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The paper presents the general method of evaluation of the integral of weighted
squared dynamic error for control systems with time delay. The analytical results obtained
in the paper enable to find optimal values of the parameters of the controller. and to
investigate the influence of the weighted functions. For ilustration a simple example is also
considered.

1. Introduction

In this paper the evaluation is considered of the integral of weighted
squared dynamic error for systems with time-delay.

(Systems without time-delay, or without weighted functions are particular
cases).

IZ,r_

Se—g

t" e (f) dt r=0,1,2, .. _ (1)

e (t) — dynamic error
t — time

2. Derivation of the formula for dynamic error e (1)

Basic assumptions:
The method of solution is shown for the class of control systems whose
error transforms may be represented by the following relation:

* The paper was prepared within the research program RP.102 “Theory of control and
optimization of continuous dynamic systems and discrete systems”.
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E(s)= S.UT(S{Z) (2)
where

Vi(s)= A (s)+C (s)exp (—hs)

V(o) #0

is a quasipolynomial and A4 (s), C (s) are polynomials with real coefficients
and

(3)

deg A(s)=n—v (4)
deg C(s)<n—v (5)

h>0—is the time-delay.
v=a(l+b) (5a)

where a denotes the coefficient of existence of the zero pole of E (s)

a= ‘lo (6)
and r=0, 1,2, .. — multiplicity of the zero pole. )
U (s) = B(s)+D (s) exp (—hs) (6a)

is a quasipolynomial, and B (s), D (s) are polynomials with real coefficients
and

deg B(s) <n—1 (7)
deg D (s) <n—1 (8)

For the existence of the integral (1) it i1s necessary that
lim e (1) = lim sE (s) = 0 ©)

Taking into account (5) and (9) we obtain as the conclusion that in parti-
cular for

v=1 there must be U (0)= B (0)+D(0)=0 (10)

v=2 there must be U(0)=0 and «
U’(0) = B'(0)+ D' (0)—hD (0) = 0 (11)

~ and in general for

v= N there must be U(0)=0, U'(0)=0,.., U Y()=0 (12)

It is proved (Bellman, Cooke 1963) that the transcendental characteristic
equation

Vis)=A(s)+C (s)exp(—hs)=0 (13)

has infinite number of roots sy, s,, ...
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For the sake of simplicity we assume that equation (13) has different roots
only, in consequence the derivative of V (s) with respect to s has no common
root with V(s):

Vi(s;)) = A'(s)+[C'(5;))—hC (s)] exp(—hs;)) #0  for i=1,2,.. (14)
For the nontrivial systems with time-delay
C(s) #0 i=1,2,u (15)

and we can use in the following for elimination purposes the relation
obtained from (13)

A (sy)
C (s)

It is proved (Wright 1949, Hahn 1956, 1956, 1957) that the inverse transform
for (2) exists and is given by the generalized Heaviside formula

exp(—hs)= — = N (16)

X Uls)exp(s;t)

“h= SV (5)

(17)

it

(remark: components from zero poles according to (10)«12) are equal to zero).
According to (6a) and (14). using the relation (16) we can write:

Uls) _ B (s;)+ D (s;) exp (— hs;) _
Vi(s) — A(s)+[C'(s)—hC (s)] exp (—hs;) —
. B (s;) C (s))—A (s;) D (s7) _ L () 18
=G CEHTAGCEH-AECE -~ M Y
where L(s;), M (s;) are polynomials with respect to s; and _
deg s¥ M (s;) < 2n—v , (19)
deg L (s; & M (s:
deg L(s;) <2n—v—1 ep L) <depar M s (20)
Finally, using notation (18) we can write relation (17) as follows:
e(t)= i L(s)exp(? t) 1)

COSIM(s)

3. Evaluation of the integral J,,

We have mentioned that for the existence of the integral (1) it is necessary
that the error e (t) vanish when time tends to infinity (9).

