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The paper presents the general method of evaluation of the integral of weighted 
squared dynamic error for control systems with time delay. The analytical results obtained 
in the paper enable to find optimal values of the parameters of the controller, and to 
investigate the influence of the weighted functions. For ilustration a simple example is also 
considered. 

I. Introduction 

In this paper the evaluation is considered of the integral of weighted 
squared dynamic error for systems with time-delay. 

(Systems without time-delay, or without weighted functions are particular 
cases). 

Cl) 

lz,r = J t"e 2 (t)dt 

e (t) - dynamic error 
t - time 

0 
r=O, 1,2, ... 

2. Derivation of the formula for dynamic error e (t) 

Basic assumptions: 

(1) 

The method of solution is shown for the class of control systems whose 
error transforms may be represented by the following relation: 

*1 The paper was prepared within the research program RP.I.02 "Theory of control and 
optimization of continuous dynamic systems and discrete systems". 
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where 

U (s) 
E (s) = s" · V (s) 

V(s) =A (s)+C (s) exp ( - hs) 

V (o) # 0 

(2) 

(3) 

is a quasipolynomial and A (s), C (s) are polynomials with real coefficients 
and 

h > 0 - is the time-delay. 

deg A (s) = n-v 

deg C (s) ~ n-v 

v=a(l+b) 

where a denotes the coefficient of existence of the zero pole of E (s) 

a={~ 
and v = 0 , l, 2, ... -multiplicity of the zero pole. 

U (s) = B (s)+D (s) exp ( - hs) 

(4) 

( 5) 

(Sa) 

(6) 

(6a) 

is a quasipolynomial, and B (s), D (s) are polynomials with real coefficients 
and 

deg B (s) ~ n- 1 

degD(s)~n-1 

For the existence of the integral (1) it is necessary that 

lim e (t) = lim sE (s) = 0 
t -oo s --+ 0 

(7) 

(8) 

(9) 

Taking into account (5) and (9) we obtain as the conclusion that m parti­
cular for 

v = 1 there must be U (o) = B (o)+D (o) = 0 (10) 

v = 2 there must be U (o) = 0 and 

U'(o) = B'(o)+D'(o) - hD (o) = 0 (11) 

and in general for 

V= N there must be u (o) = 0, U' (o) = 0, .. . ' u<N-l) (o) = 0 (12) 

It is proved (Bellman, Cooke 1963) that the transcendental characteristic 
equation 

V(s) = A (s) + C (s) exp ( - hs) = 0 

has infinite number of roots s1 , s2 , .... 

(13) 
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For the sake of simplicity we assume that equation (13) has different roots 
only, in consequence the derivative of V (s) with respect to s has no common 
root with V(s): 

V'(s;)=A'(si)+[C'(s;)-hC(s;)]exp(-hs;)#-0 for i= 1,2,... (14) 

For the nontrivial systems with time-delay 

C (s;) #- 0 i = 1, 2, ... (15) 

and we can use in the following for elimination purposes the relation 
obtained from (13) 

A (s;) 
exp (- hs;) = - C (s;) i = 1, 2, ... (16) 

It is proved (Wright 1949, Hahn 1956, 1956, 1957) that the inverse transform 
for (2) exists and is given by the generalized Heaviside formula 

e (t) = f U (s;; e~p (si t) 
i=I si V (s;) 

( 17) 

(remark: components from zero poles according to ( 10)-{ 12) are equal to zero). 
According to (6a) and (14), using the relation (16) we can write: 

U (s;) B (s;) + D (si) exp (- hs;) 
V'(s;) = A'(s;)+[C'(si)-hC(s;)]exp(-hs;) = 

B (s;) C (s;)- A (s;) D (s;) 
- hA (s;) C (s;) +A' (s;) C (s;)- A (si) C' (si) 

where L (s;) , M (s;) are polynomials with respect to si and 

deg si M (s;) ~ 2n- v 

deg L (si)~ 2n- v-1 
deg L (s;) < deg si M (s;) 

L (s;) 
M (s;) 

Finally, using notation (18) we can write relation (17) as follows: 

e(t) = f L{s;)exp(sit) 
i= 1 si M (s;) 

3. Evaluation of the integral J 2, 

(18) 

(19) 

(20) 

(21) 

We have mentioned that for the existence of the integral (1) it is necessary 
that the error e (t) vanish when time tends to infinity (9). 

