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A plane free boundary value problem is formulated describing the osmotically induced con-
vective-diffusion transfer of non-clectrolytes along two narrow compartments separated by a de-
formable semipermeable membrane of a fairly general linear rheology. The concret¢ model under
consideration is chosen with the aim to imitate the process of the passive water transfer through
plane epithelial tissues taking into account data reported in papers [19], [23], [25].

1. Introduction

There exist in biology a broad class of transport phenomena characterized by the
presence of volume fluxes along narrow compartments, induced by strong discon-
tinuities in the concentration fields, located on the boundaries of membranes, se-
parating these compartments. This class of phenomena includes the process of
osmotically induced mass transfer through rigid membranes, diffusion mass trans-
fer, accompanied by volume fluxes induced by jumps of concentrations on bounda-
ries of deformable membranes not resisting deformations, and the intermediate
class of processes of mass transfer through deformable membranes, appreciably
resisting deformations, This latter class of processes is the most important in biology,
but its mathematical aspects apparently remain almost untackled. In such slow
convective-diffusion problems the main interest consists in determining volume
fluxes and their dependence of the changes of the shape and location of the deform-
able membrane. This relates, in particular, to the process of a passive water transfer
through plane epithelial tissues where the main passway for water is the lateral
membrane, separating cells of these tissues from the intercellular space, and where
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the transfer of hyper/hypo tonicity from the serosal to the mucosal side of the
tissue implies drastic changes of volume fluxes [10], [19, [25]. Although the rheo-
logical nature of plasmatic membranes remains unknown in its quanitative details,
one may assert that they are liquids, possessing appreciate elasticity [11]. This
means that water transfer through epithelial tissues has to be put to the aforement-
ioned intermediate class of transport phenomena.

In what follows we formulate a boundary value problem, modelling water and
low-molecular non-electrolyte transfer trough epithelial tissue. Our model is chosen
with the aim to perform in the future numerical computations, roughly repreducing
conditions described in papers by Wright et al [25], Smuglers et al [19] and Van Os
[23]. These experiments seemingly are the most informative among others, men-
tioned for example in Krolenko’s monograph [9] or Stefenson’s review [21].

We mainly use the same approach as in the previous author’s papers [15], [16],
[18]. The theory presented there is oriented towards description of non-electrolyte
transfer through deformable membranes not resisting deformations. In such a case
the whole system of equations and boundary conditions of the problem is proved
to be decomposed into two groups of conditions. The first one (we call it “kinematic™)
serves for determining the concentration distribution and the membrane shape,
whereas the second group of “dynamical” equations serves for determining the
hydrostatic pressure and deformation stresses in the system under consideration.
The main peculiarity of that theory is that the kinematic equations and boundary
conditions are independent of dynamical variables and may therefore be solved
prior to the solution of the group of dynamical equations. Such a split of the problem
into the “kinematic” and ‘“dynamical” parts is evidently unphysical and wrong
when one deals with the mass transfer through membranes resisting deformations.
One has, therefore, to reconsider the main assumptions of the theory in order to
exclude the very possibility of the mentioned split, making the kinematic part of
the problem independent of the dynamical one.

Let us recall the basic assumptions of the theory we are refrerrin\g to.

1. The system was considered, consisting of two solutions filling narrow com-
partments separated by a deformable semipermeable membrane. These solutions
were supposed to be perfect mixture*) of n+1 incompressible liquid components
a;, of which a, was an impermeant with respect to the membrane, and the rest
of them were involved into a convective-diffusion transfer through the membrane
and along the compartments.

2. The membrane was considered as a diluted solution of all a;, j=1,2, ..., n,
in the main membrane constituent a,., ;.

3. Conditions of a local thermodynamic equilibrium, expressed in the form of
the Nernst distribution theorem [13] were assumed to be valid on the membrane
boundaries. Coefficients of distribution were taken constant, which is admissible

*) We use Prigogine’s terminology, according to which the solution is called “perfect” if the
coefficients of activity of all components of the solution are equal to 1 in a whole range of the possible
changes of concentrations [13].
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if the molar fraction of every penetrating component remains practically constant
as well as the jump of pressure on the membrane boundaries.

4. Since the membrane boundaries are surfaces of concentration discontinuity
conditions of dynamical compatibility for the convective-diffusion mass transfer,
velocity of solution motion and momentum transfer had to be valid on these boun-
daries. The process was assumed to be isothermal so that condition of dynamical
compatibility for energy transfer could be omitted.

5. All diffusion fluxes defined in the system of the average volume velocity
[5], [15] were described by the simple Fick’s law with constant coefficients of di-
ffusion and with neglect of all cross-effects, including that of barodiffusion*)

Besides these basic assumptions the theory employed the following ones:

5. Two points p; and p, are called congruent if they belong to the same normal
to one of the membrane boundaries. The difference between directions of normals
to the membrane boundaries in their congruent points were assumed to be negli-
gible, as well as the change of the membrane thickness due to its shrinking or swelling.

*) Let u; be the chemical potential of ay, ,uf its standard value, ¢, — the molar concentration
of a, 7, its coefficient of activity, £2, — the partial molar volume of a,, p — pressure, v, — the
local average velocity of a; in the laboratory coordinate system, w — the average volume velocity
of the solution under consideration and J; the diffusion flux of a, in the system of the average volume
velocity. According to the thermodynamics of irreversible processes

=1, +2 p+RTln x (0)

and the flux of &, in the laboratory system of coordinates is equal to

o= Lungrad pn (00)
0

Here x; is the molar fracture of the a; activity, i.e.

x=nal/X; X= 2 Ym Cms (000)
(1]

and L, are so called reversed phenomenological coefficients [7].

Note that y, are functions of all ¢,, p and of the temperature T which is now considered to be
constant,

By the definition

W= Z Qciti:  Je=0x O—W) (0)
0
we find, comparing (o), (00) and (0) that
Jy=—D,grad ¢;+ 3 Djygrad cu—L;grad p (00)
me

Here the first term of the right hand side describes the simple Fick’s diffusion, the second — all
diffusion cross-effects and the third one — barodiffusion. If all coefficients of activity are equal to 1,
then
n n
L=—23 0u(tm—a S Lu@); Di=—Du;
0 0

(000)

Dun=®T/ce) (Laa—cs 3 Lun 2) ~RT/X) %‘, (e OE Lea);
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6. Diffusion fluxes and the average volume velocity within the membrane were
regarded as quasistationary. Tangential components of diffusion fluxes within the
membrane were regarded as negligible.

A careful consideration of the basic assumptions of the theory we are referring
to shows that two of its positions need reconsideration:

1. The use of the approximate values of the coefficients of distribution taken
constant.

2. The neglect of the effect of barodiffusion.

The relinquish of both these inaccuracies would imply the abolishment of the
aforementioned split of the problem into kinematic and dynamical parts with the
former independent of the latter. At the same time one cannot expect that in con-
ditions imitating those reported in the experimental papers [19], [23], [25] the use
of the approximately constant coefficients of distribution may yieid an essential
guantitative inaccuracy. Indeed, computations performed in [4] with the aim of
modelling the process of swelling and shrinking of the single muscle fibres accom-
panied by the change of the shape of tubulus of the 7-system have withstood the
comparison with experiments. These computations have used the aforementioned
approximation and the input data were there similar to those in the papers we are
referring to. On the other hand barodiffusion in bulk flows, as well as all diffusion
cross-effects are known to be of smaller importance compared with that of the
simple Fick’s diffusion in solutions having no elastic properties. However within
the membrane, exhibiting an appreciable elasticity the effect of barodiffusion may
appear to be large enough in order to motivate taking it into account. Taking into
account the contribution of barodiffusion through the membranes into volume
fluxes and determining the membrane shape and location, affected by baro-di-
ffusion, is the main goal of this paper. Besides, in contrast to [15], [16], [18] we
now consider not only the swelling and shrinking of the whole cell due to the motion
of the apical membrane, but also the change of the lateral membrane thickness
due to its swelling or shrinking and its curving. At

The material presentation is as follows. First (section 2) we introduce the geo-
metrical model we deal with and the equations of the general theory. The rest of
the paper is devoted to derivation of equations of the one-dimensional formalism
of the theory, appropriate for describing transport phenomena in narrow channels
(section 3) and to derivation of the equations of the membrane approximation,
where all values, defined within the membranes, are eliminated (section 4). Con-
clusive remarks are made in section 5. Appendices 1 and 2 contain the table of
notations, numerical data and scaling. Appendix 3 contains the collection of all
normalized equations of the one-dimensional membrane approximation of the
theory, describing the process in the case of a bicomponent solutions: water+an
impermeant.
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2. Geometrical model, basic assumptions and equations

As it is pointed out in the introduction we formulate the problem in a version
allowing to imitate the water transfer through epithelial tissues. The latter may be
considered as a periodic structure, consisting of cells, bounded by basal, apical
and lateral membranes, intercellular space and unstirred layers, washing the basal
and apical sides of the tissue. At the apical side of the intercellular space there are
tight junctioans, connecting every two adjacent cells, but permeable for low-molecular
nonelectrolytes and water. For the sake of simplicity we restrict our consideration
with a plane model whose schematic structure is presented in Fig., 1.