The requirement (9) can be fulfilled if all the zeros of the quasipolynomial
V (s) determined by (13) have negative real parts, and their multiplicity is
finite (14)

Control and Cyb. — 1
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Res; <0 i 1,28 (22)
It is also assumed that in the particular case when the time-delay

h=0
V(s)=A()+C (5) = 0} 23)

the polynomial obtained from the general formula (13) has only zeros with
negative real parts:
Res; <0 i=1,2,...,n—v (24)

Starting from the relation (1) and using for e(r) the relation (21), having
in mind the conditions (22) we can write:

JZF:J.tr[.
3 i

(25)

1~ 5

umumyl[” Lispexp(s;0) |
1 sf M(s) =1 SiMA(s)

or

= L(Si) = L(S‘)
J2'=z§‘1 s{ M (s;) {J; si M J(:ij) [.[ e (SH-Sj)tdt]} =

0

Multiple integration by parts of the integral in (26) yields the relation:

r (_{y+1 r! o
J t exp (Sl-i—SJ)tdl —( l)r WI— I,J= ].,2, - 3]
]

r=0,1,2, .. 27)

and Re (s;+5;) <0 because we have the mode assumption (22). Returning
to (26) gives
a: Lig) & L(s;)
Jap = (=1yTtpl - 5 J s
a=(=1Y EZI si M (s;) jZ'l SYM(s) (s+s,y 7T

= (=1t Y G?—I“ﬁ-,f,i?gsf(si) (28)

i=1
where the inner sum

O L(Sj)
Si (s;) = ;ZI s§ M (s)) (s +s) ™!

(29)

In the calculations which follow we must compute the sum of the form of (29)
using partial fraction method. To achieye this goal we consider the following
general problem: Calculate the sum determined by the relation:



Generalized Heaviside expansion 11

o L(s) P(sy)
S= - . E
jzl SJM(SJ) Q{+r(Sj)
where the function P (s;) is introduced for calculation of more general sums

than (29).
We assume that

(30)

deg P (s)) sm—1 ; (31)
and '
deg Q""" (s) =m (32)

We denote the roots of the polynomials, respectively
M(p)=0 k=1,2,..,2n—v (33)

m
Q@)=0 k= L2 77 (34)

Let us consider the function under the sign ) in (30)
L(s)-P

P, (s)= LB (35)

Sail +b}M (5) Ql +r{s)

(remark: v = a (1+b), see (5a)).
Using the partial fraction method we can write that

b1 L(s)-P(s) [® 1
ok E[M(S}Q”'(SJ l NG

ZN—EM L(ps) P (py) 1

i K=1 Pf“'kb]'M’{Pﬁ)QHr(Pﬂ S— Py !
FF
T L | L(s)P(s)(s—qg) ™ |? 1
PN T'[s““””M(SJQ”'{S) oy GogyT G0

The original for the function @, (s) is

L | L(s)P(s) |® 1 b=k
’ (IJzﬂkZOE[M(S)Q”’(s)l:o Gt t

2n—a(l +b) L{p)P(p)
L. M (p) Qi P B0+

-+

mi(l+r) r 1 L (q] (“_“r}l +r b -
+ . i 1
k;, ;; I [ a1 +h) M ()0 (5) | exp (g t) (37)

In the investigated problem the assumption that
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deg [s“' "M (s)- Q""" (s)] > deg [sL(s) P (s) (s—qx)" *"] (38)

is always true.
Taking into account that

@1 (0) = lim s®, (5)=0
if (38) holds. we obtain finally from (37) the useful relation

1 [ L P () ]"ﬂ S L) Pl

M($)0™"(s) =0 & PO M(p) QT (p))

mi(1 4+r) ] L[S] (i}{S q}l+r r)
+ RZI rl'|i a{l+.‘1}M S)Q]-H.(S' kZO (40)

Using relation (36) we can calculate the‘sum (30):

Ls)P(s) 1™ = 1
Z D (s))=a Z ;‘T[M(S)Q“‘f{s}]q i JZ] ST ik

PR R AN LN
K= PO M (p) Q' (p) &4 Si— P

+

mm nr 1 [ LE)PE) (s—a)* S i
C 8 Bl ot | wmarr @

Further progress may be attained if we calculate the infinite sums in (41).
It is proved (Levin 1956, Chapter 5) that for the entire function of class A

determined by the relation (3), the following Weierstrass decomposition into
a product holds:

V(s)=e* [] (1 - i) (42)
i=1 Sj

where » is a real number.