The requirement (9) can be fulfilled if all the zeros of the quasipolynomial 
V (s) determined by (13) have negative real parts, and their multiplicity is 
finite (14) 

Contr~)l and Cyb. ·- I 
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Res; < 0 i = 1, 2 , ... (22) 

It is also assumed that in the particular case when the time-delay 

h = 0 } (23) 
V(s;) = A (s;) + C (s;) = 0 

the polynomial obtained from the general formula (13) has only zeros with 
negative real parts: 

Res;< 0 i = l,2, .. . , n - v (24) 

Starting from the relation (1) and using for e (t) the relation (21), having 
in mind the conditions (22) we can write: 

00 

J 
2

r = f tr [I L (s;~ exp (s; t) J [I L (s) exp (sj t) J 
i= 1 s;M(s;) j=t s'}M(s) dt 

0 

or 

Multiple integration by parts of the integral in (26) yields the relation: 
00 

f r! 
t' exp (s,. + s1·) t dt = (- 1 )' + 1 -;----,--~r:-r­

(s; + sj)' + 1 

0 

i,J= 1,2, ... 00 

(25) 

r = 0 , 1, 2, ... (27) 

and Re (s;+ sj) < 0 because we have the mode assumption (22). Returning 
to (26) gives 

+1 ~ vL(s;) ~ L(s) J 2r = ( - 1 )' · r ! L, L, 
i=l si M(s;) j=I sjM(s)(s\ + s)'+ 1 

where the inner sum 

(29) 

In the calculations which follow we must compute the sum of the form of (29) 
using partial fraction method. To achie}'e this goal we consider the following 
general problem: Calculate the sum determined by the relation: 
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S = ~ L(s) P (s) 
j.f-1 s'j M (si) Q1 +r (s) (30) 

where the function P (si) is introduced for calculation of more general sums 
than (29). 
We assume that 

degP(s)~m-1 

and 

deg Q1+•(s) =m 

We denote the roots of the polynomials, respectively 

M(pk)=O k=1,2, ... ,2n-v 

Q (qd = 0 
m 

k = 1,2, ... , -1-+r 
Let us consider the function under the sign L in (30) 

L (s) · P (s) 
tl>1 (s) = sa<1 +bl M (s) Qt +•(s) 

(remark: v =a (1 +b), see (Sa)). 
Using the partial fraction method we can write that 

b 1 [ L (s) · P (s) J(k) 1 
(/>1 (s) =a k~o kf M (s) Ql +•(s) o . si +h k + 

2n-a(l +b) 

+ I 
k= 1 

m 

---r=Fr ' 1 [ L (s) P (s) (s- qk)1 +r Jal 1 
+.~ ~If ' sa(l+b)M(s)Q1+r(s) - (s-qV+r l k-1 l·-0 '-qk • 

The original for the function tl> 1 (s) is 

( ) " tb-k + b 1 [ L (s) P (s) J<kl 1 
o/1 t =akf-okf ·M(s)Ql+•(s) s=O (b-k)! 

2n-a(l +b) 
+ I 

k = 1 

m/(l+r) r _..!:_[L(s)P(s)(s-qlc')1+rJ(l) r-l 

+ k~1 l~O l! sa(l+h)M(s)Q 1+r(s) S=qk · t ·exp(qkt) 

In the investigated problem the assumption that 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

------------------------------------~----- - --- - -
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deg [sa(l +b) M (s) · Ql+'(s)] > deg [sL(s) P (s) (s-qk) 1 +r] (38) 

is always true. 
Taking into account that 

cp 1 (o) = lim s<l> 1 (s) = 0 
s ....... CX) 

if (38) holds. we obtain finally from (37) the useful relation 

1 [ L(s)P(s) ](b) 2n - a(l+b) L(pk)P(Jh) 
a -b, M()Ql +r() + L a(l+b)M'( )Ql+r( )+ . s s s=o k= t Pk Pk Pk 

m/(1 +r) _.!._ [ L(s) p (s) (s-qk)t +r J(r) _ 
+ -~ r! sa< t +b)M(s)QI+r(s) - -0 

k- I ·'- qk 

(40) . 

Using relation (36) we can calculate the sum (30): ... 

2n - a(l +b) 
+ I 

k=l 

L(p.) P (p") ~ 1 
Pa(l +b)M'(p) Ql +r(p) .L.. S·- -p + 

k k k ;=I J k 

(41) 

Further progress may be attained if we calculate the infinite sums in (41). 
It is proved (Levin 1956, Chapter 5) that for the entire function of class A 
determined by the relation (3), the following Weierstrass decomposition into 
a product holds: 

V (s) = e'" }j
1 

( 1- ~) (42) 

where x is a real number. 
Taking logarithm from both sides of the relation (42) we obtain 

ln V (s) = xs+ .~ (1- :.) (43) 
J ·- I J 

The derivative of this function with respect to s is 

d V' (s) oo I 
~ [ln V(s)] = -- = x-I --
d8 V(s) j=l si-s 

(44) 

similarly 

[ 
V' (s) ]' oo 1 
V (s) = - i~' (si-_ sf (45) 
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and in general 

