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Five test statistics are proposed to test the multidimensional uniformity. They are based on
normalized spanning tree which is supposed to have statistically equal links if null hypothesis holds.
Critical values have been obtained through Monte Carlo simulations.

The classical cluster analysis methods do not usually involve statistical
inference. They often do not assume the existence of the so called general
population (or generating model). The new approach assumes that the set of
operational taxonomic units (OTU’s) has been generated by the mixture of
random variables. Such a mixture can be described by three parameters: s — the
number of subpopulations (subgroups, clusters) in the generating model,
M — the matrix of parameters describing subpopulations, p — vector which
defines the structure of the mixture (p; is the fraction of OTU’s generated by j-th
contributing variable). It is convenient to assume each subpopulation to be
modelled by the probability distribution of the same type (e.g. normal). Each pair
of these distributions should be different at least in one of their parameters
(mean, median, mode).

The aim of statistical cluster analysis to estimate s, M and p which is
equivalent to the establishment of the number of subpopulations (clusters), the
structure of the mixture and statistical characteristics of subgroups.

At the beginning of the analysis which may include the application of cluster
analysis procedure we should check whether the set of observations is ,,suitable”™
for grouping. In many clustering methods it is not tested if the set of OTU’s has
been generated by ,,mixture” with s > 1 or only by one population variable with
s = 1, when it should not be artificially clustered.
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There are three kinds of hypotheses which can be formulated, within our area
of interest, concerning the population which generates the analysed set of OTU’s:

— hypothesis of homogenity

— hypothesis of unimodality

— hypothesis of uniformity
The first one assumes that there is only one population variable which creates the
mixture (s = 1). This type of approach is discussed by Bock [1]. The second
hypothesis tells that this variable is unimodal. Some tests for unimodality were
proposed by Hartigan [2] or Hartigan and Hartigan [3]. The third hypothesis
assumes that the underlying distribution is uniform.

The set of operational taxonomic units can be considered as the set of points
in the k-dimensional space called the classification space, which is generated by
attributes describing analysed objects. The classification space is usually
multidimensional (k > 1).

In this paper we have concentrated on the hypothesis of multidimensional
uniformity:

H:FeF,
Hi:F¢F,

where F, is a multidimensional uniform distribution. If the uniformity hypothesis
holds, the OTU’s should be distributed ,,equally’ in the classification space. No
concentration of points and no ,,holes’ are expected. The structure of points can
be described by the spanning tree presented as a graph containing n nodes
connected by (n — 1) links. First, the nearest neighbours are linked using
information derived from the distance matrix and then the resulting subgraphs
are joined to get the connected graph of n nodes (OTU’s). Such a graph with no
loops is a part of multidimensional net with observations located at some of its
links. If the underlying distribution is uniform this net should be regular, i.e. links
connecting the closest objects should be statistically equal. This does not depend
on the dimension of classification space.

Let’s take a, as the i-th link in the minimal graph. The transformation
a* = a;/ Y a;leads to the normalized graph with links a* and with total length
equal to unity.

We have considered five test statistics which compare the actual structure of
the normalized minimal graph with the theoretical graph with equal links.

1. Dissimilarity of structure

4w LR e 1)

This statistic takes values from [0,1].
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At this point ,,the structure” is understood as the set of values a¥ satisfying
af¥ > 0 and ) a* = 1. The statistic 4, given by formula (1) measures the
difference between the structure of a sample graph and the theoretical graph.

2. Minimal link

A2= mi_in {ﬂ?} (2)
3. Maximal link
Aj = m;«}x {a:k} (3)
4. Range
W @
5. Variance
n—1
A; =@ —1)"1 Y [af — 1/(n — P (5)
=1

The analytical way of finding the distributions of the above statistics is very
difficult. For this reason we propose the empirical way to define the distributions
under consideration. The distributions of the above statistics have been
investigated by means of Monte Carlo analysis. The number of objects varied
from 3 up to 50. The consideration of rather low number of objects is usually
sufficient for economic and geographical investigations (the number of provinces
— voivodships — in Poland is 49). And also because of normalization of links in
the minimal graph, the critical values of statistics rather quickly tend to zero.
Publication of critical values of test statistics for higher number of objects would
widely extend the size of tables which are here presented. In this paper we present
only quantiles suitable for testing the uniformity (the significance levels « = 01
or oo = 0.05). Initial estimates have been obtained with 100 simulation runs and
then they were smoothed by polynomials. Polynomials of order 4 or 5 had given
very good approximations.