Taking logarithm from both sides of the relation (42) we obtain

n V()= x5+ 3 (1 ﬁsi) @)
4= i
The derivative of this function with respect to s is
V'(s) - 1
[ln Vis)] = Vo) A—j; S (44)

similarly

vl &
[ 7 (s) ] =& T 43)
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V'(s) |® & 1
[ V(s)"] = <! j; (8—8f %

In particular, we will use the relations which follow from (44)-(45):

and in general

= 1 1 Vi(s) Jr®
A M i % o k 47
;; AL, = [ 7 s) 1:0 x=0for k<r (47)
- ! _ | Vis) |0 . _
jm{%+mﬂhk_d-w—m![VBLLlﬂ #=0for k<r  (48)
3 I 1 V'(s) =0
i EE——rr v ey ] (o R —— e s ‘=0 f k i
= (Sj‘“Pk}HT} & (r—k)! [ V(s) :|s=m, ;.- £ e (49)

Application of these relations to (41) gives:

2 _y{aL Ls)P(s) |® 2"“‘%”” L(py) P (py) &
P M) Leg = M (p) QT () 24

"SSP LE) P s—a)' ™ 17 |
sﬂ(l+b)M(S)Ql+r(s)

-+

k=1 ﬁ 5 =gy
1 Ls)P(s) |® 1 V'(s) [P0
- kzﬂ k! [ M (s) Q' " (s) ]s=0 (b—k)! [ V(s) j|s=o +
2n—a(l+bh) L(Pk)P(P:‘) - V'(Pk]
t L A0 Vi

e [LLOFGGur 1P 1 [ P (50)
SIS SG(HMM(S)QH‘{S)

s ‘(Z S=qk- (]"—”_! V(s) s=qp

The term in brackets is equal to that in (40) and is equal to zero.

Calculation of the expression I;:;),,; using (3), (18) and (33) gives
k

V' (p) _ A" (pi)+[C'(pi)—hC (py)] exp (—py h) _
Vip) A (p)+C (p) exp (—py h)
A+ [—A'C+A CH+AC' —hCA], exp(—pi h) B
A[A+Cexp(=p h)l,, -
_ AA,+[—M+A'C],, exp(—p; h) (1)
A, [A+Cexp(—p; W],

But from (33) we have M (p,) =0 so finally we find that
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V' (py) _ A'(py)
V(ps) A (py)

The relation (50) can be written in a simpler form. An application of the
Leibniz formula for the b-th derivative of product of two functions gives:

L(s)P(s) V'(s) Ibl_ i b __L{S)P(s) Wy (s) |o—Y (53)
MEQ () Vi) | & \k)| M Q™) V(s) d
or equivalently
i 1[ LePE @ 1 [V'(s) el
o k| M (s) Q7" (s) (b=k)! [ V(s -

1 E(s) P (s) V'(s) |®
= b! [ M(s) Q""" (s) '_V'(sTj| (54)

(52)

Taking into account (40), (52) and (54) in the relation (50) gives

i LEPEs) V()]
LEART MO V)

2n—§l+b} L(py) P (pi) A" (py)
k=1 P:“ M (Pw) Ql +r'Pi) A (pe)

W L[ L) P(s)(s—gq)*! |
+ *Z:l ﬁlisa{1+b]M(s)Qr+l(s) o

It is evident from (55) that we also need to calculate the sum represented
by the second term in (55). To do this we choose, similarly as in the
preceding case, the function

s=0

+

+

(55)

L(s) A'(s) P (s)

qu {3) = Sa(i+b]M (S)A (S} Qr+ 1 (S)

(56)

Following the same way and using the partial fraction method we find
that:

