(K~nW2). find {un+l>kn+l>Ln+d E 
E(K n V) x (Kr n W1) x (K! n W2 ), n ~ 0, such that 

fT f ( Un + 1 - Un d *) 
(J +dtun+1-f (v-un+ddxdt+ 

0 Q 

T 

T 

T 

+ f fv(v - un+ 1)·kn+dx)Vun+ 1 dxdt + 

0 Q 

+ f f Ln+dx) (v - un+d dx dt ~ 0, Vv EK n V, (2.2) 

0 Q\ G 

f( kn+~-kn- f Vun+1®V(un+1 - u*)dtt (1J-kn+1)ijdx~O, 
Q 0 

T 

f (un+ 1 -u*) dt) (( - Ln+ d dx ~ 0, 
0 . 

V ( E Kj n W2 . (2.4) 

Here a > 0, £ > 0, A. > 0 are scaling factors. Note that un+ 1 E K n V implies 
the initial condition un+ 1 (0) = 0. 

Let us for the moment assume that (P) has a solution {(u"' k"' Ln)}, 
and let (k*, L*)EL (V) be arbitrary. We put wn: = un - u*, rn: = kn - k*, 
sn:= Ln - L*. 
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Substitution of v = un+ 1 into (2.1) and of v = u* into (2.2) yields 
T T 

f f(ut-J*)w,.+tdxdt+ f fvw,.+ 1 ·k*(x)Vu*dxdt+ 

0 Q 0 Q 

whence 

T . T 

+ f f L*(x)wn+ldxdt~O~ f f L,.+t(x)w,.+ 1 dxdt+ 

0 Q\ G 0 Q\ G ' 

IT f( Un+t-U,. ; d *) d + (J + dt u,. + 1 - f w n + 1 dx t + 
0 Q 

T 

+ f fvw,.+ 1·k,.+dx)Vu,.+ 1dxdt, 

0 Q 

f
T f d . fT f Wn+ 1-w,. 0 ~ Wn+1·dtWn+1 dx dt+ (J Wn+1 dx dt+ 

0 Q 0 Q 

T T 

+ f fvwn+1·k*(x)~wn+1dxdt+ f fvw,.+ 1·r,.+ 1 Vu,.+ 1dxdt+ 
0 Q 0 Q 

T 

+ f f Sn+1 Wn+1 dx dt ~ ~ llw,.+ 1 (T)II.b<m+ 
0 Q\ G 

T 

Wn+1 dxdt+a1 f IIY'w,.+1llf2(Q)dt+ 
0 

T T 
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+ f fvwn+1·rn+1 Vun+1dxdt+ f f s,.+ 1 w,.+ 1dxdt. ' (2.5) 

0 Q 0 Q\ G 

Next we substitute 1J: = P1 k* into (2.3) (note that P1 k* E KT n W1 by (A2)). 
Since k*- P1 k* E Wt we obtain from (A4): 

T 

0~ f(kn+~-k,._ f V'un+t®Y'w,.+ldt}j(k,.+l-Plk*)ijdx= 
Q \ 0 
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' T I Vun+ 1 ® Vwn+ 1 dt}i (r n+ 1)ij dx = 

0 

~ f('•+>,-r" ),:(r •• ,),,dx- fJvwn+·1·rn+ 1 Vun+ 1dxdt . (2.6) . 
0 0 

Finally, substitute ': = P2 L* into (2.4), use L* - P2 L* E Wl and (AS) in 
order to obtain: 

T 

O ~ I ( Ln+~-Ln I Wn+1 dt) (Ln+1 - P2 L*) dx = 

0 0 \G 

Adding (2.5), (2.6), (2.7) gives 

T 

Sn+1 dx - f f Sn+1Wn+1 dx dt. 

0 0\G 

1 2 fT 2 
0~211wn+1 (T)IIL2(o)+cxt IIVwn+tiiL2(o)dt+ 

0 

+If w •• ~-w" ·w • ., dx dt+ f _s::....:"+-=~--_s.:.:..." Sn+i dx + 

0 0 0 \ G 

Standard arguments imply 

(2.7) 

(2.8) 

(2.9) 

- -- - ---------------- - ----- ------
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and upon summation, 

T 

·1 f' 2 1 2 1 2 . 

