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The quadratic optimal control problem for the second Fornasini-Marchesini model 
of 2-D linear, stationary, discrete system is considered. Using two methods of transformation 
for system and performance index, the problem of finding the optimal sequence of control 
vectors is reduced to equivalent mathematical programming problem. 

1. Introduction and problem formulation 

The second Fornasini-Marchesini model (F-MM II) of 2-dimensional 
linear, stationary, discrete system is given by equations [5]: 

x(k+1, 1+1) = A1 x(k , l+1)+A 2 x(k+1, l)+ 

+B1 u (k, l+1)+B2 u (k+1, l) , (1) 

y (k, l) = Cx (k, l) , 

where (k, l) EN x N, (N- set of natural numbers) x ERn is a state vector, 
~ ERm is an input vector and yE RP is an output vector, A1 , A 2 ERn x n, 

B1 , B2 E Bn x m are real matrices. 
Boundary conditions for the F-MM II model are given as sequences: 

x(i,O)=xw for i=0,1, .. . , 

x(O,j)=x0 i for }=1,2, ... , 
(2) 

For this model we will consider the following optimal problem : choose 
the-sequence [(r+1)(s+1)-2] control vectors u (i,j), so that the quadratic 
~erformance index: 
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lr,s ({x (i,j)}, {u (i,j)}) = XT (i,j)· Q (i,j)· X (i,j)+ 
(i,j)ED,,,\(C x {O}v {O} x c,) 

+ UT ( i, j) · p ( i, j) .. U ( i, j), (3) 
(i,j)ED,,,\ [(0, 0), (r, sl} 

is minimized. 

'J'here C1 = {0, 1, ... , r}, C2 = {0, 1, ... , s} and Dr,s = Ct x C2 (symbol "x" 
9enotes here the Cartesian product). It is assumed, that Q ( i, j) are 
11j x n- dimensional, symmetric, nonnegative definite matrices, and P ( i, j) 
ajfe m x m- dimensional, symmetric, positive definite matrices. This problem 
was considered for different models of 2-D systems in papers [1], [2], [3]. 

A similar problem, the so called the minimum energy control problem 
was formulated and solved by Klamka in [7]. 

2. Problem transformation 

We want to reduce the presented problem to some mathematical pro
gramming problem, namely: 
Problem (*) 

).11nimize 
f(z) = (z, Hz), 

(symbol ( ·, ·) denotes inner product) with the following constraint: 

Rz = c, 

(4) 

(5) 

where z, c - vectors, H, R - matrices of appropriate dimensions; H is sym
metric, nonnegative definite matrix. 

I method: 
Let us define vector z in the following manner: 

ZT = [XT(1, 1), XT(2, 1), ... , XT(r, 1), XT(1, 2), XT(2, 2), ... 

... , xr (r, 2), ... , xT(1, s), xT(2, s), ... , xT(r, s), ur(l, 0), ur(2, 0), ... 

T( T T T ... ,u r,O),u (0,1),u (1,1),u (2,1), ... ,uT(r,1), ... 

... , uT(O, s), uT(1, s), uT(2, s), ... , uT(r-1, s)], (6) 

z is {rsn+[(r+1)(s+1)-2] m}-dimensional vector. 
In order to transform the performance index Jr s to the form (4), let 
introduce the following notation: 

H = diag [Q (1, 1), Q (2, 1), ... , Q (r, 1), Q (1, 2), ... , Q (r, 2), ... 

... , Q (1, s), Q (2, s), .. . , Q (r, s), P (1, 0), P (2, 0), .. . 