Y

———y=A

|
~Lg x=0 w=1(1) x=L,
Fig. 1.
Here
Dy=(x,y:0<x<l(1); y1 (x,t)<y<A),
Dy=(x,y: 0<x<l(t); O<y<y;(x,1)),
Do=(x,y: —24<x<0; y, (0, )<y<4)), 2.1)
Dy=(x,y:0<x<l(t); y2 (x, 0)<y<y; (x, 1)),
Dy=(x,y: [ ()<x<l(®)+24; y> (1), 1) <y<4)
represent the cell, the intercellular space, the basal, lateral and respectively apical
membrane. Regions
D_1=(x, y: ‘—Lq <X <0; O{y‘CA)\ﬁo,
Ds=(x,y: 1(t)<x<Ly; 0<y<AND,

imitate unstirred layers and regions D* | and D; represent reservoirs of infinitely large
volume where the prescribed concentrations are maintained. Finally the subregion

Di=(x,y: 1()-H<x<I(1); 0<y<h) (2.3)

2.2)
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- of D, represents the tight junction. Here
h=y, (x,t) Vxe(I(1)—H, (1)) 2.4

In what follows we assume that all the regions D,, k=—1,1, 2, 5, are filled
with a perfect mixture of n+ 1 liquid non-electrolyte components a; of molar concen-
tration %, coefficient of activity %, molar weight M, partial molar volume Q; and
partial density p'J‘. All the components a;, j=1, 2, ..., n, are involved in convective-
-diffusion along D;, k=—1, 1, 2, 5, and in the convective-diffusion transfer through
the membranes D,,, m=0, 3, 4. Every solution D;, k=—1,1, 2,5, is assumed to
be a viscous liquid of a constant viscosity u, and negligible body viscosity.

Concerning the membranes Dy, k=0, 3, 4, we use the following approach. First
we describe them as porous media of the porosity m*, where fictitious volume forces
of the resistance act on the solution moving through the porous space. The solid
skeleton is identified with the osmotically inactive part of the main membrane
constituent a,,,, and the forces of the resistance are defined proportional to the
difference between the average volume velocity of the motion of all the membrane .
constituents and the average local velocity of the component a,. ;. After this the
usual process of ““homogenizing” of the “heterogeneous media™ [2], [3], [14] permits
to consider the membranes as diluted solutions of all the penetrating components
a;, j=1, 2, ..., n, in the main membrane constituent g, . The connection between
the porosity m* and the coefficient y*, , of activity of a,., is evidently given by the
equality

mi=1—0 ;s chyy (1=75,0); k=0,3,4. (2.5)

Coefficients yf,f of activity of all other components a;, j=0, 1, ...,n, k=—-1,0., ..., 5,
are taken below equal to 1.

Rheological properties of the membranes Dy, k=0, 3, 4, are assumed to be the
following:

A. The basal and the apical membranes (k=0; 4) are supposed to be of the
constant thickness 24 in x-direction and such that the change of the length
A—y, (0, ?) of the basal membrane, induced by the motion and deformation of the
lateral membrane, is considered as resistance free®).

On the opposite the length A—y, (1 (¢), t) of the apical membrane remains
constant because of the existence of the tight junction in the apical side of the in-
tercellular space.

As usuzl in the theory of slow motion of liquids through porous media the
forces of the inner tension within solutions, percolating through the porous space
of those media are assumed to be negligible compared with forces R of the resistance.

s R T R N <)

#) This singular property of the basal membrane is supposed in order to avoid difficulties
created by the roughness of the geometrical model we deal with. It would be much better for the
general description to consider the basal membrane as a smooth prolongation of the lateral mem-
brane. However, such a more realistic description would imply unreasonable complications for
introduction of the one-dimensional formalism of the theory.
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B. Let fI?, &* and &3 be two-dimensional stress, strain velocity and strain tensors
within D;. Assuming the motion of D, and motion of all the penetrating components
a;, j=1, 2, ..., n, to be small we neglect the difference between the local and material
derivatives, Hence for a fairly general linear theology

r
B (x, 5, =8 (x,5, 0+ [ & (x, 7,5 ds
o

2
B (3,7, )= (x, 7, 0) exp (—at)+be® (x, y, )+ =9

+ J exp (—a (t—5)) (c2* (x, y, s)+de* (x, y, 5)) ds

with constant coefficients a, b, ¢ and d. Here 7* (x, ¥, ¢) is the deviator of the stress
tensor 12 (x, y, t).
Note that with
===d=0; b0 2.7)

the lateral membrane is a viscous liquid with a negligible impact of the bulk viscosity.
‘With

a=b=d=0; c¢#0 (2.8)
Dj is a linearly elastic body. With

b=d=0; a#0; c#0 (2.9)
D, is the Maxwell visco-elastic liquid. With, finally,

b=c=0; a#0; d#0 (2.10)

D, is the Kelvin solid.*)

Let @ be the vector of the local average velocity of the motion of a, in a labora-
tory coordinate system. The average volume velocity w*, the velocity of the center
of mass #* and diffusion fluxes J¥ and J7* in the system of the average volume velo-
city and respectively in the center of mass system are connected by the equalities:

= M oy Y o d=1, (2.11)
#=(/p) Y e o= 1, 2.12)
Te=ck (&5 —); (2.13)

TE=ph (88— %) (2.14)

*) We preserve the above freedom to vary rheological properties of the lateral membrane due
to the lack of clear experimental data on this subject. One only may state that plasmatic membranes
are liquids possessing an appreciable elasticity [11]. Therefore the numerical modelling of the re-
spective biological experiments has to be performed with a variation of the accepted assumptions
concerning the rheological nature of the membranes. Such a variation may, apparently, help one
ito understand better the mechanical properties of plasmatic membranes,
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Here
" m=0; m=n for k=—1,1,2,5; my=1; ny=n+1 for k=0,3,4 (2.15)
Note that (2.11)-(2.14) imply the identities

Y ot=0; T =0; k= <1, 0, 5 (2.16)
my;

my

and

Fmitt ST Bl (M- M, 2,2)
= (s=0 for k=—1,1,2,5; s=n+1 for k=0,3,4) (2.17)
Besides, definitions (2.11), (2.12) yield
div w*=0; k=-1,0, ..., 5 (2.18,)
pEdiv (pf 89 =0; k=—1,0, ..., 5. (2.18,)

Thus every solution behaves as an incompressible liquid in the system of the average
volume velocity, whereas in the center of mass system it behaves as commpressible
one. Therefore it is convenient to write equations of convective diffusion in the
system of the average volume velocity. In contrast to this equations of the solution
motion have to be written in the center of mass system because only in this system
forces of the inter-component interaction appear to be eliminated [24].

Bearing in mind the purpose of introduction of the one-dimensional formalism
we write equations of the convective diffusion, continuity and momentum transfer
in their integral form, assuming that no external forces act on the system and that
there are no chemical reactions, neither volume nor surface.

Taking into account conditions of biological experiments quoted in [9], [21],
[23], i.e. the smallness of the motion of solutions in a whole system under consi-
deration, and also the diluteness of the membrane composing solutions, we neglect
all the inertial terms in the equations of motion, and disregard the difference between
the average volume velocites and those of the center of mass when we consider
the motion within membranes.

Thus the integral equations of the convective-diffusion, continuity and momentum
transfer are

[ da+fc§ WwE ds= — fJ;f,, ds; m<j<m; k=-1,0,..,5  (2.19)
D Ir r
fw,';ds=o, k=-1,0,..,5 (2.20)
¢ o
[t ds=0; k=-1,1,2,5
r

2.21
[ ds+ [ R ds=0; k=0,3,4 e
r D
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Here D is an arbitrary simple-connected region belonging to D, and bounded by
a piecewise smooth contour I'. The subscript n denotes the outward normals of
any vectors. Finally IT; is the stress density at I" and

Re=i@,,—); k=0,3,4 (2.22)

is the fictitious volume force of the resistance of the main membrane constituent
a, ., to the percolation of solutions through the membrane.