. > 1 L(s)A'(s) P(s) |® 1
%m_%;ﬂ{MMAWQWQ:Q?WT+

el L(p,) A" (pi) P (py) 1
_+_
k;l PE(HB] M'(p,) A (ps) Ql TPy S—py "

mi(1+r) r ' o
2 5 1 [L(S)A (s) P (s)(s—qy)' " |© 1

FTIME A Q70 ey a7 T

P I 0 P AT
& UM (r) A'(r) QM () s—ry

(57)
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where r,, k=1,2,..,n—a(1+b) are the roots of the equétion
Ar)=0 [58)I
A #0
After similar algebraic manipulations we obtain that
T L(s)A'(s)P(s) |®
02 “’"0‘“_[1\4 $)A(5) 0T (9) }o |
+2"_“[1+h] L(p) A’ (pi) P (py) +
K¥=1 i M (p) A (py) Ql+r{Pﬁ)
mEN 1 Lis) A'(s) P (s) (s—g)' " |7
W [ STOME)A() Q) ey,
n—all+b) B (?':J P (ﬂ)
T E AA e )
We have substituted
L(r)= B’(ﬁ] C () (60)
M (r) = A'(r) C (ry)
(see (18) and (58)). |
1 L(s) P (s) A'(s) V() NN®
By = E P2 (5)=dpy {M(SJQT+’(SJ [A(s)“ Vi) }}Fo*
UL LEPE)s—a)' " [ A VO |,
; '_lp' tl “’}M (S) Ql "(S) 7 (S) V(S) —a
il B (ry) P (ry)
Z: r:il+b1A’(ri) Q! +r(rl) (61)
Taking into account that
A's)  Vi(s) _ A V(s)— V'(s)A(s)
A(s) V(s) A(s) V(s) B
_A(A+C exp (—hs))— A [A"+(C'—hC) exp (— hs)] B
a AV B
B (hAC+A'C— AC") exp (— hs) B M (s) exp (— hs) 62)
- AV s AWV

we obtain finally
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B L L(s) P (s) exp (—hs) |®
S2=4g] [ AGVE) Q) } e

mn 1T L) P(s) (s—gq)' ™

(r}
.y F[s‘*“””A(sJ P’(S)Q'+'(Sl]s=qk+

n—a(l +b) B(ry) P(ry)

+ k;l ?"ﬁ“ +b}Ar(rkJ Ql +r(rk} {63)

If
B(s)=0 (64)
then we have
L(s)=—A(s)D (s (65)
and
U (s) = D (s)exp (—hs) (66)

The sum S, takes the form:

g - 1 U(q} P (s) (h) mi{l+r) | U(S)P[S}(S—qk)“"' (r)
2= bl V(s) 017 (s) e

o & T Ve |, 6D
If _ a
B(s)=0 (68a)
we introduce in the similar way the function

B(s) P (s) A
Sa{1+b]A {S} QI'H{S) el

i B(s)P(s) [% 1
= ;'?![ S)Q”’{s)} R

D3 (s) =

303

n—a(l+h) B[!‘k}P(I‘k) 1
+ z rﬁ“ +b)A!(rk) Ql +r

k=1

() ‘ §S— Iy

||[\/]--=

m,l‘l ¥) 1 (S}P(.S]{S—' )l+r iy 1
I all + ¥ 7. N1 Fr 68
Z 1' [311 MA(S} Q1+ (S) :|S=qk (S_Qk)]+ ( )
From the relation ¢; (0) =9 we obtain in the same way the relation:

b) N .
‘Z B (ry) P (ry) _ i|: B (s) P (s) }"’) 4

ACA) QTN A() Q" (s)

(69)

k=1

_m!(l%—r] 1 P[S)(S_qk}r+1 “ir)
SR Sa{l+b)A{S} Qr+l[s} s

The sum S, from (63), using substitution (69) takes the form:
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o _I_ P (s) L(s) exp (— hs) (b)
SZ =da b! {A ("&') Ql +r{s) [ V(S) B (S):l}s:0+

n=a(l+b) { P(s)(s—q)*" L (s) exp (—hs) m
=+ f;Z] ;T { sa(l +b) A (S] Qr:!- i {S) [ V(S‘) —B (S) ]}s=qk (?0)

But
L(s) exp (—hs)
V(s)

[B (s) C (s)— A (5) D (s)] exp (—hs)—B (s) [A (s)+ C(s)exp (= hs)] _
V(s)

—B(s) =

_ AU

76 (71)

Finally, the general formula (30) takes the form:

= L(s;) P (sy) _ 1{ U@ Pis) |®
j;l Sj{l+b]M(Sj) Q1+r(sj) i am V(S) QI%-(S) +

5=0

n—a(l-+b) 1 U(S) P(S] (S__qk}r+1 {r)
2 ;-Zi F |: Sﬂ(l +5) V(S) : Qr+ 1 (S) :Iquk} (?2)

In the particular case which is very often in use, when there exists a single
root equal to zero the formula (72) takes the form: for b=0

§ _ LEIPE
A M) 0 )
U (0) P (O) n-a q U {S} P (S) {S—'Qk)r+1 (r)
:_%’wmeﬁwr*z [fV@’ l } (73)

2l +1
=1 Q" (s) =q;

We can use the derived general formulas (72) and (73) for the evaluation
of the integral J,,. To achieve this goal we assume the existence of a single
root equal to zero b= 0 (in the absence of the root equal to zero we put
a=0). For the calculation of the inner sum S; (see relation (29)) we put
in the general formula (73)

P(s)=1
Q(s;) = s;—4q, (74)
q1 = —8

Control and Cyb. — 1*
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and

_S(s)=g UW©PO 1] Ul P (s+5)t+ 9
i(s)=a V(o) Q' ** (0) +_r @ v (s) 01" (s)

A
=a V(o) st +H[S”V(S):L=—s;

The integral determined by (28) is

_ z  L(s) Ul 1[ U |”
Jz,r_(—l)"r!izl si M (s;) {a V(0)5i1+r +ﬁ|:3ﬂ V(s) =—S!}

8= =5

U L B
he=(-tyria SO 5 L8
= Lis) [U@E
U2 Tm [s" V) }_
Shortly
U

Tar= (=17 e, H(-1YS,

where

- L(s;)
Rt X i 10)

L(s) U [”
st M(s) | V() f=oy,

I
M

(75)

(76)

(77

(78)

(79)

(80)

Now we compare formula (79) with formula (72). Putting in the general
formula (72) b=1+r, P(s)=1, Q(s)= 1 we calculate the sum S, from the

relation:

S = —g 1 U(s) |*D
. (1+r)l V(S) s=0
and respectively

B N T
e . e T [V(s) lzo Bl

The sum S, determined by (80) may be written in the form:

e L) [UOT] _& L) Pe)  _
=2 s:-‘M(sf)[s“V(s)L_s,.‘iZ M) FTE G

=5 L(s;) P (s;)
- 5?{2+r]M(si) F! (s)

(82)

(83)
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where

U(S) (r) m P(Si)
B i

Comparison of the relation (84) with (72) gives:
F(s)=0(s) (85)

where we define from (3) by the elimination of the exponential term from (13)
F(s)=A()V(=5)=A()A(—5)—C(s)C(—s) (86)

and we calculate the roots ¢, from the equation
F(g)=0(@)=0 ' (87)

Now it is necessary to attain the explicit form of P (s). Starting from the
relation (84) we obtain:

JON 1
SVE | T Ve

V), V), V), ...... , (V)0
0, (V) 2(°F)s coveeeeernnnn.
0, 0, (£, cooerererennnn.

S et I W T 1 (88)
0, 0, ........ , (5°V), .
U U, T, e , uU®
Taking into account the relation (86) we find
(" V)-5 A(s), "V)-gA(s), . ("V)T5, A4 (50)
| x
(O)-sAG) 5 (U)-uAd6), ., (UD)_uA(s)
1
=T Ly R O
(5 V)-y 4 (s,»)...‘
(_l)ﬂil-t-r]
3 (V) Alsden] P(s)
- s:}(l+r}_FI+r(Si) = S:_.(1+r1 QH"(S;) (89)

From (89) we obtain finally
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P(s)= (=117

(*V)-A(s), ("V)-gA(sD)s s (5" V)% A (s;)
0 3 (Sa V)—a; A (si)a 3 (; (Sa V){:;i” A (SI)
0o 0o, ., (; (s V)E=2 A (s)
R, s s s A S RO (90)
(,i 1) (" V)on A (5)
(U)-sA(s), (U)-sA(s)s ., (U Als)
Direct application of the general formula (72) gives:
b=1+r 91)

n 1 U@ P(s) ]+
= _{“ i+n! [V(S}F‘”(s} o T

+"_,§+b, 1 [ U (s) P(s)(s—fi)"ﬂ]:r) } ©2)

& T FTVE) T () hegiea

Finally, substitution of the relation (92) to (82) gives:

~ " 1 U@[UET™ 1] U@EP(s) 14
JZ,r_(_l)r l{a I+r V{O) [ V(S) =0 ﬁ[m =0 ®

n—at2+r)_1u U (s) - P(s)(s-—-fk)l‘i-r (r)
AT s"‘“”V(s}[ F'**{s) :Ln} .