[ 
V' (s) Jlk) oo 1 
V (s) = - k! jf-:1 (sj - s)k+.l 

In particular, .we will use the relations which follow from (44)-(45): 

oo 1 1 [ V'(s) T-k) 
jf-:1 sJ + r - k =X - (r - k)! V(s) J=o' x = 0 for k < r 

00 1 1 [ V' (s) ]Ir-k) 
jf-:1 (sj+sJ+I k = X- (r - k)! V(s) s = - s; 

x = 0 for k < r 

oo 1 [V'(s)J(r-k) 
jf-:1 (sj - PS+ I k = x - (r - k)! V(s) s=pk 

x = 0 for k < r 

Application of these relations to (41) gives: 

The term in brackets is equal to that in (40) and is equal to 

f h 
V' (pk) . . 

Calculation o t e expression ) usmg (3), (18) and (33) g1ves 
V(pk 

V' (pk) A' (pk)+ [C' (pk) - hC (pk)] exp (- Pk h) 

V (pk) A (pk) + C (pk) exp (- Pk h) 

A~k+ [ - A' C + A' C+AC' - hCA]"k exp (- Pk h) 

A [A + Cexp(-pkh)]Pk 

AA~k + [-M+ A' C]Pk exp (- Pk h) 

APk [A+ C exp ( - Pk h)]Pk 

But from (33) we have M (pk) = 0 so finally we find that 

13 

(47) 

(48) 

(49) 

(50) : 

zero. 

(51) 
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(52) 

The relation (50) can be written in a simpler form. An application of the 
Leibniz formula for the b-th derivative of product of two functions gives: 

[ 
L(s) P (s) . V'(s) J(bl = b (b) [ L(s) P (s) J<kl [ V'(s)J<b-kJ 

M (s) Q'+ 1 (s) V (s) k~o k M (s) Qr+ 1 (s) V (s) (
53

) 

or equivalently 

b __!__ [ L (s) P (s) J(kl. 1 [ V' (s) J<b-kJ = 

k~o k! M(s)Q'+ 1 (s) (b-k)! V(s) 

= __!__ [ t. (s) p (s) . ~~~l_J<bl (54) 
b! M (s) Q~ V(s) 

Taking into account (40), (52) and (54) in the relation (50) gives 

-S
1 

=a_!_ [ L(s) P}~) . V'(s) J<bl + 
b! M (s) Q' (s) V(s) •=O 

2n - a(l +b) L(pd p (pk) A'(pk) 

+ k~l P~~l+blM'(pk)Q 1 + '(pk)A(pk) + 

+ m/(l+r) 1 [L(s)P(s)(s-qk)'+l J(r) 
~ rT sa0 +b> M (s) Q'+ 1 (s) 

k-1 s=qk 

(55) 

It is evident from (55) that we also need to calculate the sum represented 
by the second term in (55). To do this we choose, similarly as in the 
preceding case, the function 

L (s) A' (s) P (s) 
1[>2 (s) = sa(! +b) M (s) A (s) Qr+ I (s) (56) I 

Following the same way and using the partial fraction method we find 
that: 
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where rkl k= 1,2, ... ,n-a(l+b) are the roots of the equation 

A (rk) = 0 

A'(rk) # 0 

After similar algebraic manipulations we obtain that 

1 [ L (s) A' (s) P (s) ](b) 
({) 2 (o) = 0 = a bT M (s) A (s) Q1 +r(s) s=O + 

2n - a(l +b) L (pk) A' (pk) p (pk) 

+ kf:t P~o+b>M'(pk)A(pk)QI+'(pk) + 

m/(1 +r) 1 [ L (s) A' (s) P (s) (s - qk) 1 +r J(r) 
+ kf:t rT sa(l+b)M(s)A(s)QI+r(s) s=qk+ 

15 

(58) 

n-a(l+b) B(rk)P(rk) 
+ kf:t r'f0 +b) A' (rk) Q1 +r (rk) (59) 

We have substituted 

(see (18) and (58)). 

L (rk) = B (r.) C (rk) 

M (rk) = A' (rk) C (rk) 

00 1 { L(s) P (s) [ A'(s) _ V'(s) ]}<b) + 
Sz = jf:t cp 2 (s) =ab! M (s) Q1+'(s) A (s) V(s) s=o 

m/(l+r) __!__{ L(s)P(s)(s - qk)l+r [A'(s) _ V'(s)]}(r) 
+ k~t r! sa<t+b)M(s)Ql+r(s) A(s) V(s) s=qk+ 

(60) 

n-a<t+b) B(rk)P(rk) 
+ kf:t r'f0 +b) A' (rk) Q1 +r (rk) (61) 