Note that equation (2.19) is valid whatever the definition of diffusion fluxes is.
We define them by the equalities

P — D grad ¢ for-j=0, : n;- k=-1,1,2,5 223
— D) grad ¢5—L% grad p* for j=1,2, ..,n+1; k=0, 3,4
All diffusion coefficients D% are assumed to be constant. As it is seen from the de-
finition of the coefficients of barodiffusion (see the footnote in page 51) they are
linear functions of concentrations ¢ if all the activity coefficients y* are constant.
In our case only y}, , #1. Since, however, in cases of our interest the concentrations.
of all the penetrating components are small and vary little in the course of the pro-
cess evolution (see Appendix 2 and [4]) we may assume y.,, to be constant and
together with this to assume Li=const for all j and k, entering (2.23).
We now have to add the conditions for a local thermodynamic equilibrium and
those of dynamical compatibility at the boundaries of all membranes. The first
ones may be written in the form of the Nernst distribution theorem

0 for k=—1:1
F=K"catS,,; m=i4 for k=1,5; S,=DND, (2.249)
3 for k=1;2

The exact expression for the distribution coefficients is

Wi =(X"/X*) exp (2, (P —p™)/RT)  at Si @23)

which is the corollary of the continuity of the chemical potentials of all penetrating
components (see the footnote in page 51). Note that only dynamical conditions,
which have to be valid on the membrane boundaries, are those of the continuity
of tangential stresses and of the dynamical compatibility of normal stresses. Hence
the membrane boundaries are, generally speaking, surfaces of the pressure discon-
tinuity. As it is seen from (2.25) 4™ vary in the course of the process evolution.
However for values of our interest (see Appendix 2) all 4™ are approximately con-.
stant. Therefore, and exceptionally for the sake of simplicity of the material pre-
sentation, we take them constant:

h—:"'=x1=con5t; J=1;25uun (2.25*)-_-

for all k and m entering (2.25).
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Conditions of dynamical compatibility for diffusion fluxes at the boundaries
of the lateral membrane are

(I—xy) ¢ (m—w)=Ti~T5;  j=1,2,.,n on Si3; i=1,2 (2.26)

Jjn Jn?
Ci) (nit g wnit)=‘](;n (227)

Conditions of dynamical compatibility for the average volume velocity and for
momentum transfer are

M',i1= W’S on 513; i=1, 2 (2.28)

and
Oi=I+(-1)*'06;K; on S;3; K=1,2 (2.29)

Here subscript » denotes the normal components of all respective vectors, o; is the
surface tension on S;; and

1, =Yie[(Si3)x; Ki=yixx/(Si3)i; (Sia)=(1 +.V?x)%§ i=1,2 (2.30)

are the velocity of the motion of the surface S;; in direction of its normal 7°, and
respectively the curvature of S;;. 71° is assumed to be directed toward D,.
On the boundaries of the basal membrane conditions (2.26)—(2.29) turn into*)

fo'*'(l —K;) C’; W'§=J};; 1 for x=0
: Fe1, 3, ety - o= 2.31)
(,;x+c,(c) wl;=0 —1 for x=-24
wi=w?; k=1 for x=0; k=-1 for x=-24 (2.32)
Po=pt—<* . k=1 for x=0; k=-—1 for x=-24 (2.33)

‘On the boundaries of the apical membrane these conditions become*)

(I—-xk) E(@O-wY=JE—Tk;  j=1,2,..,n

Jx?

. (.34
& (@)—-w)=Js.. k=1 for x=I(t); k=5 for x=I(t)+24
wi=wt; k=1 for x=i(f); k=5 for x=l{f)+24 (2.35)
pr=pi—tt, k=1 for x=I(r); k=5 for x=I()+24 (2.36)

All fluxes are continuous at common boundaries of the unstirred layers and the
intercellular space, so that
0 for k=-1

k __ 72
T, I(t) for k=5

s F=0 Yty | Wiy Il x={ .37

*) Conditions of continuity of normal components of stresses (i.e. conditions of dynamical
compatibility for momentum transfer in the quasistationary approximation we deal with) have
to be valid on every subset of the boundary S;,, of the membrane D,, and the solution D;. It is ob-
vious that on the boundary of a heterogeneous medium the stress on the solid skeleton coincides
with that on the boundary of a percolating liquid. Since, by the agreement above, stresses within
solutions percolating through membranes D,,, m=0.4; are considered as negligible compared with
the fictitious volume forces of the resistance we see the correctness of conditions (2.33) and (2.36).
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Conditions of symmetry on lines y=A4 and y=0 are
¢,=0; m<j<m; (WH,=0; pi=0; (IT%),=0; II}=0 at y=)*

|4 for k=—1,1,50,4 (2.38)
F=ND  forkua—1,250:8

Finally, tangential components of &, w, 7} and 7{ on lines S,; must satisfy the
conditions*)

- (2.39)
wh=w?; 2.40

@ * on S;;; k=1,2 ( )
Ky Ip=tp; j=1,2,..,n; (2.41)
& (2.42)

Possible conditions on the external boundaries of the unstirred layers accepted
in this paper are

Pk=pk° (f); C§=Cz€n (t)! .}=01 I! coay 115

(2.43)
x=—=L, for k=—1; x=L; for k=5; =20
We assume that ¢} satisfy the identity
2 Q. c()=1; i=-—1;5 (2.44)
o
As the initial conditions we take
¢ (x,0=c,(x); »&x0=y,(x); i=,2; 0=l A
mk’g‘jsui; k=_l: 0) ] 5 :
assuming that
0<yzo (X)<y10 (¥)<4; 0<x<l, (2.46)
Yao (X)=h; [,—H<x<l, )
and that ¢}, satisfy all the conditions (2.24).
*) Equalities (2.39), (2.40) are the corollaries of the adhesion conditions:
”§a="’:+1.s" F=0: 1,15 t:_?;s=v;; =12, .,n41, (f1)
implying
u’;’=v‘(;x; v1=v:+l’s; 0 (- S TR - B 2)
We have
p‘v:=2 p-;vkszs;x Z p’j‘:p*v*m; m=0,1,..,n. (f3)
o (4]
Analogously
wi=w3d 1 m=1,2,..,n+l (f4)

£ ms
Hence (f1)—(f4) imply (2.39). Quite analogously, using (2.11) and (2.12) we sec the validity of
(2.40). Further, definitions (2.13), equality (2.40) and conditions (2.24) imply (2.41). Finally the
second of equalities (2.42) is a corollary of the first one and of conditions (2.29).
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This terminates the formulation of the problem in its general form. Here we
treat membranes as thick shells and to not employ the assumption of narrowness
of compartments D, and D,. '

3. One-dimensional formalism

Define regions D, entering equations (2.19), (2.20) and (2.21) as
D={s, v: x<s<x+dx; 2, (8, N<y<e (x, )} =Dy k=<10,.,5 G1)

where
0 for k=-1,2,5 [A for k=-1,0,1,4,5
z3=1y,(s,1) for k=0,3,4 zy=1y: (s, 1) for k=3 (3.2)
y1(s, 1) for k=1 lJ’z (s, 1) for k=2
and introduce averages
z2(s, t)
F(S, t)__"(I/(ZZ (Sy t)_Zl (Sa t))) J F(S, Y, t) dy (33)

z1 (85 t)

whatever the function F (s, », t) defined within D, is. In what follows we only deal
with functions whose deviations from their averages are small. For such functions
we use the approximation

i ‘
F1 F2=F1 F2 (3‘4)

Divide now equations (2.19), (2.20) and (2.21) by dx and pass to a limit dx—0.
We obtain

(z2—2zy) C§t+(0§—c’}|y=z2) Zpe— =0y ) it
+((z2—20) & WE) kW Selymz, — % WE Silyz, =
= ——((ZZ —Z4) J}fv)x—-’ﬁ, Sx],,=22+.]]'.‘n Sy, s ol s it (3.5)
instead of (2.19),
((z2~21) WE)x+Wj Sxly=z, =Wy Sxly=z,=0 (3.6)

instead of (2.20) and

@2 —2) 1)+ S,y g, —ITE S, . Bl AR
Z2—Z2 x n Pxly=z, "4, Oxly=z, = Lo My .
(ool ’ b (W —a", ) for k=0, 3,4

instead of (2.21). Here F,, g=x, y, n, s, means the g-th component of any vector F,
n and s are notes of the normal and respectively the tangential direction to the
line y=z (x, 1), and

Sy=(1+22)} (3.8)
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Let us now specify equalities (3.5)~(3.7) using the basic inequalities®)
h<y, (x, 0)<yy (x, 0=y, (x, 0)+24 K4 </ (1) <min (Lo, L,); V20  (3.9)

and the following simplifying approximations:

1. Due to the smallness of motion, diffusion fluxes and stresses all the terms,
quadratic with respect to derivatives in x-direction, of all the functions of interest,
are disregarded, if this neglect does-not lead to any observable contradiction.

2. Since the basal and the apical membranes are assumed to be rigid, so that
the possible swelling or shrinking of them are disregarded, the distribution of con-
centration there is considered as quasistationary.

3. The specific (i.e. per unit of crossection) resistance of membranes to mass
transfer is incomparably greater than that of the cell and intercellular space (see
Appendix 2). Therefore we neglect the mass transfer within the basal and the apical
membranes in y direction compared with that in the transversal x-direction, as
well as the mass exchange between the unstirred layers and the lateral membrane
through their common boundaries.