All statistics should be used in the one-sided versions. Statistic 4, is left-sided
(too small links are ,,not allowed”). The null hypothesis is rejected when
A, < A,,, because:

Other statistics are right-sided. The choice of the particular test statistic depends
on the kind of alternative distribution (hypothesis) we can expect. Statistic A4, is
good against unimodal alternatives while 4, reacts on the multimodality or
,,gaps” in probability. 4, combines both previous, so that compact distant
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clusters are the most suitable alternative. Statistics 4, and A4, take into account
all links in the graph. The latter one tends to zero rather quickly, with the
increasing number of OTU’s, and this can require good accuracy of calculations.

It should be noticed that the distance measure which is used at the stage of
creation of distance matrix can produce some undesirable effects. The variance
of distance measure ought to be independent of the number of attributes to
prevent the artificial uniformity of the graph which can occur for a classification
space with a higher order dimension. Unfortunately, standardization of the data
also transforms the structure but cannot be avoided when attributes have
different measure units.

We have made many experiments with artificial data sets (from random
number generators) and with sets of real objects but at the time we are not able to
settle one particular alternative distribution to estimate the power of proposed
statistics.

Table 1 presents the critical values of structure dissimilarity measure (4, ). An

Table 1

Critical values of structure dissimilarity measure (A,)

o o
5 0.10 0.05 \ 0.10 0.05
A 0.4607 0.4962 27 0.3251 0.3395
4 0.4482 0.4801 28 0.3233 0.3368
5 0.4365 0.4658 29 0.3217 0.3342
6 0.4258 0.4531 30 0.3201 0.3318
7 0.4159 0.4418 31 0.3186 0.3296
8 0.4068 0.4318 32 0.3172 0.3275
9 0.3983 0.4228 33 0.3158 0.3257
10 0.3906 0.4147 34 0.3144 0.3241
11 0.3835 0.4074 35 0.3131 0.3227
12 0.3770 0.4008 36 0.3118 0.3215
13 0.3710 0.3947 37 0.3105 0.3206
14 0.3656 . 0.3892 38 0.3093 0.3198
15 0.3606 0.3841 39 0.3081 0.3192
16 0.3560 0.3793 40 0.3069 0.3189
17 0.3519 0.3748 41 0.3058 0.3186
18 0.3481 0.3705 42 0.3047 0.3185
19 0.3446 0.3665 43 0.3036 0.3184
20 0.3414 0.3626 44 0.3027 0.3183
21 0.3384 0.3589 45 0.3017 0.3182
22 0.3358 0.3554 46 0.3009 0.3180
2% 0.3333 0.3519 47 0.3002 0.3179
24 0.3310 0.3486 48 0.2996 0.3177
25 0.3289 0.3455 49 0.2991 0.3175
26 0.3269 0.3424 50 0.2987 0.3174