Taking into account that 

A'(s) V'(s) 
--- --= 

A' (s) V (s) - V' (s) A (s) 

A (s) V (s) A (s) V (s) 

A'(A+C exp ( -hs))-A [A' +(C' -hC) exp ( -hs)] 

AV 

(hAC+A'C-AC')exp(-hs) I= M(s)exp(-hs) (
62

) 
A V s A (s) V (s) 

we obtain finally 
I · 
I 
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S = a_!__ [ L (s) P (s) exp (- hs) J<b> 
2 b! A(s)V(s)Q 1 +'(s) s=o+ 

m/ (1 +r) 1 [ L(s) p (s) (s-qk)l+r J(r) 
+ k~l rT Sa(l+b)A(s)V(s)Ql+r(s) s=qk+ 

n-a(l+b) B( )Pt) 
"' rk ,r" 

+ k~l r~(l+b)A'(rk)Q 1 +'(rk) 

If 
B (s) = 0 

then we have 

L(s) = -A (s) D (s) 

and 

U (s) = D (s) exp ( -hs) 

The sum S 2 takes the form: 

_ _ [_!__ U (s) P (s) ](b) _ m/(1 +r) _!__ [ U(s)P(s)(s-qk) 1 +r](r) 
Sz- a b! V(s) Ql+r(s) s=O k~l r! sa(l+b)V(s)Ql+r(s) s=qk 

1f 

B (s) =fo 0 

we introduce in the similar way the function 

B (s) P (s) 
<P3 (s) = 8ao +b) A (s) Ql +r (s) = 

b 1 [ B (s) P (s) ]<"l 1 
=a k~o kf A (s) Ql+'(s) s=o. s1 +b k + 

n-a(l +b) B(rk)P(rk) 1 
+ k~l r~<l+b)A'(rk)Q!+r(rk). s-rk + 

m/(l+r) r 1 [B(s)P(s)(s-qk)I+r](l) 1 

+ k~l z~ofT sa<l+b)A(s)Q 1 +'(s) s=qk (s-qk)l+ r 

From the relation cp 3 (o) = 0 we obtain in the same way the relation: 

n-a(! +b) 

L: 
k=l 

B (r") P (rk) 1 [ B (s) P (s) J(b) 
r~11 +b) A' (r.) Q1 +r (rk) = -a bf A (s) Q1 +r (s)_ s=O + 

_m/ (I +r) _!__ [ p (s) (s _ qS + 1 J(r) · 
~ r! sa(! +b) A (s) Qr+ 1 (s) 

k I s =qk 

The sum S2 from (63), using substitution (69) takes the form: 

(63) 

(64) 

(65) 

(66) 

(67) 

(68a) 

(68) 

(69) 
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S = a__!__ { P (s) [ L (s) exp (- hs) 
2 b! A(s)Q 1 +'(s) V(s) ]}

(b) 

B(s) s = O+ 

But 

+ n- a(t+bl __!__{ P(s)(s - qk)'+ 1 [L(s)exp( - hs) 
k~l r! sa(l+blA(s)Q'+ 1 (s) V(s) 

L(s) exp ( - hs) 
V(s) 

B (s) = 

J}
(r) 

B (s) s=qk 

[B (s) C (s) - A (s) D (s)] exp (- hs)- B (s) [A (s)+ C (s) exp (- hs)] 

V(s) 

Finally, the general formula (30) takes the form: 

A (s) U (s) 

V(s) 

17 

(70) 

(71) 

(72) 

In the particular case which is very often in use, when there exists a single 
root equal to zero the formula (72) takes the form: for b = 0 

(73) 

We can use the derived general formulas (72) and (73) for the evaluation 
of the integral J 2 , . To achieve this goal we assume the existence of a single 
root equal to zero b = 0 (in the absence of the root equal . to zero we put 
a = 0). For the calculation of the inner sum S; (see relatici"n (29)) we put 
in the general formula (73) 

P (s) = 1 

Q (s) = si-q 1 (74) 

Control and C\ b. I * 
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and 

U(o)P(o) 1 [ U(s) P(s)(s + sY+r]<rJ _ 
- S;(s;) = a V (o) QI+r (o) +rf sa V (s) . Ql+r (s) s~ -s;-

_ a U (o) + __!__ [ U (s) J(rl 
- V(o)sf+r r! saV(s) s~ - s; 

The integral determined by (28) is: 

J - ( - l)r · I~ L(s;) { 
z,r - r . . L.. '!M ( ·) a 

1~1 s, s, 
U(o) 1 [ U(s) J(rl } 

V(o)sf+r + rf ~V(s) s ~ -s; 

