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The quadratic optimal control problem for the second Fornasini-Marchesini model
of 2-D linear, stationary, discrete system is considered. Using two methods of transformation
for system and performance index, the problem of finding the optimal sequence of control
vectors is reduced to equivalent mathematical programming problem.

1. Introduction and problem formulation

The second Fornasini-Marchesini model (F-MM II) of 2-dimensional
linear, stationary, discrete system is given by equations [5]:

x(k+1,1+1)= A, x(k,l+1)+ A4, x(k+1,)+
+Byu(k,I+1)+Byu(k+1,1), (1)
y(k,[)=Cx(k,1),
where (k,[)e Nx N, (N —set of natural numbers) xeR" is a state vector,
ueR™ is an input vector and yeR? is an output vector, A;, A,eR"™"

By, B,eB""™ are real matrices.
Boundary conditions for the F-MM II model are given as sequences:

x(f,0}=xi0 fOI‘ Il=0,1,..., (2)
x(osj)zxoj fOl’ .}: 1529"'}
For this model we will consider the following optimal problem: choose

the sequence [(r+1)(s+1)—2] control vectors u (i, ), so that the quadratic
performance index:
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Irs ((x (100} u G, ) = 2 X" (i, j)- Q (i, J)- x (i, )+
(LeDpd(Cix {0} u [0} x Ca) :
+ Y WENPGEGH)uG) ()
[, eD, A0, 0), (r, s)}
is minimized.
Where C; =1{0,1,..,r}, C2=1{0,1,..,s} and D, = C;xC, (symbol “x”
denotes here the Cartesian product). It is assumed, that Q(i,j) are
n x n— dimensional, symmetric, nonnegative definite matrices, and P (i, )
are m x m— dimensional, symmetric, positive definite matrices. This problem
was considered for different models of 2-D systems in papers [1], [2], [3].
A similar problem, the so called the minimum energy control problem
was formulated and solved by Klamka in [7].

2. Problem transformation

We want to reduce the presénted problem to some mathematical pro-
gramming problem, namely:
Problem (%)
Minimize
f(2)=<z, Hz), @)
(symbol (-,-> denotes inner product) with the following constraint:
Rz =g, (5)

where z, ¢ — vectors, H, R — matrices of appropriate dimensions; H is sym-
metric, nonnegative definite matrix.

I method:
Let us define vector z in the following manner:

= [T, 1,67 @, 1), .., ¥, 13, x7(1, 2), 57 (2. ), ..
w2 [ B TR, e N BT (L T2 B
st (r,0),uT (0, 1), 87 (1,1),47 (2, 1), ., w7 (1, 1), ..
o T (05 8), w" (1, 8), 4T (2, 8)s w0’ (=1, 5], (6)

z is {rsn+[(r+1)(s+1)—2] m} — dimensional vector.
In order to transform the performance index J,; to the form (4), let
introduce the following notation:

H=diag[0(1,1),0(2,1),..,0(1),0(1,2),..,0(,2), ..
0 0(1,5),0(2,5),..,0(r,s),P(1,0),P(2,0), ..
P (r,0,P(0,1),P,1),.,P( 1), ..
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-.P(0,s),P(1,s),..,P(r—1,s)]. (7)

It is easy to observe, that H is square {rsn+[(r+1)(s+1)—2] m} — dimen-
sional, symmetric, nonnegative definite matrix. Similarly, we can express the
equation (1) described F-MM II model with boundary conditions (2) in the
following equivalent form:

Rz=¢, where R=[R; 'RZ], (8)
[ 10..00 I { 1
s 700 : : 0 i "
00. —A; I 58
—4,0..00 10..00
R—| 04200 | -4,100 5 4
L00.0-4y | 00 —a i) r
1 —4,0..00 10..00
" i 0-4>..00 |=A4,1..00
I 00, O—adyl 000, < T |
' r i r

R

0-B,0..0 | —B;0..0
—B, .. —By .0
” g g 00-B,..0 | 0-B
i 00.0-B; 00..—B
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Hence, R; is (rsn x rsn) — dimensional matrix, R is {rsn x [(r+1) (s+1)—2] m}
— dimensional matrix. It is easy to show that vector ¢ has the form:

¢’ =[el, b, wnl-1.611, )
where
Ay x(0, )+ 4, x(1,0)| A; x(0, i)
B 4 x2.0| |9 . i=23,..5 (%)
A, x(r,0) 0

¢; for i=1,2,..,s is (nr)— dimensional vector.

Therefore, using notations (8) and (9), we expressed our optimal problem
described in section (1) in the equivalent mathematical programming
problem (*).

II method

The similar transformation can be obtained, using the general response
formula for the second Fornasini-Marchesini model.
This formula has the form [6]:

k
x(k,y= Y A '[A; x(i,0)+ By u (i, 0]+
i=1

1
+ 3 ANIL4, x(0,/)+By u (0, )]+
=1

J

gk

-+

]
Z (Ak—i—l.f'“fBl_I_Ak_i‘!_le)u(iaj)s (10)
j=1

1

1
For convenience we write:
Gk—i,1—j)= A1 B+ A 7HTT By (11)
For this F-MM II model they introduced a state-transition matrix A4“/
(6], [8]:
A= Ay AT+ 4, AV for (i,j)2(0,0), a2
A =] A=A T=4""T=0 for (i,j)>(0,0).