4. Inequalities (3.9) show that the time of relaxation of concentration fields
in y-direction withir the unstirred layers D_, and D;, the cell D; and intercellular
space D, may be assumed negligible compared with that in x-direction. Since,
by the assumption ("}", j=0, 1, ..., n, are independent of ¥ we may presuppose that

Lh

=0y, =0, Laandly  k==13
N (3.10)

f| —1 ¥ i . harza
Sly=pmn=C5; =42 n; k=12

5. Tangential components J of diffusion fluxes J7, j=1, 2, ..., n, on the boun-
«daries Si3, k=1, 2, of the lateral membrane are considered as negligible compared
with their normel components.

6. In addition to the approximation above we use, if necessary, the simplest
.approximation of functions of the interest compatible with conditions of symmetry
and dynamical compatibility. This yields, in particular the approximation

W Gr, y, )=wh (x, 1);  k=0,1,2,4 (3.11)
Py, )=p(xt); k=-1,0,1,2,4,5 (3.12)

Note that the the approximation (3.11) is inapplicable to wJ! and wl. Indeed,
conditions of dynamical compatibility (2.32) and (2.35) show that

wit (=24, )=(1/4) ((A~y2 0, ) w° (=24, )+y2 0, ) w (=24, 1))

wi (10+24, )=(1/4) (A—y2 (1), ) w* (1 ()+24, 1)+
+22 (10, ) w? (1()+24, 1))

(3.13)

*) For the magnitude of values, entering (3.9), see Appendix 2.
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which is clearly incompatible with the assumption of the independency of w%,
k=—1;35, of y, since w® and w2, as well as w> and w7 are essentially different.

7. We accept, for any function f defined within the lateral membrane the ap-
proximation

FO,0=%(f(xp: @, 0, D)+ (x, y2 (x, 1), 1)) (3.14)
and approximations
2 s, =—2(D3 (ls,,— )L (Pls,, — D)1 (x, )=y, (x, 1))
T3 ls,=—2(D] (e;—cjls, )+ L] (0—p3ls, /(1 (x, )=z (x, 1))

with unknown

(3.15)

0;=2(Dj ¢;+L; p)/(y1 (x, 1) =¥z (x, 1)) (3.16)
8. Dealing with the cell and intercellular space, note, first of all, that
7h, = g (2 @) —(2/3) (@)t @D)s—Ki }))
= (@)t @t Ke?h); k=152 (.17

=gy, (2 (@), — 20F Ky — (2/3) (@5t @) — K o))
and that

’U’; (x, ¥, 1)=0; ‘Uﬁ=“k3 %’l;‘{“ Brs ‘U,;§ ‘Uf=ﬂk3 92‘“%3 '@’F; (3.18)

Here o3 nad g, ; are direction cosines of a normal to Sy; and Kj is defined by (2.30).
Further y'=4 and y*>=0.

We use the approximations
@k (x, 3, D)y=(2F (x, ", =7 (x, Y D)/O*—2);  r=¥,m,s; k=1;2. (3.19)
Hence we approximately have :
(@n= 3 (O)x+ Bis (o o5 —2))/(F — i)
(@)= 03 @)+ Bis (Brs v5—2)/*~ 1)

Note that by virtue of conditions of symmetry

Sea; k=1,2  (3.20)

I 0o v = I (s 1)  §=0,1,2 .;m; %=12 (3.21)
and that the adhesion conditions and the equality
I3 (x, v, )=0 (3.22)
imply
Iy =0; Jj=0.1L..m &=1,2 (3.23)

Using all these assumptions and approximations we easily conclude that equa-
tions (3.5)—(3.7) yield:
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A. Equations of transfer through the basal
and apical unstirred layers

Assuming that w%, k=—1; 5, are continuous functions of y we find that*)

wh(x, )=w: (xi,1); xeD% k=-1;5 (3.24)
where
D~'=(x: —Ly<x<—24); D*=(x:1(t)+24<x<L,), (3.25)

and wk (x,, 1) are defined by (3.13). Further
(Wi (€)s=D} (Dsx; j=0,1,...,n,
(ﬁ‘_?ix)x=0

and by virtue of (3.24)

xeD*, k=-1;5 (3.26)

tee=—2 (m/p") 2 (M;—M, Q2,/Q0) D (c;)xx (3.26%)

B. Equations of transfer trough the basal
and apical membranes

UDs+ws (€)e=0;  j=1,2, . n+l;

(W:;)x=0 xeD¥; k=04 (3.27)
(Pk)x_"?t ("}_‘v:-l- l)=0
*) It is obvious that points (xi, y2 (3, 1)), k=—1;5, x_;=—24, xs=1()+24 are points

of discontinuity of the average volume velocity w* (x, y, 1) since the specific (i.e. per unit of length
of the crossection x=const) resistance of membranes to the solutions motion are incomparably
greater than that of the intercellular space. Denote y=z; (x, #) the streamline of the field of the
average volume velocity, entering the point (xi, y2 (xy, 1)) and belonging to Dy, We have

A
wh=(1/4) [ Wt dy=(1/A) ((A—z) Wk +2, W) ©
o
where

A X

=) (s = Pt w
Zk o

Hence |

(W) )=(1/A) (%) -+(1/A4) ] z,) -

where [f] means a jump of f on the line y=z, whatever the function fis. Thus (3.24) may be valid
if and only if
{Wi] ). =0; x e D¥, (iv)
Since w.#0 at points (xx, ¥z (xx, 1) it perhaps is rather more natural to suppose that the stre-
amline y=z, has a zero slope everywhere in D, than to assume that the points (xx, ¥z (x:, 1)) are
the only points of discontinuity of w! (x, y,1); k=—1;5.

i
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Here
D°=(x: —24<x<0); D*=(x:1(0)<x<l(t)¥+24) (3.28)
Note that
0 ; x=-24 or x=0 for k=0

; (3.29)
1(t); =x=I1(@) or x—I()+2 for k=4

'Z"ﬁ+ 1 (x’ t) =

C. Equations of transfer through the cell
and intercellular space

(yk '_‘yk) (Cﬁ)t'l'((yk _ylc) WI; CLE x—c’; Wﬁ (Slcs)x|sk3=
=—(0F—1) 5 )x—Tju (Skadals,,=0;  j=0,1,2,...n (3.30)
((J’k —¥e) Wi)x“‘ Wﬁ (Sk3)xlsk3=0; k=1,2; xeD*
Note that d
1= —(2/3) wy div 42, (3Y),; z=x;y,

o= (D ),); =t N T k=152, (3.31)
1

div w*=0; j§= ‘“D]} grad C'}; ’]l;:(llk//”k) (M;— M, 2,/2)

Using (3.10), conditions of symmetry and the first of assumptions above, we conclude
that

o= 2 @13) 75 (=T e+ (UG*=19) (Tl +0e T) +
1 n
+2 (,uk wE+ Z 7’ fj'.‘x) 3
1

&= 12wkt 3] 53305, ) +
1 X

n (3.32)
+1/2 (,u-k Wit Dt ,’-2) (P2l = 31)) 5
1

B

Sks

== D (f}‘x)r(l/(y"—yk))( D) @3y Jh+2u, W")

+ ( 2 (4/3) ’7,; J§x+(2ﬁl'k W,;:) ykxx) .
1

D. Equations of transfer through the lateral membrane

1/2 ((Y1 —¥2) (C?I513+C?lsz3)t ‘C?sm Yu'i"cjlsn Yot
+1/2 ((r1=y2) (] wils,,+ 3 wils, s+ W (Sis)sls,, —
-—C? W,:f (S23)x|5‘23=‘];:; (SIS)XiSu__Jan (SZS)x‘st ]=1’ 25 e R (333)
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where the term
((yl —¥2) j},)= 1/2 ((.Vl —¥2) (243 J}‘.ls‘, + o3 J}..ts,,) (3.34)
is omitted*).
Further
1/2 ((}"1 —¥3) (“’:%,;"Wi:su))x'i'“’: (Sla)x!s,,—“': (SZS).\'{S“=O (3.35)
and**)

1/2 ((."1 ~¥2) (ﬁ:[sl,+n_3|s,5])x+ 12(y1—y2) (Rsis, R i Ra!s,,)"'
+H: (S, 3)x|si, _n: (Sza).r!s,,=0 (3.36)

Note that the fictitious volume forces R* of the resistance have no tangential
components at points of the membrane boundaries S,; and S,;. Indeed

R:|Sk,=;'3 (g:‘f-l,s_ w:)|3“=(1/c:+ I.) J"3+ l,a[Sg;=0 (3'37)
(see point 5 in page 61). Thus (3.36) may be rewritten as

12 (vi=y2) (T, , +1T2s, )+ 1/2 22 (0o —y2) (M —w)ls,,) A3+
+ (12, —wyls,.) B33 +II3 (Sy13)sls,, — 117 (S23)ils,, =0  (3.38)
which is valid since
3

Vot toalse, =Me=Vul(Sa)s; k=1, 2. (3.39)

Here /iy, are the unit vectors of the normals to S,;, k=1;2.

