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In this paper we introduce consumption, labour,
wages, savings and loans into the wvon Neumann
growth model and study different models arising
therefrom. Differently from other authors we
introduce the new concepts according to a
competitive point of wview. Thus, relation with
equilibrium points of a suitable game is obtained.
We apply the existence theorem on equilibrium
points for games with rational pavoffs already
formulated by the first author.

1. Introduction

In the subject of expanding economies introduced by the
von Neumann's masterpiece (8], one can find a large
bibliography. In particular during recents years, there has
been a great interest in introducing new variables into the
model. We may mention the works of Bawer [1], J.Lo$ [4] and
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Bromek [2]. On the other hand it is important to emphasize
the important work done by Morgenstern and Thompson in [7],
[8]. Moeschin has important contributions in the field of
generalizing the open expanding economic model introduced by
the previous authors. The authors mentioned try to :introduce
consumption, wages and labour in the von Neumann model. Some
of their studies are based on the works of Morishima [7] and
Malinvaud [5].

The last authors have already introduced some of the
concepts mentioned extending the von Neumann models in
different ways. However, none of these papers consider such
concepts and their respective variables introduced in the
competitive way.

In this paper we try to introduce the concepts of
labour wages, consumption, saving and borrowing in the wvon
Neumann model. This is done in a way resembling the papers
mentioned, the main difference being the competitive aspect
assigned to our variables. Therefore, we need to base our
extensions on game theory. To be more specific we apply
repeatedly a very recent result on equilibrium points of
non-cooperative games with rational pavoffs [6].

We will present three models which take into account
Qifferent aspects of the new variables incorporated. The
first model includes consumption and wages but not savings.

As a second consideration we will give a modification
showing the relationship with a mathematical assumption
about the matrices and coefficients involved. Finally we
incorporate a model with the addition of savings and
borrowings.

2. Consumption, labour and wages in the von Neumann model

We first introduce the basic version where
consumption, labour and wages are taken into account.

Since we are most interested in mathematical aspects,
we will only give an economic interpretation with a simple
description. However the reader interested in such matters
might develop them from the economic point of view.

We follow Burger’'s [3] treatment of the model.
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As in the von Neumann model of an expanding economy,
consider m processes or activities indexed by i:1,..,m. Each
process consumes certain amounts of goods which are
specified by the input ‘ai:""'ajj] where ajjzo with
j:1,...,n, is the input of the j-th commedity into Ii-th
process. The output vector is ‘bjl""’b n) with bjjzo being
the amount of the j-th good produced by the same process.
Similarly we assume that there is at least one labour class
which consumes ¢; 0 units of the j-th commodity of the T

J
process, which operates at an arbitrary work intensity x,

the input and output will be proportional. Moreover, if ;I
is the consumption intensity of the process i, «>0 1is the
economy expansion factor and y>0 the consumption expansion
factor, under assumption of a steady state economy, we have
that the total production should be bigger than the reguired
inputs and consumption at the expanded stage. Thus, we get
the first inequality:
a) Izlb X2« E ajj 1+x Z ch i
for all commodities j.

On the other hand, on the financial side of the model,
Yj is the price and w
Jj, such that

5 is the price factor of the commodity

zdijj

is the total wage for the labor force in the i-th processes.
Here dszo is the labor force demand of the j-th good in the
i-th process. Then the monetary output value cannot exceed
the expanded input value, times the interest factor, plus
the demand of wages expanded by the salary factor, thus:

n n n
b) Lb;v;sBLajvi+sld w
J=1 g=1 Jj=1

for all processes i. _
On the other hand, in terms of commodities, the
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expanded total consumption cannot be greater than the total
demand for each commodity, that is to say

m m
X2 ..z,
c) jglblfxf Tjglchzl

for each j.

Finally, in financial terms for all the processes , we
have that the total expanding demand of salaries cannot be
greater than total consumption, or in other words

n n
d) SJEIdeWjﬁjglcijj

for each process i.

We would like to emphasize that 1if the latter
inequality were reversed it would turn out then that in each
period there is a positive difference between the total
expanded salary and the total consumption, that is to say
there would exist accumulation of savings which we do not
allow at present.

We also assume that the vectors x, ¥, w and =z are
normalized to one and non-negative.

