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Linear Programming problems in which some vagueness is supposed about the costs taking
part in the objective function are considered in this paper. The main aim is to describe
such problems and to give a resolution method being suitable for that kind of problems.
As auxiliary problem for solving the former one, a multiobjective linear parametric program-

ming problem is found. This auxiliary problem is obtained by means of the concept of
preferential cone.

1. Introduction

When in order to pose some problem, a decision-maker is asked about
the value of a parameter ¢ taking part in the problem, it is usual to
obtain answers as: ¢ is big enough, ¢ is greater than ¢y, ¢ is about ¢,, etc,
that obviously shows some vagueness about the true value of c.

To mathematically model the problem, perhaps a crisp version of it
may be advantageous because of necessary tools for solving it will be
conventional ones. However it seems reasonable to think that if the
former problem has a vague formulation (either partial or total) this
vagueness be considered in the mathematical version to pose.

Since the seminal paper of R. E. Bellman and L. A. Zadeh [1], fuzzy
decision making problems received an outstanding attention. As is known
Fuzzy Mathematical Programming problems are a particular case of those
ones. In this way, problems with a fuzzy constraint set have been widely
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studied ([3], [11], [15], [16], [12], [13], [7], ..). But the case in which
the costs taking part in the objective function are fuzzy is less developed.

Often decision-maker gives approximate estimates about the true values
of the costs rather than the exact values of these. Moreover those

. estimates can be given with some vagueness as was said at the start. In this
case to consider the costs as fuzzy ones may be a very reasonable
way to model the former problem.

The main aim of this paper is to solve the Fuzzy Linear Programming
(FLP) problem in which the costs are fuzzy ones with trapezoid membership
functions. To do it, taking into account some results shown in [2]
a Multiobjective Parametric Linear Programming (MPLP) problem will be
derived. The parametric solution of this last problem will serve to give
a fuzzy solution to the former fuzzy problem.

2. Formulation of the problem

Suppose a Mathematical Programming problem with a constraint set in
the form

X ={xeR"Ax<b,x 20}

with 4 and b being matrices mxn and m x| respectively.

If decision-maker has a vague information about the costs taking part
in the objective function, then it is natural to think he shall prefer
to fix, for each cost, an interval containing the more possible values
of those, i.e., for decision-maker it will be easier to say that ¢; is in interval
[7;, R;] than to determine the exact value of ¢;.

Thus it is also reasonable to think that for decision-maker it will be
not equal if the value of the cost be near to either the left or the right
or the middle of the interval, that is, it is natural to suppose decision-maker
can define in each interval taking part in the formulation of the problem
a membership function explaining those options,

.uj:R""[Os 1]! jEN={1923-"3n}

These functions giving the fuzzy mathematical nature of the problem may
be graphically described as in Fig. 1, and analytically can be expressed as,

-

pi(x)=0 if R;j2x=r;
hi(x) if rE=x=g (1)
1 if G=EX=G
gi(x) if G=x=R;, jeN
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h;(-) and g;(-), je N, being strictly increasing and decreasing continuous
functions, respectively.
Hence, the FLP problem stated by decision-maker can be written as,
Max {¢; x;+¢; X3+ +¢, X, /x€ X} (2)

where ¢;, je N, are vaguely stated estimates of the coefficients which are
defined by means of membership functions like (1). Let it note that
eventually some of these functions may be classical characteristic ones
because of corresponding cost being non-fuzzy.

#

1=

2l JI-——————-———

1o Jp.__..,_____

Fig. 1

Now, by taking
VceR", c=(c1,..Cs)y n(e)=Infy;(c), jeN
J
p(-) defines a fuzzy objective which induces a fuzzy preorder in X as

was shown in [13]. In consequence a fuzzy solution to (2) can be
found from the solution of the MPLP problem, -

