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Ln t.he paper a1 =n~Be!Tman ap.puCD:a:ch is. giv.en tCDl impulsiv:e ciDnttron with tCDng. FUlll 

lllv.ena.ge- gaiJJJ.. of a oonim:ueasing stCD·cnasti€ J!lli<irli:ess, being a IiliWd'ell C!lf quality· CD£. an rubstrae.11 
ofuii::£t. A ttlie.0nem cl'es!i:niibim:g. @l!P~imwl' pCDhcies is. fCDrmuFatedi a!lirdl Vw<iJl el!tanawtes; aJ!le giv.en. 
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I~ fntliod'ucti'on 

ConsideF a stl.o€llras11.i'e: ymm:eess; x~,. cl'es:cnlJLl'lg ([j!l!l'aEiitl.~ (1))[ aJ.llll afustFa€:11. (i))lbjje·ct Q .. 
As&l!lllJJ.[e. itts; stl.atle- tto fueJ.l(i))ng ~@ the· furnttenan [®. ]] fiii(O)m ·~co;mpEe.11.e1y efiiciem" · 
~xt = ] )l ~OJ ·~e€lmpre1idly, ilne.tlli€ientl" ~xt = «JJ)~. Qm]iity (i))f a w,€l,FltimJ:g o,fu];ec.tt iis. 
lili€l'lJJ.Uim:CFeasilng.. 'Iheuef€lFe the· plnll<ee:ss x:,.. ~w;)· iis, n:@1ilimCFeasillmig f(;nr awy wt 
C<!H!Isi:cl'e!i 11\s, right-CI:€ll'l1iimn~r€l'l!lS vetrst@;lJJ.' .. F 'mr aurn.y w l.ebesgne d!eC~:onmposiitii.@lill. · 
iltrnllpfies;:. 

" a 
Xj, «f'!tl,)) = X0J ~WJ)) -fl- § (fJJs ~C!W!)) tfts;-t § WJ" ~Wl) d'Ni s. ~(!£))))+ C~ «(!£)))) 

(!)) Q) 

wlil:elie (fJj~ :illndl lfy.1, ar.e.· l!I@l'l'Jll@S:iitiiwe. andi Jlla!tl.hs; (i)lf . C0 ane CI:OJlillWI!l!®l!l'S> fulilctli®J!lls, 
aJliidl N 0 ~s, a: C~:m:l!l!l!ltmg process\. 

Ass1!l!Iillle~ Cn = «J as: liiav.iil!Ig, l!IOJ phty;si<eal iilillti.eliJPntlatUoJiL ailii(di. iilillii1liiaill s.tlai.tl.e: to be: 
, .. 11 Jk. C&:" ,. ] 1\"f i 1J. IJ.. • =• C@lil!llpLet\e,.F eEElaent ll.e·.. x@) = .. 1noome:®v.er aJSS.1!IJEIIT.e .t. ~1aJ.tl tlmeFe' eJ£FS1is> a1 llllllfcrrm-
tli®llll ~ wriittllli respt ti.<D: wlilltm: 
a.. (fJJa iis; W)elJil meas.l!liiTalb~e,. 

ful. &k iis; p1redlic.tiabre. 
<e: Nr lil:als; a Jlllrootdta!lllEe: ii:J!llttemJsiitty fl!tt ~ @,. ii..e. 
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t 

N 1 - J 9s ds is a ~-martingale, see [2]. 
0 

T. G •\ TAREK 

Denote El; = CJ (x., s ~ t). Consider an information CJ-field ffr satisfying 
usual conditions and El; <;; g;; <;; ~- Controller's intervention will be described 
as follows: In g;;-stopping times the process x 1 is renewed and starts afresh 
with the same law and independent realization. The gain function to be 
maximized is long run average gain per unit of time. Formal description 
will be the following: Let xr be defined on the probability space (Q, .11, Q). 
Let (Q, !F, P) be an infinite tensor product 

(Q, §', P) = (QNo,. //®No, Q®No). (2) 