An expanding equilibrium for our model is a vector
(«, B, ¥, 8, %, v, w, z ) such that it satisfies a), b),
c) and 0 < w, B, ¥, & < + ®. Moreover, if strict inequality
holds in a) for a commodity j, then the price yj=0, that is
to say if production is bigger than the required inputs and
consumption, the good is free. If in b) there appears a
strict inequality for the process i, the process is
profitless and hence the labour intensity X must be zero.
Similarly for a commodity-j, in ¢). Since saving is not
allowed, wj=0. Finally in d) if strict inequality holds for
process i, total consumption is strictly greater than the
expanded salary demand and then the consumption intensiéy z;
is zero.

We are going to relate an expanding equilibrium with
an equilibrium point of a special g¢game. We make the
reference to the book by Burger [3]. But first we are going
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to consider such a reduction for a simplified model in its
uniform formulation, which we are going to present next.

3. Uniform model

Here we consider a slightly different model which |is
more uniform with regard to wvariables than the one
considered in paragraph 2. The equations now are

a') % bjjsza§ ajjx1+1§ 4%y

for each commodity 7,

b') b b”yjswz a”xj+2 dy ¥y
7 J 7

for each process I,

£) § dszj=1§ ©14%1

for each good j.
If strict inequality holds for 7 in a’') then yj=0, for i in
b’) - then xj=0, for 7 in ¢') - then w_,=0 and finally in d')

J
for i - then z_.=0.

One may ;ive here an economic interpretation analogous
to the one given in the first model presented. For this
reason we do not repeat it here.Again an expanding
equilibrium is a vector ( a, B, 7, 8, %, v, w, z) satisfying
a’), b’), ¢') and d'), with the expanding coefficients as
positive numbers.

We now relate it to equilibrium points of a suitable

four-person game
r=4{ X,Y,wW,2; B,-A,-C,-D}

where the strategy sets are:

m
X=2=1{ xe g™ X2 0, § x; = 1}
i=1
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and:

n
Yy=W={yer™ y20, ¥ y=1}.
jz j=1 J

The pavoff functions are given by

A (x, v, w, 2) =

(L b Y (Z c }—(E Cpa X ¥ IL d, i 2,0
3 ii%i j i1 % iy £ i s | i ij 7173

IZ ;. X: ¥ MY €0 3wy
i,y o Rt i 17 “i7 3

B (x, vy, w, 2)=

(Y b % J(E d,; w,)-(Y e,, x,v) (L d,, z.w
iq 13 F¥y 13 #i%y i q i3 13 I 3 ~13

;?jajjxjyjlg?jdjjzjwji

Z d
», Ij i j

Z C,.2Z,W
i, 5 137173

C'(w, 2)

Z L1121V

D'(w, z)
Z dij i j
We now have the first part of the intended reduction
in the following result:
THEOREM 1. Under the conditions that
1) For each i and j Ciq +d1j *» 0

2) For all i and j a J+ bfj rc j or <0.
3) For all i and j ajj+ b}j 3 j 2 Er (9. ) ) .
an expanding equilibrium (a, B o & X % W .2Z)

determines a positive equilibrium point (x, v, w, 2) of T’
such that oa=4" (x, ¥, w, z), B=B' (X, ¥y, w,2), 1=C (w,2) and
§=
Py

=D (w, 2).

=2
7
o o f. We mention that the second part of the game,
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namely ¢ and D' corresponds directly to a pure von Neumann
model as can be seen in Burger [3]. Thus we omit the part
which uses condition a). Moreover & = 1/7.

Now, we multiply by Yy equation a’') and sum over J'.
Similarly we multiply by x, b") and sum over 1. Therefore,
we have

a’’) ¥ b, X, ¥,1 Y C X, ¥;20 ) a;.x,¥,.
fog DAY ey Catay R % Rt
5y P bRy~ 8Y @, 2y, EBY a; ®i¥.-
i3 13- ] i3 : i ol | i)g I3 g
From the first inequality, we derive that

T b, X. Vv~ ¥ L C,.X,¥
70 il il 4 % il Al

[N N

I);j gias

where the quotient is considered +x if the denominator
equals zero.

At this point we mention that condition 2) does not
allow the denominator and the numerator to be both zero at
any point y. Therefore we have from the expression .of 7:
0<a= A (x, ¥, w,2) <A (x, v, w, 2z) for any y € Y. This
is due to the condition expressed after d') regarding yj=0.

