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Introduction

In a market economy in which Iinvestments (real or
financial ones) are performed, we want to consider an
aggregate investor in the long run period. Moreover, the
considered time horizon 1is extensible to the infinite
one, admitting a free and unconditioned allocation of goods
over the period without predetermined time and gquantity
limits.

Long-run investments are theoretically performed on
rational criteria basis (indifference, equivalence, etc.)
and are expected-utility maximizing: these conditions are of
great importance in a mathematical model, whose main aim is
the real value maintenance and growth, and whose wvariables
are the growth level and rate.

If the growth rate 1is known, then our problem is
deterministic and the solution is trivial, according to the
growth model introduced.

On the contrary, the problem can be stochastic if the
"growth rate” is a random variable.

In the more recent financial-economic literature
analysis of stochastic processes has had many succesful
applications.

In this paper we consider a long-run model well fitted
for an investment analysis through the Markov stochastic
process. In particular, we examine the role and significance
of the transition matrix in a regular Markov chain to
explain the dynamic evolution of the long-run aggregate
investment and the economic financial implication both from
the theoretic and the applied point of view. .

A long-run investment model
Looking at the investment as an aggregate, it is

admittable to consider a long-run period: this aggregate
will be a well-balanced composition and a well-differentiale
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one, in order to obtain very low risk and erraticity wvalues
in the considered investment.

A dynamic analysis of these wvalues can employ the
theory of fluctuations, in the special case of homogenous
fluctuations with regularity characteristics (cyclicity,
trend etc.) for the particular aggregate composition.

Only in case of erratic fluctuations, in fact, it
should be necessary to use some chaotic analysis models,
while simpler models can be useful here.

A sufficient long-run model has been introduced by
Samuelson (1958) as the "overlapping generations” model: it
considers, in the original approach, each generation living
in two periods, voung and old, and for each period both
the voung and the old generation exist.

In this scheme we can introduce two kinds of goods:
perishable, for consumption, and durable, for investments,
that can be transmitted among generations and individuals in
the infinite horizon. We do not consider particular cases of
particular goods as, for example, money, because they
complicate too much the model in a first approach. In each
period investments and consumer goods are exchanged in order
to reach a temporal periodic equilibrium and then the
economic system reaches a periodic equilibrium position.

There is a price vector for perishable and durable

goods and their values are relative or can be normalized
n
being percentages in order that E

H
I=1
In this model each operator is represented by a couple
(i,b) 1in which:
i €I finite operator set I=1,2,...,n

=1.

b=1,2 1is the period of the pperator's life

Each operator has an investment sum of property Eb (b=1,2)
that is a compact subset of strictly positive vectors.

Another hypothesis is that each operator has the same
preference order and the same expectation function.
Following the Grandmont-Hildebrand model, from the dynamic
point of view, we want to study the economic system and its
stability characteristics through the study of the process
{zk}' and the Markov process properties.




52 A. D'AMICO FINARDI

Suppose that agents own random investment amounts:
then at time k, for k=1,2,... these investments will be

described by random variables defined in a probability space
(Q, ¥, v).

Operators, born at time k; for kK = 1,806 e have

random investments described by an (aﬁ} family of random

variables with values in EEEIXEZ.

A market economy, therefore, is completely characterized by:

fer

the operator set I, a fixed amount of money M, common

preferences and expectation functions, ‘an initial state

z(0) and an investment process a? t

& = tr,a.r.w.{af ) jer200))

ie
Random investments of both young and old agents are
described by a random variable ek with values in E"; then
we want to consider the market paths as a stochastic procesé

realization {zX, k 2 01 defined in (Q,F,») by:

2(0) = z(0)
Kior=f(e¥w), Z1w)) for any ke1,weq
In order to obtain a stationary Markov process for (zk} it
is sufficient that:
~-the process depend on the previous state at time k-1
—{ak,kzol is such that ek with k=0,1,2,.. (a random

variable sequence of investments) be a Markov process with

stationary probability Q@ on E”.

Ole,B)€l0,1], for any ecE" and Bep (EM) is a wvalue

assigning the probability that an investment is B at time

k+1 if it was e at time kK and P(z,B) is the probability

that the market is B at time k+1 if at time k it was z.
This process, being a Markov chain in the finite and

homogeneous case, is a system composed in the following way:

-a finite set of states Sb{sf.sz,sa,...snl

-an nxn matrix T={tfj) with tjj being the probability that

the system passes directly from 5; to 8y
-a vector 1% H?,,..Hﬁ with ﬂ? being the probability
that the system is initially in the state sj,1=1,2,....n.