__ , 
1 

U(o) 00 L(s;) 
Jz,r - ( 1) r. a V(o) ;f=1 sf+l+r M (s;) + 

Shortly 

where 

00 L (s;) [ U (s) J(r) + (- 1 t L: --::--:-~ 
;~1 sf M (s;) Sa V(s) s~ - s; 

oo L (s;) 
Sa = "\' ~.,._.,.--:.....::.___ ;f-1 sf+I+r M (s;) 

Sr = I L(s;) [ U (s) J<rl 
;~1 sfM(s;) saV(s) s~ - s; 

(75) 

(76) 

(77) 

(78) 

(79) 

(80) 

Now we compare formula (79) with formula (72). Putting in the general 
formula (72) b = 1 + r, P (s) = 1, Q (s) = 1 we calculate the sum S0 from the 
relation: 

S -- a - -1 [ U (s) J(r+ l) 

o - (1 + r)! V(s) s ~ o 

and respectively 

J = (-1)1+r _ l _ ·a U(o) [U(s)J(l+r)+( - l)'S (82) 
Z,r 1 + r V(o) V(s) s~o r 

The sum Sr determined by (80) may be written in the form: 
00 

sr = I 
i~l 

L (s;) [ U (s) J(r) 00 L (s;) P (s;) 
s'! M (s·) sa V (s) = .~ s'! M (s·) · s'!O +r) F 1 +r (s·) = 

~ 1 S = - Si l - 1 l 1 l l 

00 L (s;) P (s;) 
= if=l sf(2+ r) M (s;) pl+r (s;)' (83) 

-- -----------------------~------------------------------
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where 

[ 
U (s) J(r) 
a V ( ) - s':,· (1 +r) p1 +r·(s,·) 

S S s= -si 

p (sJ 
(84) 

Comparison of the relation (84) with (72) gives: 

F (s;) = Q (s;) (85) 

where we define from (3) by the elimination of the exponential term from (13) 

F (s) = A (s) V (- s) = A (s) A ( -s) - C (s) C (- s) (86) 

and we calculate the roots qk from the equation 

(87) 

Now it is necessary to attain the explicit form of P (s). Starting from the 
relation (84) we obtain: 

[ 
U (s) J(r) = 1 

sa V ( s) o=[c-;~;-;VC77"( s"') J;,-r-r+-=-r X 

(~V), (~ V)', (~ V)", . . . ... , (~ V)<rl 
0 , (~V), 2(saV)', .. . . . . .. . ...... . 

X 
0 , 0 ,' (sa V) , . . .... . ..... . .. . 

(88) 

0 , 0 , . . ... .. . , (~ V), 
U , U' , U" , .. . ... , u<r> 

Taking into account the relation (86) we find 

X 

1 

(sa V)_.; A (s;). .. 
( - l)a(l +r) 

(U)-si A (sj) .. . .. 
sf(l +r). pl +r (s;) (89) 

From (89) we obtain finally 
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p (s;) = ( -l)a(l +r) X 

(sa V)-s; A (s;), (sa V)'_s; A (s;), ... , (sa V)~s; A (s;) 

0 , (sa V)-s; A (s;), ... , G)(~ V)~;/> A (s;) 

(;}sa V)t-l> A (sJ 0 0 ' ... , 
(90) X 

···· ····· ··· ·• ··· ·················· ······ ··· ····· ···· ········· · 

(r~ 1 )(~ VY-s; A (sJ 

· (U)-s;A(s;), (U')-s;A(s;), ... , (U<rl)-s;A(s;) 

Direct application of the general formula (72) gives: 

b = 1+r (91) 

{ 
1 [ U (s) P (s) ]<1 +r) 

S.=- a (l+r)! V(s)Fl+•(s) s=o + 

n-ao +b) 1 [ u (s) p (s) (s-Jkr+ 1 J(r) } 

+ kf:1 rT ~<2+r>v(s). F1+•(s) •=~t=A (92) 

Finally, substitution of the relation (92) to (82) gives: 

J - -1 a------- +- + +1 { 1 U(o) [ U(s)J<r+
1) 1 [ U(s)P(s) I1+r) 

z,.-( y 1+r V(o) V(s) s=o r! V(s)F1 +•(sL=o 

+ n-a(2+r) ...!_ U (s) . [ p (s) (s _ Ji.)1 +r J(r) } 

k~1 r! ~(2+r) V (s) F 1 +r (s) •= fk 
(93) 

REMARK 1. If a = 0 this means absence of a single zero root, the first term 
in (93) disappears. 