E. Conditions of conjugation. Boundary
and initial conditions

Recall that by virtue of conditions of symmetry the average volume velocity
is independent of x in both the unstirred layers, which justifies equating w*, k=—1; 5,
to values defined by (3.13), as well as definitions of 7%, by (3.26). This shows that
conditions (2.24) and conditions of dynamical compatibility are satisfied by the
average concentrations, average volume velocities and everywhere except for bound-
aries of the unstirred layers. On these boundaries they take the forms of’:

TR 47 07 =(1A) (A=20) U546 #)+y2 Ti+6} 02
J=1,2,..,n; x=-=24 (3.409)
Jod 65" W =) A) o +E593); x=—24
p=t=(1/4) (!50'5'}’2 B —12)+0i—r2) ﬁj); x=-24 (3.40,)
b7 =(1/A) (A=y0) #2472 #2);  x=—24 (3.40)
¥) This term is of the first order with respect to derivatives in x-direction, so that we cannot

refer to the assumption | above. However, comparing its magnitude with that of the terms in the
right hand side of (3.33) we see that it is negligible (See Appendix 2).

**) For computation of stresses ﬁ: and I}: on boundaries Sg; see the next section.
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& (0 -1 @)=0/4) ((4—y) (Ji+c; (Wi -1 (D)) +
+y2 (46 (2-1@)))  j=L2,..n;  x=1(O)+2 (3.41,)

Joe 65 (0 =1 (0)=1/A) (J3,+65 (B2=1(D)); - x=1()+2 (3.41,)
P =UA) ((A=y) B*+y. (PP —22)+(1—y) 7°);  x=1()+24 (3.413)
Wi =1 @O=01/4) (4=y) (=1 @) +y. (P2 =1 () » (3.414)

Recall that the conditions of dynamical compatibility (2.31)-(2.36), which remain
unchanged on the b_oundaries of the cell, are
JO4Ed wo=Jl +élwl;  JL4eiwi=0; j=1,2,..,n

Wo=w’; : x=0 (3.42)

Jitet wi=l@)=J}+¢; (0i-1@®); j=12,..,n
Jactés (i =1(1)=0

~4 A1
We=w,

x=I(t) (3.42,)

ﬁ4 =ﬁ1 5 %;x
Further

ci=((A=y)lK; A) ¢;+ 2/ 4) G H((r1—y)K; A) ¢35 x=x; k=—1;5

§ (3.43)
X_1==24; xs=I1()+24; j=1,2, ..,n

Note that terms (y,—y,) p*> and (¥, —y.) ¢}/k;, entering (3.40,), (3.31,) and re-
spectively (3.43) are negligible since p*, p?, p* and respectively c;/k,, ¢;/k; and c3
are of the same order, and y, —y, is two order smaller than 4 (see Appendix 2).

4. Equationshof the membrane approximation

Equations by the membrane approximation are corollaries of the one-dimen-
sional formalism of the theory (section 3) and conditions of conjugation (sections 2, 3).
Using equations of transfer through the membranes and conditions of conjugation
we may find an explicit relationship between diffusion fluxes, velocities and stresses
on the cell boundaries and those on the boundaries of the intercellular space and
unstirred layers. As the result of this all the values determined within membranes
appear to be eliminated. Remembering that 24 is incomparably smaller than L,
and L; we may, after such an elimination, consider lines x=0 and x=/(¢) as the
only representative of the basal and apical membranes, and consider them as the
boundaries of unstirred layers. It is also convenient to introduce

z(x, )=y1 (x, ) =32 (x, 1) CHY
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as a new unknown, and consider the boundary S,; of the intercellular space as the
only representative of the lateral membrane, and therefore as the boundary of the
cell. It appears, due to the magnitude of values we deal with, (see Appendix 2)
that the distribution of concentrations, velocities and stresses interior to the lateral
membrane are not noticeably affected when z varies. This means that the boundary
y=y; (x, 1) may be determined in the approximation

2A4=const. (4.2)

where 24 is the thickness of the Jateral membrane measured along the normal to
its boundary S,;. In such an approximation y, (x, #) has to be determined from the
simplified system of equations, where the swelling and shrinking of the lateral mem-
brane, as well as the change of its thickness due to bending are disregarded, whe-
reas z (x, ) may be found after obtaining the solution of this simplified system®)

A. Elimination of the basal membrane

Equations (3.27) yield
JP (=24, )+ (=24, 1) w2 (H)=J7 (0, D+ 0, ) wi(0); j=1,2,...n

(4.3)
P (=24, 1)4242° wg (t)=p° (0, 1); wg (x, 1),=0
Comparing (4.3) and (3.40), and replacing —24 by 0 we obtain**)
TR &7 v =(1/A) (A—py) U} +E] #) 432 (T +6] #D)
J=1,2,...,n
P =t =(/A) (A=3) (B =2 4240 84y, (P —22); x=0 49
Wy ' =(1/4) ((A—=y,) Wi +y2 Wl)
Besides
Jol et t=(y,/A) (J2+é2 w2) at x=0 (4.5)

On the other hand we find, using (4.3), definition (2.23) and conditions (2.24)
of conjugation, that

ép—(93[DY) c)=—Q/D) (J} +¢€; Wi+LT 2% Wl)lx=o

7 (4.6)
&=x;é}; j=12,.,n; x=0

*) The width of the tight junction is of order 2h=10 A whereas 24=100 A and 4—y, (x, 0)
is of the order 3u (see Appendix 2). This shows that the shift of the boundary y=y (x, 1) of the cell
to the line y=y; (x, t) cannot become essentially influential, at least at the initial stage of the process
evolution, when the cell is by far from the possible collapse.

*¥) Here and below we disregard terms (3y —y2) p* and (¥ —»1) c}ix, in the accordance with
what is said at the end of page 22.

Equations (4.4) and (4.9) are written taking into account the assumption concerning negli-
gibility of the mass transfer through the regions

D*=((x, y: xp<x<x+24), y2 (x,0)<y<y; (x,1));
k=—1;5;x_1,=—24; xs=I(1)
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This and the approximation .
exp (—24 W} (0, 1)/D})=1-24 w} (0, ¢)/D @.7
yield (see the table of notations)

9 (=24, )=(x;/p%) (¢} (B+WE (L =)+ +LE 2° B2) 50
i=1,2,.,n (48)

Inserting (4.8) into (3.43) and replacmg —24 by 0 we accomplish the elimination
of the basal membrane.

B. Elimination of the apical membrane

Quite analogously we have
T+ (W—1 @)=/ ((A=—y) (J+¢} (h1-1 @)+ |
+y: (Jo 4 (2-1@)));  j=1,2,..,n; |
PPt =(A4) (A—y) (B 1, +242 W) +y, (P~ 13));  x=1(t)
w3 —1(O)=1/4) (1 =1 (©)+y. (32 -1 (1)) J
55 (=1 (0)=a/A) (Jo.+¢5 (B2—1(D)) at x=I(r) 4.10)

4.9)

and
(l (t)+2A t)_ _(KJ/pJ ( ~_‘é‘j‘x (pj—(w; ~1 (t)) (1 _’CJ'))+
+L;' i# (W;—I. (t))!x=l(,); Jj=1,2, .sn. (@&ll)

Again, inserting (4.11) into (3.43) and replacing 24 by 0 we accomplish elimination
of the apical membrane.

C. Elimination of the lateral membrane

Note, first of ali, that (3.35), (2.28) and (2.40) yield
W, (S1s)x{s13—wf (st)xis,5+1/2 ((y1 —¥2) (W;fs,3+wi|s,,))=0 (4.12)
Consider (3.36). Note that
Ils,,=(=p* i +Dls,, =5, —73) ils,,+73ls,,; k=12 (4.13)

Using now (2.29), (2.30) and (2.42) we obtain, after some simple computations,

F=F3 4.14)
where¥)

*) Below we use these equalities omitting all terms quadratic with respect to derivatives in
x-direction if, naturally, they are not divided by a small value of the order of y, —y,.
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F=((A =¥1) ﬁ.:ls,,+yz ﬁffsn)x"' 0y K; (S13)e ﬁ?a =03 K3 (S23)« ﬁga a5
2
#1200 3 e b i) + 12 (-2 (/512>
1
x((A _yl) H:Inls,,)x_(] I(Sx 3): {J’z nin)x!s" T
~(A—y) K IT s, +y: KL I, |5, — 0y K40, K>))s
F3=12(y,-y,) (Rals,, j'itnl.’.‘l‘JR?'is,, 523)—'IT 1/2 ((}'1 =)2) (T,?,Js,,""
+T:n[s,,))x+ 1/2 ((}1 —¥2) (%13 T:,.ls,, ﬁ?s‘l'“za ":.Js,, ’323))::

Thus in order to eliminate the lateral membrane from the equation of the momentum
transfer we must do this with the expression of F3,
By the definition (2.22) and conditions (2.40) we have