Let 

x;(w 1 ,w2 , ... )=x1 (wJ, W;EQ. (3) 

Therefore x; are independent copies of x1. Assume the control policy to be 
stationary and denote renewal times by T;. Thus 

T; = T; (r) = L CJj, where CJj (w 1 , w2 , ... ) = r (w). (4) 
j= I 

If Er > 0 the renewal process y, can be constructed by: 
00 

( ) " i+ 1 f } Yr=Yr r = L, Xr-r,llT;<t~ri+l · (5) 
i=O 

The long run average gain function is defined by: 
t 

S ( T) = lim inf C 1 {J f (y 5) ds- L C (y r) I { T n ~ t}} . 
ti oc 0 n 

(6) 

Define 

T e = inf { t : j (X1) ~ e} (7) 

Assume some regularity conditions for the functions f and c: 
1. f: [0, 1]-+ R is nondecreasing, f (0) = 0, f (1) > 0 and Ere< oo for any 

e > 0. 
2. c: [0, 1] -+ R + is bounded and differentiable and c (1) > 0. 
The function f is interpreted as continuous gain per unit of time of working 
object and c as cost of renewals. 

2. Auxiliary results 

The formula for gain function (6) can be essentially simplified. Denote 
t 

JP (r) = J {J(x1)-p) dt-c (xr) for 0 ~ p ~ f (1) (8) 
0 



Impulsive control 81 

and 

for w; r=Q. (9) 

LEMMA 1. Let T be any ~-stopping time. If 0 < ET< oo then S (c)= 
= .EJ 0 (c)/ET and if ET= + oo then S (T) = 0. 

Proof. Notice that (0' 11 ) and (J0 (r)) are both sequences of independent 
and identically distributed random variables. Assume 0 < ET < oo. Thus 

E IJ0 (c)l < oo and by definitions (6) and (9) _!__ I J~ (T)--+ S (T). 
T, i= I 

On the other hand 

( 

n )-1 ( 11 ) 11 L () i L J~ ( T) 
_!__ L J~ (T) = ~ . i= 1 --+ EJ0 (c). 
T, i= 1 , n n ET 

Combining we get S (c)= EJ0 (c)/ET. Now let ET= + eo. Denote r(x) = 
= f (x) 1\ z and fz (x) = 0 if x ~ z and fz (x) = f (x) if z > x. Notice that 

t 

IS (c)l ~ + lim sup t - 1 {J f' (ys) ds+ L c (Yr)} ~ lim sup t- 1 
{ L (c (yr.))+ 

ti co 0 tn~t tj co tn.:::;t 
11 

+ J h. (y,) ds} + e = e by theorem 2.1 p. 51 from [1]. 
n-1 

Therefore S (T) = 0. 

Denote q =supS (T). 
r- .:r- , 

• 
(10) 

Notice that q exists and satisfies 0 ~ q < f (1). The following proposition 
holds: 

PROPOSITION 1. For any ~-stopping time T* with 0 < ET* < eo and any 
number p E (0 ,f (1 )) the following conditions are equivalent: 

(i) S (T*) = supS (T) = p 
t- ~ 

(ii) EJq (c*) = sup EJq (T) and p = q. 
r -~ 

(iii) EJ r (T*) = sup EJ r (T) = 0. 
r-~ 

Proof. (i) => (ii) and (iii) => (i) directly by computation following [3]. 
(ii) => (iii) 

EJP (T) = EJ0 (T)-pET = ET (S (T) -p) ~ 0. 
It suffices to show that sup EJP (c)= 0. 

r-.7~ 

There is 
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r 

0 ~ E f f (xt)i di1J ~ elET+ f (1) Er. 
0 

for any r and e > 0. 
For N (e) large enough ho'lds 

f ~I) E:r:ef'N (~>)) ~ e. 