Max: ¢y X1 +...+¢,; X5
5

Ax=b A3)
p)21—a
x=20, c¢eR", «ael0,1]
Taking into account that
wie)= l—awh}f;tf(cj)?_ l—o<pi(c)21—a, jeN, ae[0,]1]
then. from (1) it is obtained, that
pilc)zl—a=shi'(1-0)<¢;<g;' (1—a), jeN
and denoting ¢;=h; ', Yy;=g; ', je N, problem (3) can be written as,
Max {ex/xe X, o (1-0) S c =y (1—a), ae[0, 1]} (4)
where ¢ () =[; (), ., @, ()] and ¢ ()= [¥ (), o thu ()]
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Furthermore if I' (1 —u), x€[0, 1], denotes the set of vectors ce R" whose
components ¢; are in the interval [¢;(1—a), ¥;(1—a)], je N, (4) can be
finally rewritten as,

Max {cx/xeX, cel’ (1—a), a€[0, 1]} (5)

which for each z€[0,1] is a Linear Multiobjective problem having in
objectives costs that can assume values in respective intervals.

Next section is devoted to development of a possible method of solution
to (5) which provides a fuzzy solution to the former problem (2).

3. A solution method

Suppose problem (2) and its parametric representation (5). Consider
fixed a€[0,1]. Such a problem will be denoted M,. It is evident that
solution of M, is given by the x*e X such that,

Veel (1—7), ¥xeX =cx™* 2 ¢x
As the unicity of that x*e X is not guaranteed, let §,_, denote the set
of those points being solutions of M,,

Si-«={x*eXNcel (1-a), xe X = cx* = cx}
Let it note that it is possible to obtain §, , =0 for some x€[0, 1], but
when 2 runs the unit interval, there is at least one value, eg. x=0,
for which §,_, # 0, except that the problem be unfeasible.
Thus, in accordance with the Decomposition Theorem for fuzzy sets,
it can be defined,

S = U a'Sl—u

which is a fuzzy set giving the fuzzy solution to the former problem

(cf. eg. [10], [12]).

Hence, to round off this approach, it remains to give a method
obtaining for each o€[0, 1] the solution S;_,. In order to do it, M,
(always with fixed «) shall be rewritten in a more explicit way,

Max: ¢; Xy +..+ ¢y X,
st

Ax=b
o;(l—0)S ;= y;(1—o)
x=0
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Thus M, appears as a Multiobjective Linear Programming problem having
one objective by each vector cel (1—ua).

Clearly, for any xe€[0,1], ' (1—2) =R" is a convex set with extremal
points defined by those cel (1—o) such that its components are either
in the lower or upper bound: ¢;(1—a) or ;(1—«), respectively. This
characterization was studied in [2], although in a different context (for
Linear Multiple Objective Programming problems with interval costs).

Following [2], if
V()= {xeR"ex20} cel(1—a)

it is clear that V (¢) is a cone.
Likewise,

VIFQ-a)|={) V() cel(1-a)

is a cone (the preferential cone of M,).

Let E(l—x)c I'(1—a) be the subset constituted by vectors whose j™®
component is equal to either the upper or the lower bound of ¢;, ; (1—a)
or ¢;(1—a), jeN, that is,

¢c=(cy,u,ceE(l—a)sc;=@;(1—a) or ¥;(1—a), VjeN

Then it is evident that the maximum number of elements in E (1 —a) is 2"
On the other hand. it is verified, [2], that

VIF(1—a]=|) V() ceE(1-a)

what shows the finite subfamily of problems with costs ceE (1—a), ie,
vectors of costs whose components are only in the upper or lower
bound, it may be used to solve M, rather than the complete (infinite)
family involved by the said M,.

In accordance with that, M, can be solved by means of the problem

Max: ¢y x;+..+¢, X,
s.t.:

Ax=h
x=0, ceE(l—0a)

(6)

or more explicitly.
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Max: (¢! x,c* x, .., ¢ x)
st
Ax=b
x20, *eE(1—0a), k=1,2,..,2"