R? fsm =22 ((”;?:3): = Wn) IS,‘, (4.16)

Further, remembering the assumption of the smalness of motion, we may neglect
the difference between the local and material derivatives at points of the lateral
membrane boundaries. This means that instead of equations (2.6) we may write**)

(4.15)

8 (x, 0 (x, 1), 1)=8% (x, 3. (0), 0)+ f & (x, yi (x, 5), 5) ds

4.1
B (x, yi (x, 1), 1)=7% (x, 3 (x, 0), 0) exp (—at)+be® (x, ¥ (x, 1), 1)+ e
T
+ f exp (—a (1—s) (c&° (x, yx (x, 5), 5)+d&> (x, 3 (x, 5), 5))) ds.
0
Recall that
=W e =1/2((W})s+ WD)t K; w3); @.18)
=43 (W)= K w))—213) W)a;  k=1;2 ‘
Compute values (w)),ls,, and (w;),ls,, by the following way. We have
div#*=0 in D, 4.19)
Hence
div ((7%),)=0 in Dy (4.20)
so that

f((ﬁ‘a)y) di=0; I'=0D; D=(&, n: x<i<x+dx; y, (& )<n<y, (1)) (4.21)
r

Since o5 and f,; are independent of y by their definition, we have
(P s=(w)), on Sis; k=1;2 (4.22)

**) Really this means that we consider the membrane surfaces as possessing specific rheolo-
gical properties whereas inside that membrane only the body forces R* of the resistance act.
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Hence (4.21) yields
(Ws)y) S13)xls,3 "‘(Wg)y (523)x1s,_3= ‘“(ﬁ'}; s ﬂ’i)x (4.23)

Here the equalities
Wils, =Whls, =Ws;  k=1,2 (4.24)

following from (2.28), (2.40) and (3.11) are taken into account.
Use now the approximations

(WS)yfs”=2 (W;ISH"'W)/(yl —¥2); (w:)y[523=2 (W“‘Wﬁlsn)/(% -y2) (4.25)
with an unknown w. By solving the system (4.23), (4.25) we get

Wals, =013 Wi)els,,+Brs ((S23)x (fotSs) +/1)/((S13)x+(S23)x)

" (4.26)
Wonls,, = %23 W2)sls,, + P23 ((S13)x (f2+/3) —f1)/((S13)x+(S23)x)

where
fi=wWi—w)ss =25, )/ 1—12)s  fa=—2(Wils,)I(ri—y2) (4.27)
We further have
div 175, =(P5)s+(Bes W3 — o3 WD)y, =0 (4.28)
which yields
sls,, =01/ otxz) (Fx+(Bralowcz) Wls,, (4.29)

Using this, conditions (2.28) of dynamical compatibility and (2.38) of symmetry,
as approximations (3.20), which are valid not only for &* but also for w*, we obtain,
after some manipulations:

(Wg)n[s“:(l/“ka Bis) (‘t'ﬁ)x‘f‘(l/“ka) (W,?)y]s,,s'l'(“ks/ﬂks) (ﬂks (Wi/ﬁm—
—(o%3/Bra) Wﬁlska)x‘l'(“ks/ﬁks) (“k3 (o3 W;—Wmsks)/(ﬂks (J’k—.}"k))) {4.30)

Besides
(W,?)Js“ = (Wﬁ)sls,(3 =fis (W,':)x[s,‘3 — oty (o3 Wy — W’,jlska)/(yk =¥ (4.31)
and
W;"]s,[3 = W§|5k3 =(1/Pra) Wz — (%a/Pra) Wmsk,, . (4.32)

Inserting (4.25), (4.26), (4.31) and (4.32) into (4.18) we express deformations
ef;,, q, r=n, s, on Sy3, k=1; 2, through values determined within the cell and the
intercellular space. Together with this we get the desired elimination of the lateral
membrane from the equation of momentum transfer.

Consider, finally, equation (3.33) of the convective-diffusion mass transfer
through the lateral membrane. Using approximation (3.15) and the assumption 5
in the page 61 we obtain

stn‘s“=((523)x (f11+f2j)+523f3j)/(513 (S23)x+ B3 (Sla)x)

(4.33)
JJ?"IS”=((S13)x (futfan— ﬁl3f31)/(f913 (S23)x+ B2 (S13)x) .
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where
=—2(x, D} é;+L3 p°|s V(v —
Jij (: J'3 £ : P su) r1—»2) » N (4.34)
f2j=2 (Kj D_f i +Lj 3‘5:;))’0’[ _*.}-2)
and
3
f35=(513)x Jﬁ.ls,,—(szs)x sz;l-5n= Zf:l; J=12, xm;
Fi=ci/2) (01 =32) €} 4+ED)) =K (€} yi+EF y2); (435)
F3=12) (01 —32) (€] Wi+E} 02,5
131_"1 (c‘I lr1.’n]_.;Ls (Sla)x—f-’_, ffs,, (S23)x) -
Recall that

—pls, =Tk ls, H(—1)+" o, K:.—Tf,.!sk,; k=1;2 (4.36)

where 7|5, are determined by (4.17), (4.18), (4.26) and (4.30)-(4.32).
Note that equations (2.27) and (2.11)~(2.14) yield

n

(1- 3 ame) @) == 3 @hisi k=12 @30
1

1

These equations serve for determinig the boundaries S;,, k=1;2, of the lateral
membrane.

Rather lengthy computations show that (4.32), (3.20) and (2.27)-(2.30) imply
24 1/2 (BL42) 2,+1/2 (BL492), 2+

+2.Q,-x,(cj e (2 ((A—y2) #1),)=0.  (4.38)
1

At the same time equation (4.37) may be rewritten for k=2 as

n

Yok wDe=— Y 2,03, (S2)x. (4.39)

1

Let us now simplify this equation using data on the magnitude of values we deal
with (see Appendix 2). Note, first of all, that fy;, entering expressions _;,.|s , are
at least three order smaller than fy; and f};, so that (4.33;) may be replaced by

Tinls =4 (f1;+/2)) (4.10)
where

A=p,; (Sl 3)x/(613 (Sn)x'i'ﬁza (Sl l)x) (4-41)

It is easy to see that up to the terms of the higher order of smallness

A=12(1-24(x, ) K, (x, 1)) (4.42)
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This gives (see (4.27))
y2t+(w,i y2)x=(1/2 A (xa t)) (1+2A (x5 t) KZ (xa t))x

« M (1, D} (€ =EN+L; pls,,—L3 P75, ) Q) (443)
1

Bending, shrinking or swelling imply the change of permeability of membranes,
as it seen from the usual definition

Pi=(124)x, ;D%  j=1,2,..,n; k=0,3,4. (4.44)

We, however, disregard this effect since it is seen from (4.43) that the small changes
of A (and these changes are definitely small) yield a small contribution into the
shape and location of the boundary S,; and therefore into the concentrations,
velocities and stresses within the system under consideration®). Thus we appro-
ximately take in (4.43)

A4 (x, t)=A=const. (4.45)
Denote**)
g=(1/24) Y’ QL (4.46)
=
and use the approximation
‘ K=Y (4.47)

Then (4.38) turns into
M
Sart 2=+ 2452 | 3 75 @ =D +e @l —%h)  (449)
i §

from where the mathematical nature of the problem becomes more lucid**¥*).

5. Ceoncluding remarks

We have to make the following remarks.

1. The one-dimensional formalism of the theory above is essentially based on
the use of equalities

G=clls,;  Wi=whls,; Jj=1,2,..,n; k=1,2. (5.1

*) It is true if the state of the system is far from the — possible in principle — collapse
of the cell or the intercellular space. We, however, do not deal with such a situation, requiring
a special consideration.

**) Strictly speaking L’j are linear functions of concentrations c’; (see the footnote in page 51).
Hence ¢* are different at different boundaries of the membranes D,, k=0, 3, 4. Recall that we agree
to disregard this effect, considering coefficients of barodiffusion as constant (see page 57)

*%*¥) This question is shortly discussed in the next section.
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These equalities are motivated by the narrowness of regions D, and D,. In doing
this we ignore the existence of boundary layers separating the bulk of these regions
from the membrane boundaries. Such an ignorance seems to be quite reasonable,
when one deals with concentration fields, since the time of relaxation of these fields
in y direction is at least two order smaller than that in x direction. However it is
not so clear when we deal with the field of the average volume velocity. The more
rigorous theory has to take this into account.

2. Evidently

II"':‘[Sn _'Psfs,_‘l <|p~10—p*° (5.2)
Assume that
N 5 (¢ . 0—¢} (%, 0)) + ¢* (P~ "0 —p*°) (— 1) (5.3)
1

changes its sign within the region 0 <x</(0) for s=0 or s=1. Then equation (4.43)
is of the parabolic type with the time reversed in some subregion of the region
0O<x</(r) bounded by a free line along which that equation degenerates. Such
a situation had been studied earlier for a model problem, formulated for a pure
diffusion approximation of the theory*) [17]. One has to observe, however, that
the coeflicient at y,,, in this equation has to be considered as a small functional
parameter. This means that, perhaps, the approach based on the use of methods
of the theory of singular perturbations would be more appropriate than that used
in the mentioned paper.