REMARK 2. It is worth to note · that the extension of this formula to the 
case which instead of the error e (t) has its derivative e<kl (t), or aggregate 
n-1 

L e<kl (t) is straight-forward. To do this it is sufficient to replace the error 
k=O 

transform E (s) by the transform of its appropriate derivative: 

e (t) ~ E (s) 

e' (t) ~sE (s)- e (o) (94) 

k 

e<k>(t) ~I E (s)- L e<k- 1l (o)·l-i 
i= 1 
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4. Some simple practical examples 

Let us consider the process whose tramsmi>ttance is described by the 
relation: 

The transmittance of the controller is 

GR (s) = KR. 

and the transform of input is equal to W, 

Error's transform is equal to 

1 w, 
E (s) = 1+Go GR -s-= 

s 

1 ~ w, 
-------- --= -----;--;--:-

s+O! exp(-hs) 

where 

KoKR: 
0!=---

T 
First of all ' we consider the case for r = 0: 

From (1) we have 

From (2) we identify that 

U (s) = W,. 

and in particular from (6a) we have 

B (s) = W, 

D(s) = 0 

v=O 
From (3) comparing with (E.4) we see that 

and respectively 

V (s) = s +oc exp ( -livs,)l 

A (s) = s 

C (s) = oc 

(E.1) 

(E.2) 

(E.3) 

(E.4) 

(E.5) 

(E.5) 

(E.6) 

(E.7) 

(E.8) 

(E.9) 

(E.10) 

(E.ll) 

(E.12) 

---------
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From (18) we have also 

From (28) we have 

L(s)= w;,a 
M (s) = has+a =a (1 +hs) 

oo L (si) 
J2,o = (-1)

1
·0! i~l M(si) Sdsi) 

where from (29) the inner sum is 
00 L (si) 

Si (s;) = i~' M (si) (si+s;) 1 

From (72) we have a= 0 and 
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(E.13) 

(E.14) 

(E.15) 

(E.l6) 

f L(si)~!~i) = - f__!_[U(s) P(s)(s-qk)J<o> (E. 1?) 
i=l M(si)Q (si) k=! 0! V(s) Q(s) s=qk 

Putting si= s and comparing (E.16) with (E.17) gives: 

P (s) = 1 

Q (s) = s-q 1 
(E.18) 

The inner sum is equal to 

S; (s;) = - [ U (s) J 
V (s) s=q

1 

(E.l9) 

Substitution of (E.6) and (E.lO), (E.18) into (E.19) gives 

(E.20) 

From the characteristic equation (13) we can calculate the exponential term 

(E.21) 

We have 

si exp (hs;) = -a (E.22) 

and finally 

. (E.22) 

Calculation of the integral according to (E.15) yields 
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J _ ~ L(s;) . W s, 
2,o-.L..- M(s·) os?+r:t.z 

1=! I I 

(E.23) 

Application of formula (93) requires identification of P (s) and Q (s). In this 
case we have 

J
2
.o= _I L(s1)P(s1) =+I [U(s). P(s)(s-qk)J (E.24) 

i=t M(s,)Q(s,) k=t V(s) Q(s) s=qk 

Comparing with (E.23) gives 

Q (s,) = sl +r:t.2 

Q (s) = s2+r:t.2 = (s-qd (s-q2) 

n=2 

P (s) = J¥, s 

Finally we obtain 

2 w2 s I 
J2o=L 

0 = 
. k=l [s+r:t.exp(-hs)](s-qk+l) s=qk 

_ w2 q, 1 + w2 q2 1 
-

0 q,1 +r:t.exp(-hqd q,-q2 ° q2+r:t.exp(-hq2) q2-q,' 

but q2 = -q 1 

J 2 0 = J¥,2 [ 1 + 1 J = 
· 2 · q1 +r:t. exp ( -hqt) -q 1 +r:t. exp (hqd 

J¥,2 r:t. exp (q 1 h)+exp ( -q 1 h) 
-2- (r:t. 2 -qi}+q 1 r:t. [exp (hq 1)-exp ( -hq 1)] 

and 

J - l¥,2 cos r:t.h 
2·0 

- ~ 1 -sin r:t.h 

(E.25f 

(E.26) 

(E.27) 

(E.28) 

Now we calculate, for this standard example, the weighted integral for 
r = 1: 

00 L(s1) 
J 2,1 = (-if 1! ,f:

1 
M (s,) S, (s,) (E.29) 

Here we have 

- - _!__ [!i_j1_]' 
S, (s;)- 1! V(s) -si 

(E.30) 

------
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Using (88) we obtain 

I 
V (s), V' (s)l 

-s. (s·) = U (s), U'(s) 
I I v 2 (s) 

1

-s;+cx exp (hsJ, 1-cxh exp (hs;)l 

Wa ' 0 
(E.31) 

[ -s;+cx exp (hsJ] 2 

Elimination of the exponootiaD. term, similarly to the preceding case yields: 

Finally we obtain 

and 

P r{,s,;~ = Wa s; (s; + cx 2 h) 