Such conditions are specified in the notation u(T,HO).
In particular there is:
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a) t ;30 151, jsn
n
b) gty 1<is n

T is therefore a row stochastic matrix and

k
M, =0
n k_
L

There is also:
n¥=n*"Ipp® r*

1t ) HO=]'|k ¢ <G . N

this is defined as stationary distribution vector.

If the definition of "equivalence classes of a Markov chain”
given by the communication relation on the state set is
known, the character of a Markov chain is determined by the
study of its transition matrix T with the goal of describing
the investment evolution.

The transition matrix T and its characteristics

The stochastic matrix T is formed by the elements
tjj’ these are estimates and probabilities with wvalues in
the interval [0,1] but it is necessary to obtain a
transition matrix to be used in the model for any time k.
The parameter estimate of a Markov <c¢hain can be obtained
through regressive techniques on time series of data: in
this way we can obtain maximum likelihood estimates. In fact
it is obvious that it should be wvery difficult - 1if not
impossible - to obtain a perfect information about !anY
transition, even if minimal, among different states.

For the different states the essential condition is:
5; 4] sj=ﬂ Vi=73 L= L8000

Such an independence is fundamental, for example, in the
investment case in order to assign univeocally each kind of
investment to its relative state. The k positive Iinteger
values define the time instants of the process evolution:
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the time cadency can be chosen according to the performed
analysis and the studied case characteristics. For example,
we can observe that national aggregate investments in the
researches performed by "Banca d'Italia" are long period
data (months, quarters, etc.) - see for instance the
application of Clements-Taylor to the Australian case with
quarterly data. )

Another problem i% to define exactly the application
field: in an aggregate case we can observe that in the same
group there are investments which are very different one
from another, mainly for the different market
characteristics.

In the case of sector disaggregations there are much
more details and homogeneity (for instance, the financial
investment sector is divided into shares, bank deposits,
bonds, government security, etc.). It should be simpler to
consider infinite transition matrices in case of homogeneity
that continue to be stochastic matrices. We consider,
however, finite matrices in which different states are
different investments and each state is an aggregation into
the same economic sector.

The transition matrix T being available, its analysis
is of great importance in terms of examining the state and
evolution of the considered investments, with the
constraints sub a) and b) as above in order to apply the
Markov model properties.

It will be wuseful to note some definitions and
theorems and classify some different kinds of Markov chains
for the considered model. We can remember one very important
state classification: "For a Markov chain in general a state
5; is: temporary if and only if the i-th column of an L
matrix is completely composed of zeroes, &hat is P Lej=0.
with ei=1-th unit vector (matrix L=7-AA , with A being
generalized inverse matrix of A, and A=I-T being a singlblar

matrix); ergodic or persistent if and only if Lej#ﬁ" (see
the Theorem 4.14 in Berman-Plemmons, 1979). Moreover for a

Markov chain classification according to the kind of
transition matrix, an important ‘theorem is: "If T is a
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transition matrix for a Markov chain, the chain is:

1) ergodic if and only if T is irreducible;

2) regular if and only if T is primitive;

3) periodic if and only if T is irreducible and primitive".
For proof see Berman-Plemmons, 1979 (3.9). Another wuseful
theorem for the study of the market evolution path in the
previous problem is the one that if A*=(a1j) is the inverse:
matrix and I is the set of 1indices corresponding to the
transient states, then zjerajj* is the expected wvalue of
the number of time moments in which the chain will be in
the temporary state, being at the beginning in the state 5;
(Theorem 4.25 in Berman-Plemmons,1979).A passage from a
temporary class to a persistent one can be called absorption
and in particular a state can be called absorbing when it
can be identified with the same class and is characterized
by a value one on the principal diagonal, that is t11=1. In
particular there is & useful property stating that a system
can not consist of only temporary classes, but it must have
at least an ergodic class. When the system reaches the
ergodic class:

a) there is no possibility that the system leaves it;

b) the number of passages to reach it is finite.

In this way one can identify classes of equivalence and
distinguish the states: the classes of temporary states that
have to be left, and the classes of permanent states that
cannot be left.

The canonic stochastic matrix is of the form:

13
0
Ro T2
T = Ry L,
Rﬂ Tn
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with: 0 null region with zero elements

; Square transition sub-matrices
corresponding to the equivalence
classes

Rj submatrices containing null elements
only in case of ergodicity of the
correspondence class

An economic interpretation of the previous properties
could be attempted: if the states represent different
investments, then they can be divided into temporary and
persistent ones. Temporary investments are performed in the
short-run but it is useless to own them for a long period
for a rational operator and then they tend to disappear or
to be changed into persistent investments. A good example
could be brovided by high interest rate assets that, on the
other side, do not prevent from an inflationary phenomenon:
for some reasons there could be investors, who, after some
periods, can prefer to change investment and choose to buy a
real asset (for example a building). This one can be
considered a persistent investment because it is not easy to
buy and sell it at once (also if this asset can be
substituted for by an other one of the same kind, and the
investment can be considered the same). The ergodic
property, therefore, seems to be a very strong condition
but, truly, some investment classes seem to be characterized
by a strong "inertia" effect and could approximate the
persistency.