Similarly for the first pavoff function it is easy to
derive that

0<B=B (x, ¥, w, 22 B (X, ¥, w, 2).
This is obtained using condition 3).
Thus, (X, ¥, w, z) is an equilibrium point of T’ at
which the pavoff functions are positive . =
Conversely, we have the next result:

THEOREM 2. A positive egquilibrium point, that is to say an
equilibrium point (X, ¥, W, Zz) with

0<a=A" (X, ¥, w, 2), 0<B'=B’ (X, ¥, W, 2)<+», 0<y=C(w, 2)
0<6=D" (w, 2)
determines an expanding equilibrium («, B, ¥, &, x, ¥, w
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z ) if the conditions 1), 2), 3) are fulfilled: and also:

4) For each i there is an j such that cfj > D

5) For each j there is an i such that djj > 0.

6) For each i there fsla j such that aij » By

Proof . Since (%, vy, w, 2) is an equilibrium point of
7', then we have for the pavoff C. ‘

LyL; dyy2 Wy LyLy dps2wy
Ej Ej ijzjwj Ej Zj ijzj"j

7=

for all weW. Now by condition 1), it is impossible to have
the indeterminate form 0/0, therefore if a denominator is
zero, the corresponding numerator is a positive number.
Consequently the ratio is +®»., Now by condition 4), for some
w, the ratio is finite, which implies that y < =w.

This on the other hand implies that c¢’) is fulfilled,
and i3=o if the strict inequality holds iIn c¢’) for J,
because of the first equality given above.

In a similar manner it is possible to prove d’') and
Ej=0 if the strict Inequality holds. This <can be done by
using 1) and 5).

In an identical way, for the payoff B, we have

LiL jbiy%i¥y - 85 L; d;yz¥y

+o0 > B > =
LyLlsass® ¥y

since & is indeed a positive number. By 3) the indeterminate
form 0/0 cannot appear for any x€X. Therefore since B is a
. positive number the denominator can never be zero. Hence b’}
is a simple consequence of the previous inequality by taking
X; as pure strategies.

Finally for the remaining payoff function A', using 3)
and 6) one gets a'). Essentially it is the same mechanism as
the one just used g.e.d.). [ ]

Having the previous results, it is clear that in order
to get more simplification, we can assume that the matrices
A, C'and D are positive. From an economic point of view this
restriction is not troublesome since, instead of zero, an
entry can take a very small amount without introducing a
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great modification in the model.

Now, we will present a first existence theorem which
is an immediate consequence of the main result in [6].
THEOREM 3. The game T’ with positive matrices A, C and D has
an equilibrium point.

Hence, if such an equilibrium point is positive, it
leads to an expanding equilibrium by Theorem 2. Indeed,
giving some conditions about the positiveness of the
numerators of the payoff functions A and B’ the positivenes
of the equilibrium point may be obtained.

By some simple manipulations, it is easy to get the
following equality

Ly Ly (8d;4m Vo 0%, v = (B-o) T, L, a; %,v,

Thus if the first term is zero it turns out that a=B.
The expansion factor equals the interest rate.

4. Study of the original‘nadel

Coming back to the original model, we relate it to the
game
r=1{X Y W, 2, B, -A, -C, =D}
where the pavoff functions are now given as follows:

Alx, v, w, 2) =
(' ¥ B yIJ(Y c,zw)-(Y c,x,y)( Y d,,zw,)
g ATy I S S R S

(Y a,;x.vy)( Y c,,2.w,)

B (x, vy, w, 2) =

(Y b,xy )Y d,ozw)-(Y c,xyI)(}Y d,.zw,)
e B AL L R R

(Y a,x,y)(Y d,,z.w,)
frg 137010y 1S
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“

IZ djjziwj

C(M 2} = z i
C; 2Z.:W

{4 AT

) ;5% 1¥5

D (w 2= -151—3——————
Z2.W
fog 244

Having the game associated to the expanding model, we
have that an expanding equilibrium is related to the positive
equilibrium points as it is indicated in the next result:
THEOREM 4. Assuming that A, C, and D >0, an expanding
equilibrium («, B, ¥, &, x, v, w, 2) determines univocally a
positive equilibrium point of T with
a= Alx, y, w, 2) B= BlXx, ¥, w, 2) y=ClX, ¥, w, 2)

and 8= D(x, vy, w, 2)
Conversely, a positive egquilibrium point of T determines an
expanding equilibrium of the model.
Proof . Multiplvying c) by wj and adding up over J, we
have

0<ysclx, w, 2)
for each weW since D >0. But

¥=C(x, w, 2)

by what condition d) follows related with w3=0. Therefore

0<C(x, w, 2)sC(X, w, Z)

for any w€W. The proof of the corresponding inequality for
payoff function D, is obtained in a similar way.