ReMARrk 1. If a = 0 this means absence of a single zero root, the first term
in (93) disappears.

ReMark 2. It is worth to note that the extension of this formula to the
case which instead of the error e(t) has its derivative e® (), or aggregate

n—1

Y e®(¢) is straight-forward. To do this it is sufficient to replace the error
k=0

transform E (s) by the transform of its appropriate derivative:

e(t)—E(s)
¢ (t) — sE (s)—e (o) (94)

e(k}(t).__- SkE(S)n Ek: e(k—i)(o),sk—i
i=1
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4. Some simple practical examples

Let us consider the process whose transmittance is described by the
relation:

G, (g)=2201") (E.1)

The transmittance of the controller is

Gr ()= Ky (E.2)
. : W,
and the transform of input is equal to - (E.3)
Error’s transform is equal to
1 W,
PO 136,6: s~
1 Wa Wo
- e (EA)
- K, K; s iy s s+a exp (—hs)
sT
where
K, Kg
= E.5
| a=— (E.5)
First of all we consider the case for r = 0:
From (1) we have
Jro=| () dt (E.5)
From (2) we identify thlat _
U)=W, (E.6)
and in particular from (6a) we have
B(s)= W, (E.7)
D(s)=0 (E.8)
v=0 (E.9)
From (3) comparing with (E4) we see that
V(s) = s+aexp(—hs) (E.10)
and respectively
' A(s)=s (E.11)

C()=ua (E.12)
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From (18) we have also

L(s)=W,a (E.13)
M (5) = has+a = o (1+ hs) (E.14)
From (28) we have
® (s
Ta= (=100 ¥ 25, 65) £19)

where from (29) the inner sum is

o L{(s;)
Si(s) = }; M) 550" (E.16)
From (72) we have a=0 and
® Li)Pl) & i[v(s) P(s) (s—q0) |
4 M (Sj) Qi +r(sj) - kzl 0[ V(S) Q (S) b (El?)
Putting s; = s and comparing (E.16) with (E.17) gives:
P(s)=1
Q(s)=s5—q, (E.18)
gy = —35
n=1
The inner sum is equal to
_ (v
Si(s) = [ 7 ) :|s=q, (E.19)
Substitution of (E.6) and (E.10), (E.18) into (E.19) gives
Si(s)) = — e (E.20)

—S;+o exp (hs;)

From the characteristic equation (13) we can calculate the exponential term

si+oexp (—hs) =0 (E.21)
We have
spexp (hs;) = —uo (E.22)
and finally
Wosi 5; :
S;(s) = = W, EET (E.22)

Calculation of the integral according to (E.15) yields
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& L) 5
J”_Z M{(s) "sf+ot2

(E.23)

Application of formula (93) requires identification of P (s) and Q (s). In this
case we have

=4q

& L(s)P - | Uls) P(s)(s—q)
-~ wtian Z[ X0 ] B

Comparing with (E.23) gives

Q (s) = st +a?
Q) =5"+a’>=(s—q) (s—q) (E25)
e )
q1 = jo, gz = —jo (E26)
P(s)=W,s (E.27)
Finally we obtain
2 W2 s
Ji o= 2
e k; [s+oexp (—hs)] (s—gk+1) |s=q,
= W2 q1 1 W2 42 1
° qitoexp(—hq)) qi—q; ° qrtoaexp(—hqgy) qr—
but ¢, = —¢q,

5w 1 . 1 _
207 2 | qutoexp(—hg)  —q,+aexp(hgy) |

W2 o exp (¢, h)+exp (—q, h)
2 (a*—q7)+q, « [exp (hg,)—exp (—hq,)]

and

W2  cosah

I = 3 T—sm

(E.28)