The "steady state™ hypothesis

An interesting hypothesis for a preliminary analysis
is the "steady state" hypothesis: it has been shown by Theil
that, with steady state hypothesis, the svstem is always
converging to the same steady distribution H=IHI] for k—
indifferently from the initial distribution 5,

That is:



A Markov-chain approach 57

lim sofk = n'

k—o

and HJ>B ¥

z n, =1

n
=11
The vector 11 is steady because once the system has reached
it, it stops in it. The system from now on develops in
"gtatistic equilibrium” conditions:ﬂ;ﬂ'r.

In terms of investments, this cannot eliminate value
movements among 1nvéstments but these investments are
balancing each other in order to have a constant Iinvestment
distribution.

A regular Markov chain corresponds to this situation:

a Markov chain is regular when the stochastic matrix Tk for
any k Iinteger positive is formed only with positive
elements. Then, also by the previously proven theorems one
can say that the corresponding T matrix 1is primitive and
irreducible and it is aperiodic because of the cyclicity
index is d=1. The process convergence to the steady state
model is an interesting property for this model also after
an exogeneous growing in the invested amount. This growing
gquantity could influence only one state and then only one
.kind of investment. For this investment j there will be:

O=

J

5 lllelfﬂbﬂj,...w I +W -~ ...Hhﬂn) '

oj 10

and the system evolution will be sjk=sjork. The relative
error for each investment compared with the previous steady
state can be computed:
ik _
- Wlsj "5“1
A s -z 1.3‘-"1.2“--.1?.

7
ani

with the index i indicating the i-th element of sg .

But the steady state 1is independent from the initial

ik =1, and A sik

increase in_-the investment, and then lim s 5 i 3

k —e
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converges to the value of the relative error for any i and
j.Then the increase may be found in all the investments with
steady state hypothesis and therefore the steady
distribution is confirmed. Moreover, the adjustment can take
place in short time and the adjustment speed depends on the
investment class that has been directly increased and on the
link with other classes in terms of transition probability
and then of increased transmission capability.

An interesting extension of this consideration is the
fact that for an exogeneous negative variation products the
same opposite effect and then a decrease of invested wealth
in a sector (that can take place also for a fiscal move of
government or a change in expectations) in a steady state
situation can influence all the sectors of global
investments in the same class of the considered economy.
Moreover, if in the steady state there is a situation of
an "overlapping generations" economy, as above described,
we hypothesize:

r =interest rate, constant for the economy of this

model ,

n =population growth rate.

If and only if r<n there is a steady state in the economy
with rent creation; this can be consistent with the

existence of a bubble (bubble creation), that is a good
value increase (real or financial goods for investment, and
transmissible among generations with an infinite
horizon -durable goods-).This bubble, that can be wvalued,
for example, comparing with the "fundamental wvalue" or
reconstruction cost, 1is caused by speculative market
operations.

Therefore the existence of a speculative component is
possible in the investment evolution in the long run and in
a Markov process model.

Then, the possibility of inserting in a model some
other elements 1is very interesting, like e.g. speculation
and its effects, as 1is the possibility of changing
some hypotheses, e.g. elimination of the steady state
condition and insertion of a progress, or consideration of
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a cyclical trend or a jump growth). The long term investment
problem surely would be enlarged and complicated into a more
complete model.

Economice-financial implications of the suggested model
characteristics

The definition of state, class of states and of the
grouping criteria has already been considered in the
suggested model and it has some important consequences under
the economic-financial point of view.

First of all, it is clear that temporary state classes
correspond to short run investment opportunities, which are
temporary in their own nature. These investments could be
represented, for example, by some government asset (Italian
BOT, CCT, etc.) that often produce in the short run a major
rent compared with other investment opportunities, but
do not offer a defense against the depreciation of the
investment. In the long run the value of invested amount
tend to become null or negligible (consider, for example,
old government assets which, due to the economic changes,
wars.and strong money depreciations have diminished their
value completely).

Furthermore, in the short run there are no
opportunities for bubbles and speculation phenomena to
appear in order to increase the price of goods if this kind
of assets exists, just because of the above considerations
about speculation. There is no risk element in this class of
investments (excepting the long run risk on the loss of
value) that takes wusually an important role in the
speculator decisions (speculator chooses highly risky
operations, by definition).