Take now a). Multiplying by yj and summing up over 7,
we get

EI Ej by%;v; % « 21 Zj a; Xyt 1 ZI Zj Ci4%1¥y -

From here, replacing the value of y by its corresponding
value C(%, w, z) and rearranging the inequality, we get:
0<asA(x, ¥, W, 2) =

(Y b, xyvy)(Y c..zw)-(Y d,.x.w)l P |
iyg AT1VI Oy ATy gy 43T 1?3 137173

(Y a,xyv)(Y c..z.w,)
£ B b
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because A>0. On the other hand,
a=AlX, ¥, W, 2)
by the condition related to yj=0.

The inequality for the payoff functions B can be
obtained following similar steps.

Conversely, following the ideas used in the proof for
the unified model, it is easy to obtain the result.(g.e.d.)ms

Again, as a simple consequence of the main theorem in [6],
since the payoff functions in I' are multilinear, we have
THEOREM 5. The game I' with A, C and D >0 has an equilibrium
point.

Accordingly, it is possible to study the behaviour of
the numerator of the pavoff functions A and B in order to
get a positive equilibrium point.

Manupulating the amounts in the payoff functions it is
easy to get the following equality

L; Ej (d” —cjjlijﬁj = (B-a) ):‘Jf Zj ajj;':!}j

Thus, If the first term is zero it leads to B=a which
again means that the expansion factor equals the interest
rate. The condition given might be viewed as meaning that
total demand equals total consumption in the entire economy.

5. Savings and loans in the model

In this section we shall incorporate the concept of
savings and consequently the concept of loans into the model
already studied with consumption, labour and wages. Thus we
are further generalizing the von Neumann model.

As we have mentioned already after condition d), it is
clear that if savings are allowed in the economy, supposing
that there 1is no accumulation of goods and financial media,
then the savings have to be reinvested as loans which again
stimulate the economy. Thus, we introduce eij which can be
interpreted as the amount saved by the process i of good j
in the instance that the intensity of saving 1is unity for
process { in a period, if the "lending price" is unit.
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Therefore if p denotes the loan expansion factor and v
the loan interest, it follows that because the total
expanded loans cannot be greater than the total saving :

m
e) Y, ey, 2 Y Foom
P i s | 0=1 120 B

for each j, where uj is the saving intensity of process 1.
Let v . be the lending price of good j. It is assumed that if
the strlct inequality holds in e) for a g¢given j, then
corresponding “j=0‘ This may be interpreted as meaning that
the good will be free in the sense of borrowing.

Furthermore, on the financial part, the total amount
in loans for any process i times the lending interest cannot
be smaller than the financial savings:

m
f) pI§1 ij j 2 E eljvj
with ui=0 for anvy I for which the strict inequality holds.
With this, condition d) is now transformed into
) ) I ”
& d,.w, - G ¥y S P f,..v, + e;
f=q 434 2, i for 4373 4213 v

for each process i. Economically speaking, this condition
tells us that from the financial point of view the expanded
wages plus the expanded loans cannot exceed the total
consumption plus the savings. This is due to the fact that
no accumulation is permitted. In add i tion, zj=0 if strict
inequality holds for process Ji. This means that if the
balance between the consumption plus savings exceeds the
salary plus loans then the consumption intensity of the
corresponding process decreases.
On the other hand, c) becomes

m
c) ¢ 2 d, E G, &Y Bty » B Z £,
=1 j i=1 171 i=1 1171 i=1 j 4

for each good j. This condition tells us that, in terms of
commodities, the total demand plus the expanded loans cannot
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be less than the expanded consumption plus the savings.
Again wj=0, if the equality does not hold for process j.

Finally, it is clear that the loans originated by the
savings will go back to the economy stimulating it. Thus, we
can consider now that the inputs and outputs depend upon the
loans and savings. In addition ajj and JEJ_I,JF are continuous
functions of u and v.

Conditions a) and b) are now kept the same.

We again define an expanding equilibrium for the
economy as a set («, B, ¥, &, M, ¥, X, ¥, U, W, z) where the
coefficients are positive and all of them satisfy a), b),
c), d), e) and f).

Here we also assume that u €U=Z and v €V =W.

We note that even though it seems that an expanding
equilibrium in the complete model under study might generate
an expanding equilibrium in the original model, this is not
0.