(7)

which is a conventional Multiobjective Linear Programming problem.
Thus the resolution of all problems in the family {M,, «€[0, 1]}
can be carried out using (7) and considering a€[0, 1] as a parameter,
i.e., the fuzzy solution to (2) will be obtained from the solution of the
MPLP problem,
Max: (e'x, e2x; 5 ¢¥'%)
8.t
Ax=b (8)
x20, cfeE(1—a)
&¢ef0; 17, k=1,2;:.:2"
Remark. Notice that several approaches can be considered to solve
a Multiobjective Linear Programming problem. Since the aim of this paper

is to give a mathematical formulation for the former fuzzy problem, this
point will be not treated here, it will be the theme of a forthcoming

paper.
Finally notice that for (8) there can be defined, in accordance with the
Decomposition Theorem for fuzzy sets,

V=)o VII(l-a)]

which, because V [I'(1—a)] is a cone, is a [uzzy cone according to the
corresponding definition given in [10] and that may be called the Preferential
Fuzzy Cone corresponding to (2).

Now all of this is clarified with a concrete problem.

4. Numerical example

Consider the following FLP problem with fuzzy objective,

Max: z=c¢y x1+2x,
s.t.:

2x;—x, =6
X1 +5x2 é 10

X1,X,=20
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in which the fuzziness is supposed present in ¢; < R only, being measured
by the membership function,

=x-2 if 2=x=3
Bix)y=05—x)2 if 3=x=5
=0 elsewhere
Thus M, will be,

Max: ¢y x;+2x;
st

2x;—X; =6
X1 +5x, =10
3—au=c¢; =342
Xy X = 0
Then, in this case,
E(l-o)={(3—a,2),(3+22,2)} a€c[0,1]
and in accordance with (7) one has to solve,
Max: [(3—a) x;+2x,, 3+ 2a) x; +2x,]
s.t.:
2x;—Xx; =26
X1 +5x; =10
X1,Xx, 20, ae[0,1]
which is a MPLP problem.

Solving it by means of the Multicriterion Simplex Method, [14],'
one can obtain

Xt =364, x¥=127
2* (o) = [13.45—3.64, 13.45+7.274]

©)

which is the fuzzy solution to the problem. It is clear that this solution
has a membership degree equal to one (The supremum of the respective
degrees for which it is a solution).

Remark. Note that in this particular example, for any o«c[0,1] (9)
is an optimal solution in the classical sense for both objectives. However,
this is not a very frequent case and thus, when the membership degree
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of the optimal solution is #* <1, one can to look for nondominated
solutions in the interval (x*, 1] by means of a nondominance test as is
shown in [14].
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Niedokiadne koszty w zadaniach programowania
matematycznego

Przedmiotem pracy sa zadania programowania liniowego, w ktorych funkcja celu
zawiera niepewne co do wartosci wspolczynniki kosztow. Celem artykulu jest analiza takich
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zadafi i podanie metody rozwiazywania odpowiadajgcej tego typu zadaniom. Otrzymano
zadanie wie!okryterialnego parametrycznego programowania liniowego jako zadania pomocni-
czego do rozwigzywania zadania pierwotnego. To zadanie zostalo otrzymane przy uzyciu

pojecia stozka preferenci.

Herounble 3aTpaTthl B 3ajja4aX MaTeMaTHYeCKOro
NporpaMMHpPOBAHHS

IMpenverom paboTel ABAAIOTCH 3ad4d JHHEHHOrO NPOrPAMMHDPOBAHHA, B KOTOPBIX
(DYHKIHS Uean COAePKHT COMHMTENbHBIE, B OTHOLIEHMM 3HAYEHMH. KOA(DUIMEHTH 3aTpaT.
Ilenero cTaThy ABIAACTCA AHANM3 TAKHX 3a/a¥ M NPEJCTABJICHME METOAd pelleHus, yaoGHOro
s 9Toro Tuna 3ajav. [lojyweHa 3afaya MHOTOKPHTCDHAILHOTO NapaMeTPHYECKOTO JiiHedl-
HOTO TIPOTPAMMHMPOBAHUN B KAYECTBE BCHOMOTATENBLHOH JUIf pPEIIEHHS NEPBUYHON 3aia4u.
BenomoratensHas 3a4aua Obila NOJIyHEHA 1TPH MCMONIBIOBAHUN TOHATHA KOHYCA NpenoyTeHui.