It is interesting to note that the matrix 4> can be also calculated
according to the following formula:
A=A A+ AV 4. (13)

In our problem the natural way is to assume z as a sequence of boundary
condition in (Cy x {0} U {0} xC,) and vectors u (i,j) in rectangle D, ,

2T = [x"(1,0),x"(2,0), ., x"(r,0),x" (0, 1), x (0, 2), ...
bl | xT(O‘! S)’ HT(]'S 0}7 uT(2’$ 0)‘! ey uT{r! 0)! uT(OQ ])9




Optimal control of F-MM II 313

u™(0,2),..,u"0,s),u"(1,1),u"(2,1),..,u" (r, 1), ..
T (1,9),07(2,8), " (r=1,5].  (14)
Hence z is an {(r+s)n+[(s+1)(r+1)—2] m} — dimensional vector. It will
be convenient to express formula (10) in the following form:
x(k, )= M (k, D)z, (15)

Comparison of (10) and (15) gives us the general form of the matrix
M (k,]):

r—k
Mk, )=[A"Y1 Ay, A2 4,, .., AV 4;,4%771. 4,,0, ..,0,

3=

AL g g2 g gl g gk 10 g G ),
A4l B gk=2i-1 g gL BZ,A"'H.. Bz,tf.i,?),
AU By, A2 B AN, By, AT, BQ,ﬁL
Gk—1,1-1),GKk—2,1-1),..,G(1,1-1),G (0, f—l),ﬁ,
r—k

Glk—1, 1-2), B k=2, I-2), w61, 1-2), 6 0,1-2),0, ., 0,

r—k

Gk-1,1),Gk=2,1),..,G(1,1),G(0,1),0,..,0,
G (k—1,0),G(k-2,0),.,G(1,0),0,..0,0,..,0]. (16)

(r=k+1) (s—l)r—1
M (k,l) is an nx {(s+r)n+[(r+1)(s+1)—2] m} — dimensional matrix.
Let us introduce vector X:
XT = TRV E; 13012 T X708 B 2O, 809502,
X =1, 57 (9] (17)

We want to express the vector X as a function of z:
X=M-z. (18)
Where M has the form:

(M (1,1) ]
M@,1)

M=|M(r,1) | and is an rsnx {(s+7) n+[(-+0D) (s+D)—2] m} —
M (1,s) | — dimensional matrix (18a)

,nlf(r,s}_
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Therefore, using notations (14)+(18) we can express the performance
index (3) in the following equivalent and more convenient form:

Jos X, U} = X" QX +U" PU = 2* MT QMz+2" Nz =
=zl [M"QM+N]z=z"Hz={z,Hz), (19)

where
UT =[u"(1,0),..,u"(r,0),u"(0,1), ..,u" (0, s),u" (1, 1), ..
o W (r=1,8)],
0=diag[0(1,1),0(2,1),..,0(r.1),..,0(1,5),0(2,s), ..
ey @ (15 8)]5

P =diag [P (1,0),P(2,0),..,P(r,0),P(,1),P(0,2),..
- P0,s),P(1,1),..,P(r,1),..,P(,5),.,P@r—1,s],

0[r+s]nl0.
N=|---4-], (20)

Q and P are symmetric, square matrices of the dimensions: rsn and
[(r+1)(s+1)—2] m, respectively. H is also symmetric, square {(r+s)n+
+[(r+1)(s+1)—2] m} — dimensional, nonnegative definite matrix.

The constraints have here the form:

Rz=¢,;
Where
100 .. OE
I . :
R= 0L0 0 EO Is an (r+s)nx {[(r+ 1) (s+1)=2] m+(r+s)n
gl — dimensional matrix, (21)
000 ... 1]
and
CT == [x-{()s ngs sery x{O: XEI ) x%z, ey xgs] . - (22)

3. The problem solution

The necessary and sufficient condition for optimal problem () of
mathematical programming is existence of solution for equation [4, Th. 1,

page 146]: _
—H RT|| z 0
R HEH|
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~ Note, that the optimal solution (23) is unique if and only if the matrix
in the left-hand side is non-singular. Otherwise, solution is not unique, and
any solution of the equation (23) is an optimal solution of our problem.

4. Example

Let us consider the F-MM 1II system with the following properties:
n=2, m=1, (r,5)=(2,1),

0 —1 —-10 1 -1
i A I S S H A
M- " 0 o 1
10 = X20 = 1l Xo1 = ol

and the quadratic performance index (3) with matrices:

10
Q(i,j)=[0 1], P(@i,)=1.

In the first method of transformation we have

Z=[x"(1,1),x"(2,1),u(1,0),u(2,0),u(0,1),2(d,1)],
zeR®, '

H=diag[1,1,1,1,1,1,1,1] =Is,
100010 =1 0 0
rR— | 010000 -1 0 2
“lo11001 o0 —-1f “T}o
100100 0 —1 1

The matrix equation (23) yields the following set of equations:
—Xo (1, )+¢1—9s =0,
—x; (1, )+¢@,—p3 =0,
—x0(2,1)+¢3 =0,
—X1(2,1)+94=0,
—u(l1,0)+¢, =0,
—u(2,0)+p3=0,
—u(0,1)—¢;—¢,=0,
—u(l,1)—@3—@s =0,
Xo(1,)4+u(1,0)—u(0,1)=0,




316

B. BILY

x; (1, 1)—u(0,1)=2
x (1, D)+x0(2, D4+u(2,0)—u(1,1)=0
—xo(1,D)+x; 2,1)—u(1,1)=1.