... , P (r, 0), P (0, 1), P (1, 1), .. . , P (r, 1), .. . 
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.. . ,P(O,s),P(l,s), ... ,P(r-l ,s)]. (7) 

It is easy to observe, that His square {rsn +[(r+l)(s+l)-2] m}-:-dimen
sional, symmetric, nonnegative definite matrix. Similarly, we can express the 
equation (1) described F-MM II model with boundary conditions (2) in the 
following equivalent form: 

RI= 

Rz = c, where R =[RI I Rz], · 

I 0 .. . 0 0 
-A1 I ... OO 

OO ... -A1 I 

-A2 0 .. . 0 0 
0-A2 ... 0 0 

0 0 ... 0-Az 

0 

I 0 ... 0 0 
-A1 I 0 0 

0 

0 · 

_r 
_L 

0 

0 

(8) 

0 0 .. . -A 1 I : . 1 . _:_. _:_ ·__:_ ·__:_ :__: :___· :___· .. ;:.. __:_ ·__:_ ·_:_ :_: :_: :___· _:_ _ _. _:_ .. ·__:_ ·__:_ :__: :__: :__: :___· :__: r-: -
- A 2 0 ... 0 0 I 0 ... 0 0 

0 0 
0-A 2 ... 00 - A 1 I ... OO 

0 0 ... 0-Az 0 0 ... -A1 I 

r r r r 

-82 0 ... 00 -81 0 ... 00 
0-82 ... 00 0-B, ... OO 0 0 0 

00 ... 0-82 00 ... -81 0 ,- - -- .- -

O-B2 ... 0 0 -B 1 0-... 0 0 

· 0 0 0 ... 0-Bz oo .. : -s,o 

- - -- - - - - -,.: 

O-B2 0 ... 0 -B1 0 ... 0 

0 0 0 
00-82 ... 0 O-B1 ... 0 

,__._ 00 ... 0-82 0 0 ... -B 1 

r r + l r + 1 r+ l r 
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Hence, R 1 is (rsn x rsn)- dimensional matrix, R 2 is {rsn x [(r + 1) (s+ 1)-2] m} 
- dimensional matrix. It is easy to show that vector c has the form: 

·wher e-

lAl x (0, 1)+ A 2 x (1, O)j 
A 2 x (2, 0) 

cl= . , 

A 2 x (r, 0) 

c; for i = 1, 2, ... , s is (nr)- dimensional vector. 

(9) 

i=2,3, ... ,s (9a) 

Therefore, using notations (8) and (9), we expressed our optimal problem 
described in section (1) in the equivalent mathematical programming 
problem ( * ). 
II method 

The similar transformation can be obtained, using the general response 
formula for the second Fornasini-Marchesini model. 

This formula has the form [6]: 

k 

x(k , l)= L Ak-i,I- 1[A 2 x(i , O)+B2 u(i,O)]+ 
i= 1 

I 

+I Ak-l,l-i[A1 x(O,j)+B1 u(O,j)]+ 
j= 1 

k I 

+ I I (Ak - i-1,1 - i Bl + Ak - i,l - 1 Bz) u (i,j), (10) 
i=l j=l 

For convenience we write: 
G(k - i, l-j) = Ak-i-1,1 - iBl +Ak-i,l-j- 1 Bz. (11) 

For this F-MM II model they introduced a state-transition matrix Ai,i 

[6], [8]: 

Ai·i=A1 Ai-l,i+A2 Ai,j- l for (i,j) ;? (O,O), 
(12) 

A 0 •0 =I,A- i·i=Ai,-i=A-i,-i=O for {i,j)>(O,O). 

It is interesting to note that the matrix Ai,i can be also calculated 
according to the following formula: 

(13) 

In our problem the natural way is to assume z as a sequence of boundary 
· condition in fC1 x{O}u {O}xCz) and vectors u(i , j) in rectangle D,,s 

. i = [~f (1, 0), XT (2, 0), ... ,-XT (r, 0), XT (0, 1), XT (0, 2), ... 

... , XT (0, s), UT (1, 0), UT (2, 0) , ... , UT (r, 0), UT (0, 1), 
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UT (0, 2), ... , UT (0 , s) , UT (1, 1), UT (2, 1), .. . , UT (r , 1 ), ... 