Critical values of structure dissimilarity measure (4,




Critical values for statistics 4, , 4, , 4, , 4; at o = 0.05

Table 2

n A, A, A, A
3 0.0326 0.8977 0.8552 0.2075
4 0.0181 0.8192 0.7832 0.1319
5 0.0133 0.7479 0.7176 0.0835
6 0.0082 0.6833 0.6581 0.0538
7 0.0050 0.6251 0.6042 0.0364
8 0.0044 0.5727 0.5557 0.0269
9 0.0039 0.5259 0.5121 0.0219
10 0.0015 0.4841 0.4731 0.0193
11 0.0008 0.4470 0.4384 0.0177
12 0.0008 0.4142 0.4076 0.0162
13 0.0008 0.3855 0.3805 0.0146
14 0.0007 0.3604 0.3567 0.0127
15 0.0007 0.3386 0.3359 0.0106
16 0.0005 0.3199 0.3180 0.0084
17 0.0005 0.3038 0.3025 0.0063
18 0.0005 0.2902 0.2893 0.0045
19 0.0005 0.2788 0.2781 0.0044
20 0.0005 0.2693 0.2687 0.0043
21 0.0004 0.2614 0.2609 0.0042
22 0.0004 0.2550 0.2545 0.0040
23 0.0004 0.2498 0.2492 0.0039
24 ; 0.0003 0.2456 0.2448 0.0038
25 0.0003 0.2423 0.2414 0.0037
26 0.0003 0.2396 0.2386 0.0036
27 0.0003 0.2374 0.2362 0.0034
28 0.0003 0.2356 0.2343 0.0033
29 0.0003 0.2340 0.2326 0.0032
30 0.0003 0.2325 0.2311 0.0031
31 0.0003 0.2310 0.2296 0.0030
32 0.0003 0.2294 0.2280 0.0029
33 0.0003 0.2277 0.2265 0.0027
34 0.0003 0.2257 0.2245 0.0026
a5 0.0003 0.2234 0.2223 0.0025
36 0.0003 0.2208 0.2199 0.0024
37 0.0003 0.2178 0.2172 0.0023
38 0.0003 0.2145 0.2141 0.0021
39 0.0003 0.2108 0.2107 0.0020
40 0.0003 0.2068 0.2070 0.0019
41 0.0003 0.2025 0.2029 0.0018
42 0.0003 0.1980 0.1985 0.0016
43 0.0003 0.1932 0.1935 0.0015
e 0.0003 0.1883 0.1890 0.0014
45 0.0003 0.1834 0.1841 0.0013
46 0.0003 0.1786 0.1790 0.0011
47 0.0003 0.1739 0.1740 0.0010
48 0.0003 0.1695 0.1690 0.0009
49 0.0003 0.1656 0.1643 0.0008
50 0.0003 0.1622 0.1600 0.0007

Critical values for statistics 4, , A; .4, , 4, at & = 0,05

[83]
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empirical value of 4, greater than A4,, indicates that hypothesis of multidimen-
sional uniformity ought to be rejected. In authors’ experience, this statistic looks
the most promising. In Table 2 critical values of remaining statistics are given, for
the significance level o = 0.05.
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Testy empiryczne wielowymiarowej jednorodnosci

Zaproponowano pigc¢ statystyk testowych przeznaczonych do sprawdzania hipotezy wielo-
wymiarowej jednorodnosci. Oparte sa one na znormalizowanym dendrycie minimalnym, o ktérym
mozna przypusci¢, ze w rozwazanym przypadku bedzie mial statystycznie rowne krawedzie, jesli
prawdziwa jest hipoteza zerowa. Wartosci krytyczne dla odpowiednich testow zostaly otrzymane
przy pomocy symulacji metoda Monte Carlo.

DMnHpHYecKHe TeCThI MHOTOMEpHOil 0HOPOHOCTH

IMpennaraercs NATh TeCTOBBIX CTATHCTHK, Npe/HA3HAYEHHBIX [JIA MPOBEPKH THIIOTE3bI
MHOrOMepHO# omHopoaHocTH. OHM OCHOBaHBI HAa HODMAJIM30BaHHOM MHHHMMAJIBHOM JEpEBE,
0 KOTOPOM MOXHO MPENONIOKATh, 9T0 B pacCMaTPHBAEMOM ciTydae OyeT HMeTh CTaTHCTHYECKH
paBHEIE TpaHH, €CIIH TpaBOMEepHA HyjeBas runoTesa. KpuTuueckne 3HavYeHHs JUist
COOTBETCTBYIOIIHX TECTOB ObLTH MOJTy4eHBI ¢ TOMOIIBI0 HMMHTAIIHH OCpeACcTBOM MeToa MoHTe
Kapio.
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Wskazowki dla autoréow

W wydawnictwie Control and Cybernetics drukuje si¢ prace oryginalne nie
publikowane w innych czasopismach. Zalecane jest nadsylanie artykutow
w jezyku angielskim. W przypadku nadestania artykulu w jezyku polskim
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stosowac nawiasy okragle.

4. Spis literatury powinien by¢ podany na koncu artykutu. Numery pozycji
literatury w tekscie zaopatruje si¢ w nawiasy kwadratowe. Pozycje literatury
powinny zawiera¢ nazwisko autora (autorow) i pierwsze litery imion oraz
dokladny tytul pracy (w jezyku oryginalu), a ponadto:

a) przy wydawnictwach zwartych (ksiazki) — miejsce i rok wydania oraz
wydawce;

b) przy artykulach z czasopism: nazwe¢ czasopisma, numer tomu, rok
wydania i numer biezacy.

Pozycje literatury radzieckiej nalezy pisac¢ alfabetem oryginalnym, czyli tzw.
grazdanka.