Q (s;) = sf+cx2 

S; JVa(s;+er: 2 h) 
(sf + cx2)2 

Similarly to the precedliinl'_g ca'Se 

J = _ ~ [ U (s) P (s) (s- qk)
2 
]' 

21 L 2 
' Jk=n i V(s) Q (s) s=qk 

We remember that 

U (s) = Wa 

so 

(E.32) 

(E.33) 

(E.34) 

(E.35) 

[ 
P (s) l = (f'~ l(~J) lV({s) - P (s) V' (s)) Qk (s)- 2P (s) V (s) Qlc (s) I 

V (s) Qk (s) =qk V 2 (s) Qr (s) s=qk 

where 

Ql ·(s) = s-q2 = s+qt 

<?2 (s) = s-ql = s+q2 

Qlc (s) = 1 

qt = jcx 

q2=-jcx 

P (s) = s2 + cx 2 hs 
' 

(E.36) 

(E.37) 

(E.38a) 
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P'(s) = 2s+IX 2 h 

V(s) = s + IXexp( - hs) 

V' (s) = 1- IXh exp ( - hs) 
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(E.38b) 

Finally from (E.35), after substitution of (E.36) and (E.38) into (E.35) we 
obtain 

VV,2 1 + IX 2 h2 -IXh cos IXh 
12, 1 = 4-:2 . 

IX 1-sm IXh 

Case of r = 2: 

[ 
U (s)l" __ 1_1V V' V" 

V(s) J_Sj- V
3 ~~ ~ 

1 

~V' 
- s; 

2 (V')
2

- VV" I 
v3 ~ si 

(2-IX 2 h2
) Sf +41X2 hs; +1X4 h2 

= -S; 

[ 
- R (s) ]" 1 F (s) , F' (s) , F" (s) 

F (s) fk = F 3 (s) 0 , F (s) , 2F' (s) 
- R(s) , -R'(s) , -R"(s)h ' 

F (s) = [s+IX exp ( -hs)] (s+ f 1)
3 

F' (s) = [1-IXh exp (- hs)] (s + JJ)3 + 3 [s +IX exp ( - hs)] (s + JJ) 2 

F"(s) = 1Xh2 exp ( -hs) (s+ f 1? +G [1 - IXh exp (- hs)] (s+ JJ) 2 + 

+ G [s+IX exp ( - hs)J (s+ JJ) 
· - R (s) = (2 -IX2 h2

) s3 + 41X 2 hs2 + 1X4 h2 s 

-R'(s) = 3 (2 - IX 2 h2
) s2 +81X 2 hs+rx4 h2 

-R"(s) = G (2 - 1X 2 h2
) s+81X 2 h 

In particular for s = f 1 we have 

F (JJ) = 81X4 [1- j exp (- jrxh)] 

F' (ft) = 41X 3 
{ - 5j + (2jiX4

- 3) [exp (- jiXh)]} 

F"(fd = 41X 2 
{ -9+(Grxh+3j-2jiX2 h2

) exp ( - jiXh)]} 

Control and Cyb. - 2 

(E.39) 

(40) 

(41) 

(42) 

(43) 

(44) 

(45) 

(46) 

(47) 

(48) 

(49) 

(50) 

(51) 

(52) 



Table of final results and algorithm 
Remarks 

1. Error's 
transform 

U (s) 

E (s) = ,at! +bl V (s) ' 

U (s) = B (s) + D (s) exp (....: hs) 

V (s) = A (s)+ C (s) exp! -!!!]___ - --- --+------------1 
2. Error as func-

tion of time 
L(s;) 

e (t) = ;~t sf(l +b) M (s;' exp (s; t) 
L(s) = B (s) C (s) - .4 (s) D (s) 

M (s) =hA (s) C (s) + A' (s) C (s)- A (s) C (s) 

3. Decomposition I f 
formula 

j=t 
(general) 

L (sj) P (sj) { 1 [ U (s) P (s) JtbJ 
sjO +blM(sj)Q 1 +'(sj} =-ab! V(s). Q1 +'(s) s=o+ 

Q (s) 
Qk= -­

s-qk 

4. Decomposition 
formula for 
single 
zero-pole 

5. Inner sum 

6. First integral 
formula 

7. Second integral 
formula 

8. Third integral 
formula special 
case a= 0 

1 m [ +-;!k~l .. ~c~s) _ 

b = 0 [a={~] 

p (s) ]<'l } 
Qf +' (s) s=q, 

f L(s)P(sj) -{a U(o) P(o) +~ £ [~ P(s) ]<'l l 
; = t s"M(s;)Q 1 +'(s;) V(o) Q1 +'(o) r! k=t s"V(s) Qf+'(s) s=q) 