2
0' llwn+ 1IILz(Q) dt +le llr n+ 1IILz(Q) + 2A llsn+ !IIL2 (Q\G) + 

0 

Thus we have proved the a-priori estimate 

T 

sup [J llwnllfz(Q) dt+ llrnllfz(Q) + llsnllfz(l1\G)] + 
nEN 0 

ro ro T 
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(2.10) 

+ L llwdT)IIfz<m+ L J 11Vwkllfz<l1J dt ~ C< + oo, (2.11) 
k=l k=lO . 

where C depends on <T, e, ),, u0 , k0 , L 0 , u*, k*, L*, but not on V, Wl> W2 .. 

Next we show: 

THEOREM 2.1. Let (AIHA6) hold. Then (P) has a solution. 

Proof. Let X:= V x W1 x W2 and K:= (K n V) x (K! n W1) x (K~ n W2). Then 
K # ~ is closed and convex, and dim X< + oo. We endow X with the 

L2
- scalar product 

T 

<(u, k, L), (fi, k, I)):= J J ufi dx dt+ J kii k;i dx+ 
0 Q Q 

+ J Lldx, for (u, k, L), (fi, k, L)EX. (2.12) 
!1\G 

Let us define the operators Tn, S": X~ X' ( = dual of X) by 

T" (u, k, L): = (u1 , e, 8), (2.13) 

and 

T 

[Sn (u, k, L), (v, ry, ()]:= f f ( u~un -f*) v dx dt+ 

0 Q 
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T T 

+ f fvv-kVudxdt+ f f Lvdxdt+ f( k~k"t1Jiidx-
o Q 0 Q\G Q 

T 

-J (f Vu® V (u-u') dt)u ~,idx+ 

L-L f ·fT A. " ( dx- _ (u-u*) dt ( dx, (2.14) 

Q\G 0 . 

where [ ·, ·] is the dual pairing between the elements of X . and X'. Obviously 
the existence is proved for every n ~ 0 if there exists (u, k, L) E K such that 

<Tn (u, k, L), (v, 1J , 0-(u, k, L)) + 
+ [Sn (u, k , L), (v, 1J, 0-(u, k, L)] ~ 0, V (v, 1J, 0EK. (2.15) 

Since Sn is maximal monotone, the result follows from standard results on 
variational inequalities (see [6], p. 197, Satz 2.7) if Sn is bounded, continuous, 
pseudomonotone and coercive with respect to e EX'. · We only · show the 

. coercivity as the other properties are obvious in our case. 
For (u, k, L)EK we have: 

T 

[Sn (u, k, L), (u, k, L)] = f f( U~Un - f*) u dx dt+ 

0 Q 

T T 

+ J fvu-kVudxdt+ f f Ludxdt+ f( k~k"t ki1 dx-

on on\G n 
T -f(f Vu® V (u-u*) dtt kiJ dx+ 

Q 0 

+ f L~L". Ldx- f J (u-u*)Ldtdx:;, 

T rnG rnGo 

~ ! f lluiiL2<m {lluiiL2<n>-lluniiL2<n>-a llf*IILz<n>} dt+ 

0 
T T 

+ f f Vu· k Vu* dx dt+ f f Lu* dx' dt+ 

o n o mG 
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Since dim V< + oo, we have with some y > 0: 
T T 

J J Vu· k Vu* dx dt + J L J u* dt dx ~ 
0 Q Q\G 0 

T T 

~ - fJ1 y {J llulli2<n> dtP 12 {J IIVu* lli2<n> dtJI12
-

0 0 

T 

- T 112 IILIIL2(Q\G) {J J u* 2 dx dtJI12
• 

. 0 Q\G 

Hence, there exists R > 0 such that [S" (u, k, L), (u, k, L)] > 0, for all 
(u, k, L)EK which satisfy 

T 

ll(u, k, L)ll 2 := J llulli2<n>dt+ llklli2<m+ IILIIb(Q\G) ~ R. 
0 

This concludes the proof. • 
THEOREM 2.2. Let (A1HA6) hold, and let {(un, kn, Ln)} solve (P). Then 