.. . ,uT(1,s),uT(2,s), .. . ,uT(r - 1, s)f (14) 

Hence z is an {(r + s)n+[(s + 1)(r+1)-2] m} - dimensional vector. It will 
be convenient to express formula (10) in the following form: 

x (k, l) = M (k, l)z. (15) 

Comparison of (10) and (15) gives us the general form of the matrix 
M (k, l): 

r-k 

M (k [) [A
k-1 t - 1 A Ak-21 - 1 A A11 - 1 A Ao 1-1 A 0-0 ' = ' . z, ' . z, ... , ' . z, ' . z , ' ... ' ' 

s-l 

Ak-11-1 A Ak-1z-2 A Ak-11 A Ak-1 o A 0-0 
' . 1 ' ' ·. 1 ' .. . ' • . 1 ' ' . 1 ' ' .. . ' ' 

s - l 

Ak-11-1 B Ak-1t-2 B Ak-1 1 B A k- 1 o B 0-0 
' . 1 ' ' . 1 ' ... ' ' . 1 ' • . 1 ' ' .. . ' ' 

r-k 
. . -

G(k-1, l - 1), G(k - 2 , l - 1), ... , G{1, l - 1), G(O, l - 1),0, .. . , 0 , 
r-k -G(k-1 , 1~2), G(k - 2, l - 2), ... , G{1, l-2), G(O, l - 2),0, ... ,0, 

r-k 

G (k - 1, 1) , G(k - 2 , 1), ... , G(1 , 1) , G{O , 1), ~' 
G (k -1, 0), G (k - 2, 0) , .. . , G (1 , 0), 0, ... , 0, 0 , ... , 0]. 

· -· - ·- - ........_, .__.,;..,;,. 

(r-k+1) (s-l)r-1 

M (k, l) is an n x {(s+r) n+[(r + 1)(s+ 1)-2] m} - dimensional matrix. 
Let -us introduce vector X: 

XT = [xT{1, 1), xT(2, 1), .. . , xT(r, 1), ... , xT(1 , s), xT(2, s), .. . 

(16) 

... , xT(r - 1,s),xT(r , s)] . (17) 

We want to express the vector X as a function of z: 

X = M·z. 
Where M has the form: 

M (1, 1) 
M (2, 1) 

M= M(r, 1) 
M (1, s) 

M (r, s) 

and is an rsn x {(s+r) n+ [(r+l)(s+l) - 2] m} 
- dimensional matrix 

(18) 

(18a) 
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Therefore, using notations (14H18) we can express the performance 
index (3) in the following equivalent and more convenient form: 

lr,s {X, U} = XT QX +UT PU = ZT MT QMz+zT Nz = 

= zT [MT QM +N] z = zT Hz = (z, Hz), (19) 

where 

UT = [UT ( 1 , 0), ... , UT ( r , 0), UT ( 0 , 1), ... , UT ( 0 , S) , UT ( 1 , 1) , ... 

... ,uT(r-1,s)] , 

Q = diag [Q (1, 1), Q (2, 1), ... , Q (r, 1), ... , Q (1, s), Q (2, s), ... 

... , Q (r, s)], 

P = diag [P (1, 0), P (2, 0), ... , P (r, 0), P (0, 1), P (0, 2), ... 

... , P (0, s), P (1, 1), ... , P (r, 1), ... , P (1, s), .. . , P (r-1, s)], 

N ~ [~'·:~·i~l (20) 

Q and P are symmetric, square matrices of the dimensions: rsn and 
[(r+1)(s+1)-2] m, respectively. H is also symmetric, square {(r+s) n+ 
+ [(r + 1) (s + 1)-2] m}- dimensional, nonnegative definite matrix. 
The constraints have here the form: 

Where 

... 0 l 
I 

... 0 I 

I 0 0 

R = 0 I 0 
lo 
I 

.0 0 0 ... I I 
and 

3. The problem solution 

Rz= c. 