The solution has the form:

—14 09" —14
P="5 X0 (1,1) 41 Bl 0=
57 x(l’l):[xl (1,1)]= 39 =18
P2=77 il u(1,0)= ST
—18 —18 —43
mTEr l)_[xo (2,1)}_ 3| B
15 ’ x; (2,1) 15 3
Pe= 7 | a1 u(I,l)zW.

The value of performance index J, ;:

La=x"1,1000,)x1, )+x72,1)Q(2,1)x (2, )+
+u’(1,00P(1,0)u(1,0)+u’(2,0) P (2,0)u (2,0)+
+u"(0,1) PO, 1)u©, )+u" (1, 1)PA, Yu(l,1)=

—29 —18
| =29 39[|10 41 . —18 15
| 41 ’41(|01 39 41 64

- 41

—14\? [/ —18\? [—
+( = ) +( 5 ) +( 3 ) +(H) = 3.1463415.

In the second method of transformation we have:

3

2

zf =[x"(1,0),x"(2,0), x"(0,1),u(1,0),u(2,0),u(0,1),u(1,1)]eR.

The matrix (18) M here has the form:

M(i,1 . .,
M:[MEZ,I{' for X' =[x (1,1},xr(251]].

Auxiliarily we calculate:
AV = 4, A%04 A, AV "1 = A, I+ A4,.0= 4,,
G(1,0)=A%° B;+A""'B,=B,,
M(1,1)=[2%" 4,,0,4%° 4,, A*° B,,0, A°°. B;,0] =
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[-1t0000 -1 —-1010
| 11001 0 O0O010)

M (2,1)=[A"°, 4,, A°°. 4,, A*°. 4,, A, B,, A®°. B,, A'°. B, ,G(1,0)]

[-t -t =10-1 0 0 -1-11
1~ © 41 ¢4 <t & 11]

0661 0
P=Q=1I, N=|--a=|,

0 ;'_14
4 2 0-1 2 2 2 1 0 —2]
2 2 1 @ 2 8 0 1 2 -1
B 1T 2 1 f -1t <L 1 2 ®
=1 0 1 1 @o=1 <1 0 ¥ 1
s {2 21 0 2.0 0 1 2 1
H=MOM+N=| 5 g of—1 © 2 2 ¢ =2 -1
3 i wl =1 0 2 3 0 =2
1 1. 1 0 1 0 0 2 1 -1
8 2 2 1 23«8 1 8§ ©
gl = 0 Lol =T =i =] @ 3
[1ooo000loooo] [o |
010000 1
R_|001000 ._|0
1000100 0 =1
000010 1
(00000 1 1 lo
The solution of matrix equation (23) gives:
—14 —43
U(I,OJZT U(O,l):—:ﬁ-‘-
—18 3
U(Z,OJ—T u(l,l)—-—ZT

The optimal trajectory we have from (10), and finally J, ; = 3.1463415.

5. Remark

In the optimal problem for the F-MM II system, considered in section (1),
we can add a condition concerning the terminal state vector, The obtained
results, however, will be analogical as presented in this paper.
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Sterowanie optymalne F-MM II

W pracy przedstawiono metode rozwigzywania zadania sterowania optymalnego przy
kwadratowym wskazniku jakoéci dla systemu liniowego, dyskretnego, stacjonarnego, dwu-
wymiarowego opisanego II modelem Fornasiniego-Marchesiniego. Metoda ta polega na spro-
wadzeniu zadania sterowania do pewnego zadania programowania matematycznego. Wyniki
zilustrowano przykladem liczbowym.

O HexoTopoii 3ajade ONTHMAJNLHONO YNpapJjeHus 1A BTopoit monenn 2-D
®opuacunn-Mapiecunu -

B paGore npejicraBiieH MeTO[ PpelUCHHS 3aJa4i ONTHMANBHOIO YIpaBIeHus, B Ciy4ae
KBaAPATHOTO TIOKA3ATEA Ka¥eCcTBa, [ABYXMEPHOH, JMHEHHOH, CTalMOHAPHOH, MMCKPECTHOMH
CHCTeMOH, omuceiBaeMoil [1-0i moaenbio PoprHacuan-Mapuecunn. DTOT METOM COCTOHT B CBE-
JIEHHH 3a0avd YMpaBlcHHs K HEKoTOpoil 3agaye MaTeMaTHYECKOTO MPOrpaMMHpPOBAHHA.
PeayabTaThl MITHOCTPHPYROTCS YHMCIEHHBIM NPHMEPOM.