T 

J IIV(un-u*)lli2<n>dt~O, llwn(T)IIi2<n>~o, as n~oo; (2.16) 
0 

(2.17) 

Proof. (2.16) is a direct consequence of (2.11). Note that un-u* = 0 a.e. on 
oQ x (0, T), which means that (un-u*) (t)EH 1 (Q) a.e. and hence by Poincare's 
inequality, llun-u*IIL'(o.T;H'(nJ) ~ 0 as n ~ oo. ~oreover, (2.11) implies that {kn} 
and { Ln} are bounded in L2 (Q) and L2 (fl\ G), respectively. By the, finite 
dimensionality of W1 c LOO,ym (Q) and W2 c e (Q\ G) it follows that for a sub
sequence, again denoted by {kn} and {Ln}, we have kn ~ k00 E W1 , strongly 
in LOO,ym (Q) and Ln ~ L00 E W2 , strongly in e (fl\G). 
Thus koo E Ki n W1 and Loo E K~ n W2 . 

Moreover, there holds for every VE~n V and n ~ 0: 

T 

lim f f-dd Un+l (v-un+l) dx dt = 
n--+oo t 

0 Q 



46 K.-H. HOFFMANN, J. SPREKELS 

T ' 

= }l~ {f f ~t Un+l V dxdt- ~ llun+l (T)IIiz(Q} = 
0 Q 

~ (i."!, {f ""' ,( T) v (T) dx-J f u • ., v, dx dt}- ~ 11 u' ( T)lli'<m ~ 
Q 0 Q 

T 

= f u* (T) v (T) dx- f f u* vt dx dt- ~ llu* (T)IIiz(Q) = 
Q 0 Q 

Also we_obtain: 

T T 

= f f ut v dx dt- f f ut u* dx dt. 

0 Q 0 Q 

T 

J JVun+l'kn+l V(v-un+ 1)dxdt= 
0 Q 

T 

= J JVwn+l'kn+l V(v-un+l)dxdt+ 
0 Q 

T 

+ J J Vu* ·(kn+l-koo) V (v-un+l) dx dt+ 
0 Q 

T 

.T 

+ J J Vu* ·k00 V (v~un+ 1) dx dt ~ 
0 Q 

Finally: 
~ J JVu*·k 00 (v-u*)dxdt, as n~oo. 

0 Q 

T T 

J J Ln+dv-un+ 1)dxdt~ J J L 00 (v-u*)dxdt, as n~oo. 
0 f.I\G 0 f.I\G 

Hence passing to the limit in (2.2) yields that (k 00 , L 00 ) solves (IP,V). 
It remains to show that the limit does not depend on the choice of the 

subsequences. To this end, recall that (2.9) and (2.10) hold for any 
(k*, L*)EL (V). 
In particular, 

T 

_!__ f llun+l-u*llfz(Q) dt+_!_ llkn-k*lliz(Q)+! IILn-L*IIiz(Q\G) 
(J 8 A. . 

0 

decreases and converges to some limit (J ~ 0. 

But [ ilun+ 1 -u* liiz<mdt~O, and thus! llkn-k*lliz<n> +~ IILn- L*lliz(f.I\G)~b. 
0 8 ' A. 

------------------- ------- ---
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Hence! llk 00 -k*lli2(n)+~ IILoo-L*IIi2(.Q\G) = b, for every limit point (k 00 , Loo) 
e A · 

of {(k,;, Ln)} . Now let (k~, 1!00 ), (k~, 1300 ) be any two limit points of {(kn , Ln)}. 
Then· 

_!_ Ilk~- k* llf2(.Q) + ! IIL1oo- L* llf2(.Q\G) = e A · 

= + Ilk~- k* llfz(.Q) + ~ IIJ3oo- L* llf2(.Q\G) 

for any (k*, L*)EL (V). But (k~, L1
00)EL (V), and thus 

1 k2 k 1 2 1 11 2 1 I 2 . -e 11 00- ooiiL2(m+-y I:.oo-I!.oo IL2(.Q\G)= 0, 

from which the assertion follows. • 
Next we show that the limit points (k00 , L00 ) of (P) are stable with respect 

to perturbations in the initial data: 