Is an (r+s) n x {[(r+ 1) (s+ 1)-2] ·m+(r+s) n 
- dimensional matrix, (21) 

(22) 

The necessary and sufficient condition for optimal problem ( *) of 
mathematical programming is existence of solution for equation [ 4, Th. 1, 
page 146]: 

[ -~ ~][;] =[~J (23) 
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Note, that the optimal solution (23) is unique if and only if the matrix 
in the left-hand side is non-singular. Otherwise, solution is not unique, and 
any solution of the equation- (23) is an optimai solution of our problem. 

4. Example 

Let us consider the F-MM II system with the following properties: 

n=2, m=1, (r,s)=(2,1), 

[0 -1] 
At= 1 0 ' [-1 OJ Az = 1 1 , 

and the quadratic performance index (3) with matrices: 

Q(i,j)=[~ ~J P(i,j)= 1. 

In the first method of transformation we have 

ZT = [XT (1, 1), XT (2 : 1), U (1, 0), U (2, 0), U (0, 1), U (1, 1)], 

zER8
, 

H = diag [ 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 ,] = I 8 , 

[ 

1 0 0 0 1 0 -1 
R= 010000-1 

011001 0 
-1 0 0 1 0 0 0 

Jl, 
-1 J 

The matrix equation (23) yields the following set of equations: 

-xo (1, 1)+<t>t -<p4 = 0, 

-xt (1, 1)+<pz-<p3 =0 , 

-xo (2, 1)+<p3 = 0, 

-x1 (2, 1)+<p4 = 0, 

-u(1,0)+<p 1 =0, 

-u (2, O)+<p3 = 0, 

-u (0, 1)-<p1 -<pz = 0, 

-u (1, 1)-<p3 -<p4 = 0, 

x0 (1, 1)+u (1, 0)-u (0, 1) = 0 , 
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x 1 (1, 1)-u (0, 1) = 2, 

x1 (1, 1)+x0 (2, 1)+u (2, 0)-u (1, 1) = 0, 

-x0 (1, 1)+x1 (2, 1)-u (1, 1) = 1. 

The solution has the form: 

-14 
•. -29. -14 

o/1 = --
X (1 1) = [ Xo (1, 1)J = 41 

u(1,0)=~, 
41 

57 ' Xt(1,1) 39 -18 
q> 2 = 41 u(1 0)=--

- 41 ' 41 ' 

-18 

l~rl 
-43 

o/3 = - -
X (2 1) = [ Xo (2, 1)] = 

u(O 1)=--
41 ' 42 ' 

15 ' x 1 (2, 1) 3 
-

o/4 = 41 u (1 1) =-' 41 . 

The value of performance index J 2,1 : 

J 2,1 = XT (1, 1) Q (1, 1) X (1, 1)+ XT (2, 1) Q (2, 1) X (2, 1)+ 

+uT (1, 0) P (1, 0) u (1, O)+uT (2, 0) P (2, 0) u (2, 0)+ 

+uT (0, 1) P (0, 1) U (0, 1)+uT (1, 1)P (1, 1) U (1, 1) = 

--- - - -

-29 39 1 0 41 -18 15 1 0 41 

r
-29J , -18J 

~[ -41, 4,][o ,J !~ +[ ~· 4,][ o ;J . ~~ + 

( 
14)

2 
( 18)

2 
( 43)2 ( 3 )2 + 41- + ~ + ~ + 41 = 3.1463415. 

In the second method of transformation we have: 

B. BILY 

ZT = [XT (1, 0), XT (2, 0), XT (0, 1), U (1, 0), U (2, 0), U (0, 1), U (1, 1)] ER10
. 