Let 3e < p, (j = e/N (e) and To be· a (6 1\ e)-optimal: stopping time foli the: 
gain S (r). Notice that 0 < ETJ < oo and! therefore 2e < p-e ~ s; ~T,;), = 

= EJ 0 (To)/ ETa ~ e + f (1) ErJETa and by ~H) ETa ~ N (e). Hem:e EJf, fT0,)l = 
= ET, (s (4) - p) ~ - ETa J ~ -e aoo sup,EJP(r) = 0. • 

t ·- !F,. 

3. Solution of the problem 

Differentiating by parts we get fm every path of th.e process,:. 
t t. 

e (x1) = e (x0 ) + J e' (x1)1 a1 dt + J De (xt) dNt 
0 0 

where De (xt) = e (xt- +bt) - e (x1_). Since De (x1) is a predictable· process. for 
any ~-stopping time with Er < oo there hlolds: · 

r r 

Ee (.xr) = c (x0 )+ E f c'(x1) at dt+E J De (xt) q1 dt. ~lJ)l 
0 0 

Let h.r be aJ progressively measurable versiom of 

E ( c' (xt) at + DIC" ( XiJ; g;pl,?';) 

Denote: 

Fn = J (xr)-ht 

r ~p) = inf {t:Ft ~ P'} fo:r p ~ 01 

K ~p) = E'J u· ~" (p )), 

The· main result of the paper is fomurl:ated as folllows: 

THEOREM 1. Assume Ft to be rwmincre:asinq. 

~114.) 

~15!)' 

€]@)) 

A IJ K ((i)) ~ 0 1ibe111 liJpl!imal control rule is -d(j)) lilmt imteif'ere' wiitiliv tJhe> mw 
of the pr-@eess'' (ro~ = -f- oo) and henc.e q = 0. 

B .. 1/f K (0) > 01 then q >0) am r (q) is the lliptimtiJJl Slio:ppi'lil('}j 11Ule fall like' fjp.Pttt S. 
Moreove'li q is the onfiy- soluti@n of the equl!litirD;1JJ K ~p~, = 0, wtth tl!te jJll11£~iVD.1Jl 
K ni(imiin'<treas~ng . convex and cantiilwm£m's, a111 ~0, + oo)! and if!. K ~0" < oo, 
(j)JI'! [@J, + 00 }\. 
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IPa@@f. No~ii·ce that rEJP (r~ = E J (f'a- 1p~ rdtt-c r(n, Since F1 is nonincreasing 
0 

;r,('!')kro,) t 

f ((F:t \((JJ))- p)dt~.f{F1 (w)-p) .dt for :any WEll, p~O and t~O by (7). 
® 0 

Tbe11eforre if,or any ff,-stoppin.g time EJ,P ~r~ ~ EJP (r (p)~ = K (p). Since c ~ '0 
tthe[il EJ((jj (~r 1(©)) > 0 ilmpiies r '(0) #- 0 and hence E (r ((i)) 1\ N) > 0 for N ~ 1. 
T ihru ff,or N 1large enough q ~ S (r .(0) 1\ N~ = EJ,0 (;r{(i)~ 7\ N)/E(r (0) 1\ N) > 0. 
K K ((((i)~ ~ {) then EJ 0 (r~ ~ 0 and S' {r~ = El 0 (r)/ Er ~ 0 for any ff,-stopping 
trime wliitrh 'UI <Er < oo and hence rq = i(} :and ropt = + oo . Since c (1) > ·0 
then 11im <sup K (p) < 0. Notice that iby T{]):me11i theorem 

IPT OCJ 

fP 00 00 00 00 00 

J(f;, - p) ,dt = J J I{F1 ~r}drdt= ~ ~ l{1<1 ~t}dtdr = J r(r)dr (17) 
((jj -Op IP •O P 

:Smce x \(r~ ~ r (p) if r ~ p holds 
!Er .(r):;?:: E-r . (tp ~ [or p ~ r. (18) 