Now we calculate, for this standard example, the weighted integral for
=

8

Jz.l = (—1)2

(E.29)

Here we have

S; (s;) = ~1i P}—} (E.30)
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Using (88) we obtain

l V(s), V'(s) —s;+a exp (hs;), 1—oh exp (hs;)

U(s), U'(s) W, , 0

—-S. - gt | S o S . 1 r—

+(5) Vi) oy [—s;+o exp (hs)]? (E31)

Elimination of the exponential term, similarly to the preceding case yields:

‘ ‘—sf—cxz, si+o?h
w, , 0 s; W, (s;+o2 h)
—S.(s:) = — _ 0o i
+(5) (—s2—a?)? (s? +a?)?
Finally we obtain
W, s; (s;+o> h P (s;
R L e E3)
and
P(s)= W, s; (si+a’h) (E.33)
_ Q (s;) = st +a? (E.34)
Similarly to the preceding case
_ 2| UOPE—a) |
Tam ;k};a[ ZorR0 L -
We remember that
U@)=W,
50
[ P (s) _ PO V)P () V'(5) O ()—2P (s) V() Qi ()
V() O (5) =g, V2(s) Qi () s=a
(E.36)
where
0 0=22 (37)
Q1(5)=5—q2=s5+q
Q2 (5)=5—q1 =544
Qi (s)=1 | (E.38a)
gy =ja
g2 = —jo

P(s)=s*+a’hs
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P'(s)=2s+o*h
V(s)= s+aexp(—hs)
V'(s) = 1—ahexp (—hs) (E.38b)

Finally from (E.35), after substitution of (E.36) and (E.38) into (E.35) we

obtain
Fae W2 14 a?h%—oh cos ah
217 497 1 —sin ath
Case of r=2:
uel L vy v _2Wp=vvr|
V) |, vEp voev| T V3 -
1 0 0

. (]

(2—o? h?) s} +4a? hs;+a* h?
S
(s?+0?)?
R (S} = _[(2_{x2 hz) 83 +4a2 hSz-l-.xd' h?.]
Ja.3 = - 2 [ —[(2—o?h?) s> +4a® hs® +a* h*] ]m
2.2 2 [s+oexp (—sh)] (s+f)? M

. 2 [ —=R(s) |2,
Fﬁ?gZ’l[ F (s) :|ka:,

F(s), F'(s), F"(s)
0 , F(s), 2F(s)
—R (s), —R'(s), —R"(s)
F (s) = [s+oaexp (—hs)] (s+f1)°
F'(s) = [1—ohexp (—hs)] (s+ 1) +3 [s+a exp (—hs)] (s + f1)?
F"(s) = oth® exp (—hs) (s+f1)} +G [1—ah exp (—hs)] (s+f1)* +
+G [s+aexp(—hs)] (s+f1)
—R(s)=(2—a?h?) s> +4a> hs* +o* h* s
—R'(s) =3 (2—a? h?) s* +8a? hs +o* h?
—R"(s5)=G2—a?h?) s+8x>h

8 —

—R (5) |” B __“1_
F (s) k_ F3(s)

S

In particular for s = f; we have

F (f1) = 8a* [1—j exp (—joh)]
F'(f) = 40> { —5j+ (2jo* —3) [exp (—joh)]}
F(f1) = 40® { =9+ (Gah+3j— 2jo* h?) exp (—joh)]}

Control and Cyb. — 2

(E.39)

(40)

(41)

(42)

(43)

(44)
(45)

(46)
(47)
(48)
(49)

(50)
(51)
(52)