THEOREM 2.3. Let (A1HA6) hold. Assume initial data (u0, k0, E0 )e(K n V) x 
x (K! n W1) x (K! n W2 ), 0 ~ v ~ v0 , v0 > 0, are given such that 

(2.18) 

Let {u~, k~, En)} solve (IP,V) with respect to the initial data (u0, k0, E0 ), 

and let (k~, En)- (k':X,, E00 ) as n -HfJ. Then 

(2.19) 

. provided e > 0 is sufficiently small. 

Proof. Put for n ~ 0 and for 0 ~ v ~ v0 : q~:= u~-u~, y~:= k~-k~, 
z~:= En-L0n, w~:= u~-u*. 

From (2.2H2.4) there follows 

Un+ 1 -Un v * v IT f( V V d ) 
(J +dtun+1-f qn+1dxdt+ 

0 .Q 

T T 

+ f f Vq~+1·k~+1 Vu~+1 dx dt+ f f En+ 1 q~+ 1 dx dt+ 

0 .Q 0 .Q\G 

T 

+ f ( k~+~ -k~ t (Y~+1)ii dx-f f Vw~+l' Y~+ 1 Vu~+ 1 dx dt+ 

.Q 0 .Q 
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+ 
I 

( 
En+ 1 - En) v d IT I v v d d A Zn+1 x - Wn+1Zn+1 X t ~ 

mG o mG 

ITI(u~+1-u~ d 0 *) v ~0~ a +-;tun+1 - f qn+1dxdt + 
0 Q 

T T 

+I IVq~+1·k~+ 1 Vu~+ 1 dxdt + I I L0n+ 1 q~+ 1 dxdt + 
0 Q 0 Q\G 

T 

f( k~+ 1- k~) ( V ) d f f'{'] 0 V '{7 0 d d + e ij Yn+1 i j x - VWn+1 ' Yn+1 vUn+1 X t+ 
Q 0 Q 

f ( 
L

0
n+ 1-L

0
n) v d fT f o v d d + A . Zn+1 x - Wn+l Zn+l X t . 

Q\G 0 !2\ G 

Subtracting the right-hand side from the left-hand side yields: 

+ f(Y~+~- y~}/Y~+t);jdx+ f (z~+~-z~)z~ + 1 dx + 
n mG 

T 

+ f f{Vq~+1·k~+t Vu~+1-Vw~ + 1 ·y~+t Vu~+ 1 -
o Q 

-Vq~+ 1 ·k~+ 1 Vu~+ 1 + Vw~+ 1 ·Y~+t Vu~+t}dxdt . 

Rearrangement of the terms in the last integral gives: 

T 

1 = f f {Vq~+l'k~+t Vq~+t - Vq~ + t'Y~+t Vw~+t}dxdt~ 
0 Q 

T 

~ a1 J II Vq~ + tl l b<m dt -
o . 

T T 

- I I Y~+ tiiL"'(Q) (f !IV q~+ 1llb(Q) dt) 112 (f ll ~w~+ t ll iz(Q) dt) 112 ~ 
0 0 
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where for n ~ 0 

Now 
T 

T T 

~ ct1 f I IV'q~+111iz<a) dt-{ct1 f 11Vq~+111iz<a) dt+ 

0 0 
T 

+ 4~ 1 IIY~+ 1ilfoo(Q) I I!V'w~+ 11i£z(Q) dt} ~ 
0 

T 

Ce I o 2 1 v 2 ~ --
4 

I!V'wn+111L2(Q) dto-11Yn+111Lz(Q) ~ 
(X1 8 

0 

T 

~ -~~ f IIV'w~+ 11if2(Q) dt 0 (Q~+ 1)
2

, 

0 

T 

r llq~lli 2 (Q) dt++ IIY~IIi 2(Q)+ lllz~lliz(Q\G) o 
"' 0 

! f f q~ q~+ 1 dx dt ++ f (y~)ii (Y~+ 1)ii dx + 
0 Q Q 
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(2.20) 