'-....... 
Prrowe that !Er (p) < oo for aNy p > 0 .. Suppose that for some ,p > 0 there holds 
Ex (2p) = + oo. By assumption 1 Elf:!P < oo . Hence - hr ~ p for rP 1\ r (2p) ~ 
~ 1t ·~ :r 1(2p~. The statements .above imply that 

T(2p) 

E J ·hrdt =- oo 
r,, A T (2p) 

T herefore for any k and N large enol!l,gh 1there is; 
T(2p) A N 

Ec (xr(2p) " N)- Ec (x,, " r(2p) " N~ =rE J ht dt ~ - k 
r, A r(2p) A N 

.a conitudict~on since c is bounded. We b.ave proved .tha.t Er (p) < oo for 
any p > r(i)_ Thus K (p) < oo, p > 0. Therefore 

~~ 00 00 

Ki{p~ ·= E J (F1 - p)dt - c(1) = E J r {r} dr - c(1)= J Er(r)dr-c(1) (19) 
0 p p 

By 1([ '8~ the £unction K is nonincreasing, convex and continuous on (0, + oo ). 
Si®ce K {0) > 0 and lim K (r) < 0 there exists the only solution of the equa­

rT r 

<tio.m. K(Qll9 =0, namely q._ Since EJq(O) = - c '(1)<0 and EJq(r(q)) = O there is 
x (q~ # l(i) .and 0 <Er (q) < + oo. By proposition 1 condition (iii) q = supS (r) = 

r -!F, 

= s (rt(q~'). • 
The rlhilaowing examples describe practical significance of the theorem: 

E XAMIPL'E 1. 
'Tihe ifiditcatii.on process. 

Let N,1 be a point process with the intensity f.1. 1 +111>n (~-t0 - 'f.1. 1 ), where 
"l' n·s aiD! exponentially distributed ra!lf<iom variable with parameter 1 and 
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J.lo > J.lr· Let x1 = P (T ~tiN" s :( t) be the process of sequential estimation 
of T, which satisfies a stochastic equation: dx1 =a (x1) dt+b (x1 _ ) dN1 for 
some determined functions a and b. Let f and c be linear functions : 
f(x 1) = fxt and c (x1) = c0 (1-x 1)+c 1 with f, c0 , c, > 0. If J.lo-J.lr :( l < 
<fl(c 0 +c 1) the assumption B of Theorem l is satisfied by (3). Such 
a problem is strictly connected with partially observed quality control 

problem described m [3]. 

EXAMPLE 2. 
Constant renewal costs. If c (x) = const > 0 application of Theorem 1 1s 
immediate. 
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Sterowanie impulsowe procesu monotonicznego 
ze srednim zyskiem na jednostk~ czasu 

W artykule podano bezposrednie podej5cie do sterowania impulsowego nierosn<jcym 
procesem ze srednim zyskiem na jednostk~ czasu. Proces taki jest modelem jako5ci abstrakcyj­
nego obiektu technicznego. W pracy sformulowane jest twierdzenie opisuji)ce optymaln<! 
strategi~ sterowania i podane Si\ dwa przyklady. 

lfMDYJibCHOe ynpaBJieuue MOHOTOHHbiM npoQeCCOM CO cpe,!I.HHM BbiHI'pbiUieM 
la e,ll.HHHQY BpeMeuu 

8 CTaTbe. npHBOL(HTCl! HenocpeL(CTBeHHb!H llOL(XOL( K HMnyJihCHOMY ynpaBJieHHfO He B03-
pacTafOII(HM npol.leccoM eo cpet:~HHM BhmrpHll!eM 3a et:~HHHIIY speMeHH. TaKoif npollecc 
l!BJIHeTcl! Mot:~eJibfO Ka'!eCTsa a6cTpaKHoro TeXHH'!ecKoro npol.lecca. B pa6oTe <j:JopMyJIHpyeTcl! 
TeopeMa, OllHCbiBafOII(al! OllTHMaJibHYfO CTpaTefHfO ynpaBJieHHll H L(afOTCl! L(Ba npHMepa. 