The matrix (18) M here has the form: 

M= [M (
1

' l)l for xr = [xT (1' 1), XT (2, 1)]. 
M (2, 1)j 

Auxiliarily we calculate: 

A1·0 = A 1 A0
•
0 +A2 A

1· - 1 = A 1 . I +A2 . 0 = A1, 

G(1, 0) = A 0
•
0

. B1 +A1
• -t B2 = B1 , 

M (1, 1) = [7t-o,-@~·.A·2 ,'()~ ~0 · 0 . A1, A 0
•
0

. B 2 , 0, A 0
•
0

. B1, 0] = 
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=[-1 0 0 0 0 -1 -1 0 1 0] 
11001 0 0010' 
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M (2, 1) = [A 1
•
0

. A 2 , A 0
•
0

. A 2 , A1
•
0

. A1 , A 1
•
0

. B 2 , A 0
•
0

. B2 , A1
•
0

. B1 ,G(1,0)] 

= [ -1 -1 -1 0 -1 0 0 -1 -1 1] 
-1 0 1 1 0 -; 1 -1 0 1 1 ' 

p = Q = 14, 
_L r,,. 0 

1 N= ~-4!: ' 
4 2 0 -1 2 2 2 1 
2 2 1 0 2 0 0 1 
0 1 2 1 1 -1 -1 1 

-1 0 1 1 0 -1 -1 0 

H=MTQM+N= 
2 2 1 0 2 0 0 1 
2 0 -1 -1 0 2 2 0 
2 0 -1 -1 0 2 3 0 
1 1 1 0 1 0 0 2 
0 2 2 1 2 -2 -2 1 

-2 -1 0 1 -1 -1 -1 -1 

1 0 0 0 0 0 0 0 0 0 0 
0 1 0 0 0 0 1 
0 0 1 0 0 0 0 

R= 
0 0 0 1 0 0 0 C= 

1 ' 
0 0 0 0 1 0 
0 0 0 0 0 1 

The solution of matrix equation (23) gives: 

-14 
u(1,0)=~ 

-18 
u(2,0)=~ 

-43 
u(0,1)=~ 

3 
u (1' 1) = 41 

1 
0 

0 -2 
2 -1 
2 0 
1 1 
2 1 

-2 -1 
-2 -1 

1 -1 
5 0 
0 3 

The optimal trajectory we have from (10), and finally J 2 , 1 = 3.1463415. 

5. Remark 

In the optimal problem for the F-MM II system, considered in section (1), 
we can add a condition concerning the terminal state vector. The obtained 
results, however, will be analogical as presented in this paper. 
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Sterowanie optymalne F-MM 11 

W pracy przedstawiono metodl( rozwi<tzywania zadania sterowania optymalnego przy 
kwadratowym wskazniku jakosci dla systemu liniowego, dyskretnego, stacjonarnego, dwu
wymiarowego opisanego II modelem Fornasiniegci-Marchesiniego. Metoda ta polega na spro
wadzeniu zadania sterowania do pewnego zadania programowania matematycznego. Wyniki 
zilustrowano przyk!adem liczbowym. 

0 HeKOTOpOH 3a.r.a'fe OIITHMaJILHOrO ynpaBJieHHB .r.m1 BTOpOU Mo.r.eJIH 2-D 
«<>opuacuuu-Map'fecuuu 

B pa6oTe npe,o:CTasneH MeTo,o: peweHHll 3ap:a<m onTHMaJihHoro ynpasneHHll, B cnyqae 
KBa)l;paTHOro noKa3aTeJill KaqeCTBa, ABYXMepHOH, JIHHeHHOH, CTaUHOHapHOH, ,O:HCKpeTHOH 
CHCTeMOH, OllHCbiBaeMOH JI-oJ:i: MO,O:eJibiO cl:lopHaCHHH-MapqecHHH. 3TOT MeTOA COCTOHT B CBe
p:eHHH 3ap:aqH ynpaBJieHHll K HeKOTOpOH 3ap:aqe MaTeMaTHqeCKOfO nporpaMMHpOBaHHll. 
Pe3yJihTaTbi HJIJIIOCTpupyiOTCll qHcneHHhiM npHMepoM. 