Appendix 1

A. Table of notations

D_y, Ds — the basal and apical unstirred layers.
Dy, Dy, Dy — the basal, lateral and apical membranes.
Dy, D, —the cell and the intercellular space.
24 — the thickness of the membranes.
x. y— Cartesian coordinates, 7 — the time.
I (1) the length of the cell. x=I(r) — the common boundary of the cell and of the
apical membrane.
Ly, Ly —1(t) — the basal and apical lengths.
A — the with of the system (that of the unstirred layers).
h — the thickness of the tight junction.
H — the length of the tight junction.

*¥) This approximation consists in the neglect of convection, induced by a jump of diffusion
fluxes through deformable membrane.
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Sea={x, y: 0<x<! (¢); y=yi (x, 1)}; k=1; 2, — the boundaries of the lateral mem-
brane common with those of the cell (k=1) and of the intercellular
space (k=2)

a;, j=1,2,...,n—liquid incompressible components penetrating trough all the
membrane.

a, — the impermeant of soluticns D, k=—1, 1, 2, 5. :
a,.; — the main membrane constituent, nonpenetrating into solutions Dy,
k=—1,1,2,3.
¢% — molar concentration of a; in Dy; m<j<ny;
m=0 for k=-1,1,2,5; m,=1 for k=0, 3, 4;
m=n for k=-1,1,2,5; n=n+1 for k=0, 3, 4.
0; — the partial molar volume of a;, j=O0, 1, ...,n+1.
p; — the density of a; within the solution Dy; k=—1,0, ..., 5.
p¥ —the density of the solution Dy; k=—1, ..., 5.
x; — the coefficient of distribution of a; between solution D; and mem-
branes D,; k=-1,1,2,5; m=0,3,4; j=1,2,...n
7% — the vector of velocity of motion of g; within D, in a laboratory
coordinate system; m,<j<m; k=-1,0, ..., 5.
w* — the average volume velocity in Dy.
7% — the center of mass velocity in Dy.
J* — the diffusion flux of @, within Dy in the system of the average volume
velocity.
J¥* — the diffusion flux of a; in the center of mass system.
L% — the coefficient of barodiffusion of a; within Dy; k=0, 3, 4.
D% — the coefficient of diffusion of a; within Dy; k=—1,0, ..., 5.
p* — the pressure within D,; k=—1,0, ..., 5.
IT* — the stress tensor within Dy; k=—1,0, ..., 5
#* — the deviator of IT*.
&* — the strain velocity tensor within D,.
&% — the strain tensor within D,.
a, b, ¢, d — coefficients of the equation of the rheological state of the lateral
membrane.
¥ — the frictional coefficient within D,; k=0, 3, 4.
f*— the average value of any function f defined within D,, the averaging
being made over crossection x=counst. of Dy; k=—1,0,...,5.
P —the coefficient of permeability of a; through the membrane Dj;
k=0,3,4, j=1,2, s 1t
g® — the coefficient at the right hand side of the equation (4.43).
o, — the suiface tension on the interface Sy; of the lateral membrane
and solutions D,; k=1; 2.
K, — the curvature of S.3, k=1; 2.
u, — the coefficient of dynamical viscosity of solutions Dy, k=—1, 1, 2, 5.
iy, §23 — the unit normal and tangential vectors at Si3; k=1; 2.
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i, j — the basis vectors of the Cartesian coordinate system (x, y).
o3, Prs — the direction cosines of 7y (7igy are directed toward D,).
J» — the r-th component of any vector f; r=x, y, n, s.
(f)r, fir — the partial derivative of any f in r-th direction; r=x, y, n, 5;
k==1.,0..:.5:
f — the ordinary derivative of any f.

B. Scaling

All values enumerated in the table of notations are dimensional ones. Let us
mark them by the superscript * and introduce, after this, dimensionless values by
setting

x=x*[L*; y=y*[L*; 1=t*[T%;

A=A*[L*;  y(x, )=y (%, ")[L* k=1;2; [(t)=I*(t*);

Ad=4*L*; h=h*|L*; H=H*IL*; L=L}/L* k=0;1l;

E=ci*C*; m<jsn;  k=-1,0,..,5;

ik — sl A N L N N

vE vJ’ /W'! *» »” 3 " " b2 ” (Al.l)

Iq_f =p§ */P* 3 T a9 9% 3y 9y % %

J}=Jf*!‘f*; j:t=j:**fj** T e T e T

=W, W=wWr p=p"lp*; M=M}IM*;

M =M*p*; ME=M**[P*; MT*=M**|P*; p‘=p**|P*; o,=0*/c*

S=*le*; F'=5*[e*; R'=R*|R*, Q,=0Q7/Q*
where®)

*=LF+LY; T*=L**/D*; D*=max maxD};

k - §
k=-1,0,..5; m<j<n.

C*=max max (i, ¢7°*); m<j<m; k=-1,0,..,5; m=-1;5. (A12)
W =L*[T¥; P*=max (p~19%, p°9%); RE=P*/L¥; oc*=P¥I¥;
e*=]1/T*; e¥=1; J*=C* *; J**=p*% W*; p*=1*;
M*=¥%; Q*=1%,
Then all the equations of the main text remain unchanged, if there are introduced
dimensionless coefficients, defined by the following quantities
Diy=Di*[D*;  Li=Li* PIL*J*);  pm=pf W*/(P* L%;

Al3
a=a*T*; b=b¥e*|P*; c=c*e*T*[P*; d=d*T*/P*. ¢ )

¥) We refer to the subscript n for water — the solvent of all the solutions D,. One of p*°,
k=-1,35, may be equal to zero. Hence the characteristic pressure P* is really taken equal to the
maximum of the pressure drop.
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Appendix 2

Numerical data

The range of parameters and input data, accepted below, is chosen as follows.

1. Geometrical values (A2.1) are taken accordingly to data of [19] except for
the length H* of the tight junction, not indicated there. As it is seen from the electron
micrographs shown in [10] H* may exceed half of the cell length. The accepted
value H*=/,/3 may therefore be considered as representative.

2. Non-electrolytes «;, j=1, 2, ..., n may be characterized, for example, by the
Table 1 of [4].

3. The characteristic value C* of molar concentrations is taken in accordance
with the ones used in experiments reported in [19], [23], [25].

4. The characteristic pressure drop P* is taken in the accordance with the re-
spective experiments, described in [23].

5. Coefficients of diffusion, distribution and permeability are estimated as in
[4] where the motivation of the respective choice is given.

6. Coeflicients of barodiffusion are taken with the use of the chosen values of

concentrations with the reference to the footnote in page 51. [

7. Dynamical viscosity of solutions, filling regions Dy, k=—1, 1, 2, 5; are taken
in the interval including the most representative values of the reference [22] and
those mentioned in [12].

8. Rheological parameters a®, ..., ¢* of the lateral membrane are unknown.
They were estimated from above as those which may be taken for high-elastic
polymers with the reference to [1] and for b* —to [22] *)

9. Values k*, k=0, 3, 4, of the coefficients of filtration are taken of the order,
found in [12], of the characteristic surface tension as in [22] p. 482.

Thus we accept the following ranges of numerical data:

LE~100 pu; Ly =800 p; [F=30 pu; A3 u; A1)
A¥=50 A; h*=5A; H*~10 u; 5 A<y, (x, 0)<300 4; ;
C*=400 mMol/L; Q,=18-200 cm3/Mol; p*=1 g/cm3;

i it (A2.2)
M¥=18-150 g/Mol;

P*=30cmH,o; #*=10°—-10'"g/cm3sec; L*=10"12—-10"8 Mol.sec/g (A2.3)
a*=10°—2+107 1/sec; b*=1-10P; ¢*=10°—2-107 g/cm sec?. (A2.4)
pi*=10"%-10"° cm/sec; D*=10"% cm?/sec; k;=10"%—10"5.  (A2.5)

%) We restrict ourself with estimation of rheologlcal parameters of the lateral membrane D3,
considering it as a Maxwell fluid.
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Thus parameters (Al1.2) and (A1.3) are chosen in the range
LF=10-Yem; TH=10%sec; P10 em/sec;
P¥>3.10* gfem +sec?; R*=3-10° glem?sec®; o*z1 gfsec?  (A2.6)
e*x~1073 I/sec; J*=10"% Mol/cm?sec; J**10"* g+ cm/sec
and respectively
DEN 1;  Li~107%  pe~10"7;  2%~3 (A27)
pi~10"2—=10"3; ¢*~10"3—10"*

Besides that, all values subject to determination are of the order of one.

Appendix 3

Collection of all eguations corresponding to the case
of bicomponent solutions: water+-an impermeant.