Table of final results and algorithm

Remarks
. Error's E(s)= U (s) Ul(s)= B(s)+D(s)exp (—hs)
transform TR )t V(s)= A4 (s)+C (s) exp (—hs)
. Error as func- = z’: Lis;) e () Lis)=B(s5)C(s)— 1 (51 D(s)
tion of time e= 2 T P M () = hA (s) C (s)+ A(5) C (s)— A () C (5)
. Decomposition | Lis;) P (s)) L[ Us) Psy @ 0 (s)
formula Vi @D A (s) Q1 (s)) L T V“'—Qnr“ : Q= i
) =1 8% ' 5 s 5) Li=o T
(genera LI O OB Q(q) =0
| ST (s) 0l (s) k=1.;m
. Decomposition 0
formula for b=0|a= 1
i S it L0 L gL HE P
P S M (s) 0V (s) Vie) 0% (o) r1 S| V(s) Q1*"(5) fimy,
. Inner sum " L(s) { U (o) 1[ U » }
S = 2 e V(o)si*r SV ooy,
. First integral Lhe,py . Lis) Ulfo) Z Ls;)
=(— v, S =(—1 ! +
formula J2,=(=1D ,Ezi st M (s;) ==t V(o) ;Z“l SHYRTM ()
& Ls) U) 9
+(—1
( }’ le. 31 M (Si) I:Sa V{S} da=—5
. Second integral 2t 1 U [ UE ™ 1] U R Im'}
formula Ja2p=(=1) {H' Tor { V) [ v s) :|;=c ‘*"r_,[?[;)' F“’(S]] I |
| U(s) R(s) @
o |:s"“””lf’[s) TFEO) bey,
. Third integral U(s) " R (s))
formula special 1 "[UG) R V(S) ey FU7(s0)
ot 5= —g i
ok =D M= Z [ V(s) F“"(s)l F(s)
F, (9)— —f
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—R(f)) = 2 (ja® b —j— 20h) - (53)
—R'(f1) = 202 (2u® k2 — 3 + jdach) (54)
_R"(fy) = 20 [4ah+]3 Q—o? h?)] (55)
—j (1402 h)—[(1 +a2 h?) 3+ 02 h?)—jah (5+a® h?)]
R | _ xexp( — joch)+ [oth (5 + o2 h?) —ja? h? (1 + o h?)] exp (— 2joh)
F() Iy, 4o [1~j exp (—jouh)]®
(56)
Similarly
J(1+o® h?)—[(1+ a2 h?) (3 +a® h?) +joh (5 +a® h?)] x
Ris) | _ x exp (joh) + [oth (5 +a® h?) + ja? h* (1 + o h?)] exp (2joh)
—FE b 4o [14] exp (jah)]®
(57)

1 R(s)j[r’ [R(s) ”}
Jyr =+ - o
e {[F(s) CLF® L,
_ (1+a?h?) [2+h*o® —sin ah] cos ah—oh (5+a® h?) (1 —sin oh)
83 (1—sin ah)?
Below we give optimal values of the parameter of the controller for
r=0

(58)

dJ,

From =0

~ doe .

we obtain w,, h = 0.73844

r=1

From d“;‘;’ =0 oou h=090658
and finally for

F=2

dJs,
F —2 = h=1.1701
rom T 0 Olopt 0
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Metoda uogélnionego rozwinigcia Heaviside’a

W pracy przedstawiono ogdlng metode wyznaczania calki wagowego dynamicznego bledu
kwadratowego w ukladach sterowania z opdinieniem. Wyniki analityczne otrzymane w pracy
umozliwiaja wyznaczenie optymalnych wartodci parametréw urzadzenia sterujacego, a takZe
okreélenie wplywu funkcji wagowych. Dla zilustrowania rozwazan przedstawiono prosty
przykiad.
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Meron oGoOmennoro pasioxenns Xepucaiina

B pabote npencranen oOmmMi MeTO[ BBIMHCICHHS HHTEIPana BECOBOH [HHAMHYECKOH
KBaJApaTHYeckoii olmMOKH B CHCTeMax ylnpaBjeHHs ¢ 3ana3jeisanueM. [lomydyenHble B pabote
AHATTMTHYECKHE DPE3YNBTATBl TO3BONAIOT BBIYHCIATE ONTHMANBHLIE 3HAYEHHMS NAPAMETPOB
YIPaBIAIOLIEro YCTpoiicTBa, a TakKe ONpelelsTh BIMSHHE BecoBhIX (yHkumil. B xauecrse-
WILUTIOCTPALMH PACCMOTPEHHS TNPEJCTaBleH NPOCTOH NMpHMED.