We again are going to relate this more complete model
with a strategy game, namely

r =1{x, Y, U W 2z; B, -A, E, -E, -C, -D}

The payoff functions are defined respectively as follows

A(x, u, u, v, w, 2) =

-():_f Zjb!jlu.v)ijj]{Zj Zj cjifjwj]-(zf Ej djjxjwjltzj Zj Cy424¥4)

(L; Ej aij[u.lejy‘j]tﬂj Ej dyyzwy)

Blx, u, u, v, w, 2) =

_(ZI Zj b”(u,v)xjyjl{zj Zj c”zjwj}-(zj Zj ciifjwiltzi Zj dIJXIWj)

(Z_f ZJ afj{u,v)xjyjltzj Ej djjzjwj)
clx, u, u, v, w, 2) =

By Ly dygxw (BT £y uv )+ (T By eyquyvy) (Ly By £;uw))

(EI Ej fjj”;Vj)(E; chjjzjwj)
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(X; Zj a”ujvj)(zj Ej £yquiWs)
(L, Ej fjjujvj){zj Zj €42 sWy)

Dix, u, u, v, w, 2) =

=le Ej gjjzjuj){ﬂj Ej fjjujvjllr[{:j Ej f”ujvj}(Zj Ej ;47;V4)

{Zi Ej djjzjwj)(zj Zj cijzf”j)

_(Ei Ej ejjujvj)(zj Zj £;425v)

(Z; Zj djszWB){Zj Ej £yqupvy)

X Zj e;44;v7)

Elu, v,) =
(Ej Zj fjjufvjl

Having the game T, we now present the following result
relating the expansion equilibrium in the economic model
with the concept of positive equilibrium point of T.

THEOREM 6. Under the conditions that Alu, v), C, D and F>0
the expansion equilibrium («, B, ¥, &, p, v, %, ¥, u, v,
w, z) determines a positive equilibrium point (X, ¥, u, W,
z) ofT with «=A(X, ¥y, u, v, w, 2), B=Blx, v, u, v, w, 2)
¥=C(x, y, u, v, w, 2), 8=D(x, ¥y, u, w, 2), p=v=E(u, v),
and conversely.

The proof can be carried out as in the previous case
and therefore is omitted.

Related with this result, we have again as a
consequence of the main theorem in [6] the following
existence theorem.

THEOREM 7. The game ' has an equilibrium point.

If this point is positive then it is related by the
previous result with the expanding equilibrium in the
economic model.
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6. Final remarks

We point out as a first remark that the classical
von Neumann model is obtained from the one of ours when
Cc=A= 0. Similarly, it results from the model with
consumption, labour, and wages when taking ¢ = D = 0. An
analogous behaviour for E =F =0 in the complete model.

Finally, let us mention that in the complete model,
the savings and loans go to work directly to the salarvy and
consumptions sector and from there stimulate the economy.
However, one may consider on the other hand that they would
act directly on the productive process of the economy and
from there on the wages and consumptions. The structure
would not be altered by this assumption.
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UOGOLNIENIE MODELU WZROSTU VON NEUMANNA

W artykule wprowadzono do modelu wzrostu von Neumanna
konsumpcje, site robocza, ptace, oszczednos$ci i pozvezki, i
przeanal izowano wynikajace stad rézne sformulowanie modeli.
W odréznieniu od prac innych autordéw, pewne pojecia zostaly
wprowadzone 2z uwzglednieniem konkurencji. W ten sposdb
otrzymano zwiazki z punktami réwnowagi odpowiednich gier.
Zastosowano twierdzenie o istnieniu punktéw réwnowagi gier z
wyptatami rzeczywistymi, uprzednio sformutowane przez
pierwszego z autordw.

OBOBHUEHHE MOJEJNIH POCTA $OH HENMAHA

B crTatpbe BBOOMTCS B Mopenp pocTa doH Hennana
norpebnenne, paboyas cuna, sapnnara, cbepexeHns W 3aeMn, a
TaKXe aHaNW3HUPYOTCHd BHTEKabWUe oTchbaa pasHbe dopnynupoBku
nogenu. B orTnuyme oT paboT ApPYrux aBTOpOB, HEKOTOpbHEe NOHSATHS
BBOAHWIIACH C YYeTOM KOHKYDeHUMH. Takum obpason NONYYESHH CBSI3H
C TOYKaMh paBHOBECHS COOTBETCTBYDUHX Hrp. Hcnonbsayercs
Teopema o CYWECTBOBAHUH TOYEeK paBHOBECHS Al D c
OSACTBHTENbHHNMA BHHIDHUANH, paHee CpoprynupoBaHHAs NepBHN
H3 aBTOPOB.