It is more convenient, dealing with bicomponent solutions, to introduce the
impermeant concentrations into all the equations instead of that of water.
Below we use the following simplified notations:

=88 k=-1;1,2;5.
p=p; k=-—1,12,5.
P*=ps,; k=1;2.
y=ya2(x,1);
o=wi; k=-1,1,2,5.
we=wils,; k=1;2.
Ji=ls: k=-=112,5.
Je=Jg s k=1;2.
ple=pts  k=0,3,4.
a%=q5; k=0,3,4.
All other notations coincide with those of Appendix 1. All values, entering the
right hand side of (A3.1) are defined in Appendix 1.
Equations below are written in approximations accepted in the main text. In
particular we take everywhere
Siz)x=1; @ms=—yx Pus=1; K=yu; y1—y2=24=const*) (A3.2)

The collection of all governing equations is as follows:

(A3.1)

*} We recall that z (x, t)=y, (x, )—y; (x, £) has te be calculated after y (x, ¢) and all the fields
of the interest are found with the use of these approximations.
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A. Equation of the convective-diffusion transfer
in Dy k=—1.1, 2.5
ukt=ukxx+Fk (x: t:wk’ys yxa ukxs']k); k="‘1= 1’ 2,5 (A33)
where
F1= —Uix (‘01 +yx/(/4 ""'y)) _JI/(A _y); F2=u2x (Vx/y_62)+']2/y:
0<x<I(2), (A3.49)

Fo=—v 1, —Lo<x<0 fork=—1;1({)<x<L, for k=5,

and
J_itu_jo_1=@lA) (J,+u,vy);  Jy+uv0,=0 at -x=0 (A35,)
Js+tus Vs=/A) (Jo+ Vo), Jitu, Vi=0; Vi=o,—1({); at x=I(1)
u_=(1/4) ((A -y (Ul (I—xy ‘01/P’1J)+J’”2)+
+(A—y) (1 =1, +L2 2° Q) 0, /(2 p?)) at x=0 oy
us=(1/4) (=) (s (1 =1 Vi[p})+yus)+
+H(A—y) (A —xy+L* 2* Q,) V,/Q0 p¥) at x=I()
u_y=u", () at x=-—Ly; us=ul(f) at x=L; (A3.6)
w, (x, )=u, (x); k=-1,1,2,5 (A3.7)

Equations (A3.3) and (A3.5) are corollaries of equations (3.30) of the convective-
-diffusion transfer and continuity as well as identities (2.11), (2.16).

B. Equations of continuity

v (x, )=(1/4) ((A —y) vy (i, )+ 0, (4, 1));  x€DF; k=—1;5.

D-i=(x: —Ly<x<0); D*=(x:1(t)<x<Ly).
((A "‘y) ‘vl)x"wl =0
(705)etwp=0  0<x<I(f) (A3.9)
wy—wy+ A4 (v, —v,)=0

(A3.8)

C. Equations of momentum transfer solved with respect
to py; k=—1, 1.2

Equations of momentum transfer are written below in the form solved with
respect to pressures p,, which may be obtained by means of simple but rather lengthy
computations. We have

pi=tL +Xo+ f hy(s,0)ds;  pa=t2+Yo+ [ha(s,t)ds  (A3.10,)
(4] (4]
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or
(1) i)
p=thtXi— [ hi(s,0ds;  pr=t2+Yi— [ hy(s,0)ds
Xo=(bo (ay Hy+by Hy)+¢q by—c, bo)fP; x=0;
X,=(by (ap Hi+bo Hy)+co by —cy bo)lps  x=I(1);
Yo=(co ao+c, ay)—a, (ay Hy+by H,)/p; x=0;
Yy=(c; ap—co a;)—ay (ap Hy+bo Hy)lp;  x=I(t);
1(¢)
He=[ h(s,0ds; k=1;2;
0
hy=(1/(A=)) (7= (tl,—=70)+70,);
h:’.:(l/y) (yx (zi‘—‘l-':")-f-'f:, H
Co=p-1—T5 —(2]4) 420 v, (0, 1);
c1=ps—15,—(2/A) 43* v, (’ ), 1);
ay=1-y(©0,0/4; a;=1-y(l(0),1)/4;
bo=y (0,1)/4; by=y (I(1),1)/4;
p=ayby—a, bo=(1/A) (y (1 (1), 1)y (0, 1))
and

Te=(2/3) i (=S +0* =) (452 Je)) +2 (e o1 T3
hy=1/2 (e wet 1 T +1/2 (0 e J) (et 34 = 2));
y=—2/3) i Jix— (=) ((4/3) e J*+ 21 Wit

+((4/3) m 2 t’s) J".:) H

U= tix (2 (0 )a—(2/3) (WH),);

T:.s=tul'- (2 (117")5+(Wk)"+yxx wk); k=] ’ 2.

1'-:':: M (2 (W“)s-[-z_]«'_‘x W — (2113 ((wk)lr""(wl)s“l‘,]"xx Wk)));
W= —=w/0*=1): (W)= =)/ =));
wW=otyewis (W=t W) k=152

(-7 )=0; xeD*
% =2mJn; k=-1;5

'h=(!‘kfﬂi) (Mo—M, 20/2,); Ah=—-uy; k=-11,2,5.

(A3.10,)

(A3.11,)

(A3.11,)

(A3.115)

(A3.11,)

(A3.12)

(A3.12,)

(A3.12,)

(A3.12,)

(A3.12,)
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D. Equation determining the length /(¢) of the cell¥)
[(=v,—1/u) uy, at x=I(t) (A3.13)
1 (0)=[,>0 (A3.13,)

E. Equation determing the lateral boundary y =y (x, 1)
of the intercellular space

Vi (@2 0)=(1<24y) (p (s —uz) +q (P> —pY));  O<x<I()—H;

(A3.14)
y(x, 0=y, (x); O<x<ly; yx DO=h forl(@)—H<x<I(t)
‘where
p=ic; s D224; q=0,L3}[2 (A3.15)
P=pi— Ty Tols, F (=1 0 Ve (A3.16)

and 7|5, are determined by (A3.19)-(A3.21).

nu

F. Equations determining the thickness of the lateral membrane

24 1/2 (01 402) 24+ 1/2 @1 +02)sz 40 (@i — 1) (1 +H((A=2)v1)x)=0  (A3.17)

where
o= k) - 0<x<l(t). (A3.17%)
and
z(x,0)=24" (A3.18)

G. Equations determining stresses within the lateral membrane
72y (%, Dls,, =7oq (%, 0)s,, €xp (—at)+be;, (x, t)ls,,+

+of exp (—a (t—9)) (ce), (x, 95, +de* (x, 9)ls,,) ds;  k=1;2; (A3.19)

t
&30 (6 Dls,, =23, (%, O)ls, + [ €3, (%, 95, ds3 p, q=n,s.
0

Here .
(W:)n15k3=1/2 (f3+f2+("1)k“f1); k=1;2;
fi=@.—v);  fo=wi/d;  fi= —w,/d;
W5, =Vt Vs Wi
(W2)sls,, =Wix =V Wil F = )3

Wls,, =11y2) (—v—12(fa+f5H (= D)1 1)) =y 04 e il F ~ )5
y'=4; y*=0. ‘

(A3.20)

(A3.21)

*) Equation (A3.13,) is written for the second time in order to emphasize its role.
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0] asmotycznylga przeplywie konwekcyjno-dyfuzyjnym
nieelektrolitow o dwéch dlugich komorach przedzielonych
polprzepuszezalna blona reologiczna

Zadanie brzegowe modelowania pasywnego przeptywu wody przez plaska tkanke nablonkowa

W pracy sformutowano dwuwymiarowe zadanie brzegowe opisujace osmotyczny przeplyw
nieelektrolitéw wzdtuz dwoch waskich komér oddzielonych odksztalcalna pdlprzepuszczalng blong
o dosy¢ ogblnych whasciwosciach reologicznych. Rozwazania sa prowadzone na konkretnym zada-
niu, ktére powstalo przy modelowaniu pasywnego przeplywu wody przez plaska tkanke¢ nablon-
kowa na podstawie danych z prac [19, 23, 25].

006 ocMoTmyeckoM IHPPY3HOHEOM NOTOKE ABYX HE5JIeKTPOJIHTOB
BO BHYTPH IBYX IJIHHHHX KaMep pa3felleHHBIX
MeMOpaHol IHAIM3aTOpa

B pabore paccMOTpeHa mBYMEpHAasi KpaeBas 3afjadya ONHCHIBAIOIIAs OCMOTHYECKMM NOTOK
IBYX HE3JIEKTPOIMTOB BIONL ABYX IJIMHHHMX KaMep IpelelieHHBIX nehopMupoBanbHoil MeMOpaHo#
nuram3aTopa. IIpencTaBieH KOHKDETHBIM IPHMED NACCHBHOIO IOTOKA BOMLI Yepe3 IIOCKYIO
ITMTEIICHHYIO TKaHb.