Q (qd = 0 
k = 1, ... , m 

S (s) = i: L(sj) = - {a U (o) +~[- _ U_ (s_) ·l t'J } 
1 1 

j = t sjM(s1)(s1+ s;) 1 + r V(o)sl +r r! S0 V( s) .. = - s; 

~-~------4-------------------~ 
"- L(s) U(o) oo L(s) 

J =(-1)1 +'.r! L i S-(s)=(-l)'a·r!-- L: i + 2
'r i=t sj'M(sd 1 

' V(o) i=l sf +t +rM(si-

+(-1)' I L(s;) [-U_(s)_]<'l 
;=t sf M (s;) s" V(s) s= -s, 

1 +' { 1 { U (o) [ U (s) ]
0 +'l 1 [ U (s) R (s) Jtml} J2 =(-1) a·---- -- +- --· + 

·' 1+r V(o) V(s) s=o r! V(s) F 1 +'(s) 

1 "' [ U (s) R (s) ]t'l } 
+-;! k~t s"(l + bl V(s) . Ff+'(s) s=f. 

l m [ U (s) R (s) ](') 
12 ,,=(-1)

1

+'.-;!k~t V(s) Fl +'(s) s=J, 

R ts;) 
[ 

U (s) ]<'l 
V(s) s=-s,= Ft +, (s;) 

F (s) 
Fk (s) = s-{k 

'---------~----------------------------------------------~------~-~---· 
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- R (f!) = 2o: 3 (jo: 2 h2
- j- 2o:h) 

- R' (ft) = 2o: 2 (2o: 2 h2
- 3 + j4o:h) 

-R"(ft) = 2o: [4o:h+j3 (2-o:2 h2
)] 

- j (1 + 0:
2 h2

)- [(1 + 0:
2 h2

) (3 + 0:
2 h2

) - jo:h (5 + 0:
2 h2

)] X 
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(53) 

(54) 

(55) 

~-~]" x exp (- jo:h) + [ o:h (5 + o: 2 h2
)-jo:2 h2 

( 1 + o:2 h2
)] exp (- 2jo:h) 

L F(s) ft 4o: 3 [1- j exp (-jo:h)] 3 

(56) 

Similarly 

j (1 + 0:
2 h2

)- [(1 + 0:
2 h2

) (3 + 0:
2 h2)+ jo:h (5 + 0:

2 h2)J X 

[
- R (s) I' = x exp (jo:h) + [o:h (5 + o: 2 h2

) + jo:2 h2 (1 + o: 2 h2
)] exp (2jo:h) 

F (s) 
2 

4o:3 [1 + j exp (io:h)r 

J22= ~ {[~~~It+[~~;~JJ= 
(1 + o:2 h2

) [2 + h2 o:2
- sin o:h] cos o:h- o:h (5 + o:2 h2

) (1- sin o:h) 
8o: 3 (1- sin o:h)2 

Below we give optimal values of the parameter of the controller for 
r=O 

From dJ 2 ' 0 = 0 
' do: . ' 
we obtain CXopt h = 0,73844 
r = 1 

dJ2 t From --'-=0 
do: 

and finally for 
r= 2 

From dJ 2 ' 2 = 0 
do: 
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Metoda uog6lnionego rozwini~cia Heaviside'a 

W pracy przedstawiono og6lnq metod~ wyznaczania calki wagowego dynamicznego bl~u 
kwadratowego w ukladach sterowania z op6znieniem. Wyniki analityczne otrzymane w pracy 
umozliwiajq wyznaczenie optymalnych wartosci parametr6w ur~dzenia sterujqcego, a tak:ie 
okreslenie wplywu funkcji wagowych. Dla zilustrowania rozwazan przedstawiono prosty 
przyklad. 
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MeTO)J. o6o6I.Qenuoro pa3JIO)KeHnH XeBncaii)J.a 

B pa6oTe npe.IJ:cTaBJJeH o6!l1Hii: MeTO.IJ: BhP-mcJJeHHll HHTerpaJJa aecoaoii: .IJ:HHaMHqecKoii: 

KBa,llpaTJ1qeCKOH OII1116KH B CHCTeMaX ynpaBJJeHHll C 3aiTa3):1hiBaHHeM. floJJyqeHHhie B pa6oTe 

aHaJJHTJ1qeCKHe pe3yJJhTaThl IT03BOJ!li!OT BbJqJ1CJJl!Th OllTHMaJJhHh!e 3HaqeHHll napaMeTpOB 

ynpaBJJliJO!llero yCTpoii:cTaa, a TaKJKe onpe,lleJJl!Th BJJHliHHe aecoahiX c!JYHKuHii: . B KaqecTae · 

HJJJJ!OCTpauHH paCCMOTpeHHll npe,!ICTaBJJeH npOCTOH npHMep. 

----------------------------------------------------------------