Temporary states have to be left out because of their
own nature (as we have seen in the transition matrix T) and
persistent states are to be reached from other classes: in
this approach long run investments correspond to the classes
of persistent states and they can preserve the original
capital value. These classes of investments, both in the
steady state (as we have seen above) and in a generalized
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state, are the optimum framework to develop specu{ative
phenomena: in particular we can reconsider, from a financial
point of view, the case of an increase dealing initially
with one investment of a persistent class. This increase
passes to ali the states of the same class in the same
percentage, and the same should occur also for the
speculative component.

In this model, however, we consider a "ceteris
paribus" hypothesis and then this model could work surely if
(the sufficient condition "and only if" has to be wverified)
the model parameter set does not change. We can also observe
that, in particular for any row of the stochastic matrix T,
expecially in steady state hypothesis, there will be:

t”=maxj for i=j

as the principal diagonal wvalue assigns the investment
probability to remain in the same state as in the previous
period, instead of changing state.

This tendential "inertia" characteristic can be given
its general economic causes: from this model point of wview,
this principal diagonal prevalent values are explained by
the homogeneity in fluctuations hypothesis as, in a
different case of erraticity, different kinds of models (see
above) could be proposed.

The class identification in the stochastic matrix
analysis 1is, however, simpler than a corresponding
definition formulated from an economic-financial point of
view. Perhaps there is some connection with the
identification of group or “"portfolios" of different
investments in a definite set.

The investment classes and sets are identified
according to similar charcteristics. The absorbing classes,
in particular, (or the absorbing states in the 1limit case)
have the unit value on the principal diagonal:

tjj =1

When reached, these states are never left and they could
correspond to investments showing a maximum of “inertia"
from the point of view of investors.
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‘ Concluding remarks

The evolution of investments, considered here as an
aggregate in the long run, seems to be characterized by a
Markov stochastic process, mainly if relative stability
hypotheses are accepted in the considered economic system.

Then after introducing the process and its
characteristic parameters, the relative transition matrix
and the steady state hypothesis in their consequences as to
the long run economy can be analysed.

This slow movement in the system for the steady state
hypothesis is confirmed in the proposed approach both from
the mathematical-statistical and the economic-financial
point of view, with the possibility of further interesting
applications to be developed in the theoretic and applied
framework.
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PODEJSCIE LANCUCHOW MARKOWA DO DLUGOTERMINOWYCH MODELI
INWESTYCJI

Rozwaza sie podejscie dotyczace diugoterminowego
planowania zagregowanych inwestycji w ujeciu stochastycznvym,
w ktérym wprowadza sie modele procesdéw Markowa, by mozliwie
dobrze scharakteryzowaé¢ dlugoterminowy rozwéj inwestycii w
ramach koncepcii zblizonej do samuel sonowskich
"naktadajacych sie pokolen". W pracy anal izuje sie
wiasnosci macierzy przejscia I i ich konsekwencje, w celu
opisania gospodarczo-finansowych cech wzglednych inwestyciji.
Wprowadza sie hipoteze "stanu ustalonego", aby ograniczyé
obszar rozwazan i podkresli¢ skutki finansowe, w zwiazku =z
efektem inercyjnym w diugim horyzoncie czasowym.

nonpxon MAPKOBCKHX HENER K HONTOCPOY HHM MOOENAM
KANMHTATIOBNOXEHHA

PaccnarpuBaercs nonxon, Kacapunics HIOJIr OCPOYHOT O
NNaHHPOBAHUSA arperipoBaHHHX KaniTanoBNoOXeHu# B
CTOXacCTHYECKOM BHJOEe, B KOTOPOM BBOQATCHA MOAENHd MAPKOBCKHX
npoueccoB, C Uenbd MNONyYeHHd NO BO3MOXHOCTH [OCTOBEPHOH
XapakTEepHCTH K # [IONTOCPOYHOrc Pas3BRTHA KaNHTANOBNOXEeHAA B

pankax KOHUEeNnuun cXoxed CanyanbCOHOBCKOMY “"HanoxeHuo
nokoneHu#™. B paborTe aHanu3WpyYOTCHs CBORCTBA nepeXofHmnX
MaTpL I Bl nX nocnencTBHd, c uenbp ONBCaHHA
XO39ACTBEHHO-PHHAHCOBMX OTHOCHTENbHHX daxTOpOB
KanuTanoBNOXEHHA. BeonuTCca runoresa “YyCTAaHOBHRBEHErocsH
COCTOAHHA™, € Uenbp orpaHuyeHns obnacTm paccHMOTpeHHs A

YBHNYKNEHHA PHHAHCOBHX MNOCNEACTBHA CBA3AHHWX C HHEPLUHOHHHM
adppexTOon B ONUTENbHOM BPSMEHHOM POPH3OHTE.