+ ~ f z~z~+ 1 dx::s;g~Q~+ 1 0 (2021) 

0\G 

Hence 

0 Ce JT n o 12 With Yn+l;;= -4- llvwn+liLz(Q)dto 
(Xl 0 

Now chose s > 0 so small that for every n ~ 0, 'Yn+ 1 :::;; x < 1 which 
i& possible in view of (2.16). 
Then for n ~ 0: 

where 

4 - Control and Cybernetics 



50 K.-H. HOFFMANN, l SPREKELS 

Induction yields with %: = ~. _ 1
_: 

4a1 1-x 
n n n 

Q~~Qo TI (1+bk)~Qo TI exp(bk)=Q()exp(I bk)~ 
k=l k=l k=l 

oo T 

~ Qo · exp (% I J IIY'w~+ 1llb<n> dt). 
n= 1 0 

The latter factor is by (2.11) finite. 

Letting n ~ oo we obtain 

+ llk~ -k~ lli2<.o>+ ~ IIEoo-L0oolli2<.o>~ CQ(), 

where C does not depend on v. 
The assertion now follows from (2,.18). 

Remark: 

• 

Stability results with respect to the data u*, f* m elliptic problems were 
derived in [1] and [2]. 
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0 identyfikacji wsp61czynnika 
przewodnictwa cieplnego i utajonego ciepla 
przemiany w jednofazowym zagadnieniu Stefana 

Praca dotyczy identyfikacji, zaleznych od zmiennych przestrzennych, wsp6lczynnik6w 
ewolucyjnych nier6wnosci wariacyjnych. Jako prototyp rozwazan przyjc<to nier6wnosc waria
cyjnl! odpowiadajl!Cl! wielowymiarowemu jednofazowemu zagadnieniu Stefana. Wielkosciami 
mierzonymi Sl! w tym przypadku temperatura (albo indeks zastygania), cieplo wlasciwe, 
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ponadto dane pocz<ttkowe i brzegowe, natomiast parametrami identyfikowanymi S<t utajone 

cieplo przemiany oraz macierz wsp61czynnik6w przewodnictwa cieplnego. Przedstawiono 

metod,.: numeryczn<t rozwi<tzywania takich zagadnien oraz om6wiono jej zbieznosc i stabilnosc. 

()6 H~eHTH4MKa~HH KO~H~HeHTa 
TeDJIOOp6BO)J.HOCTH H CKpbiTOH TeDJIOTbl ct-aJOB0£'0 

nepexo)J.a B O)J.HOtaJHoii Ja)J.aqe CT~aaa 

Pa6oTa KaCaeTCJI H,ZJ;eHHHpHKal..IHH 3aBHCJIIIlHX OT ITpOCTpaHCTBeHHb!X KOOp,ll;HHaT K03<jJ<jm

l..IHeHTOB 3BOJIIOI.IHOHHbiX aapualiHOHHbiX HepaaeHCTB. OcHoaoil paccylK.neHHH rrpuHJITO aapua

l..IHOHHOe HepaaeHCTBO COOTBeTCTBYIOIIlee MHOrOMepHOH O,ll;HO<j>a3HOH rrpo6JieMe CTe<j>aHa. 

l13MepeHHIO rroAJielKHT TeMrrepaTypa (n116o ,freezing index"), co6cTBeHHaSI TerrnoTa, KpoMe 

TOrO Ha'!aJibHb!e H KpaeBb!e ,ZJ;aHHbie, H,ZJ;eHTH<jJHKal..IHH ITO,ll;JielKHT CKpb!TaJI TeiTJIOTa <j>a30BOrO 

rrepexo,ZJ;a H MaTpHI.Ia K03<jJ<j>Hl..IHeHTOB TeiTJIODpOBO,ll;HOCTH. Tipe,ZJ;CTaBJIJieTCJI 'IHCJieHHb!H MeTO,ll; 

peweHHJI TaKux rrpo6neM H o6cylK.naeTcSI ero cxo.nuMOCTb H ycTOH'IHBOCTb. 




