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In this paper we introduce consumption, labour, 
wages, savings and loans into the von Neumann 
growth model and study different models arising 
therefrom . Differently from other authors we 
introduce the new concepts according to a 
competitive point of view. Thus, relation with 
equilibrium points of a suitab l e game is obtained. 
We apply the existence theorem on equilibrium 
points for games with rational payoffs already 
formulated by the first author. 

1. Introduction 

In the subject of expanding economies introduced by the 
von Neumann's masterpiece [8], one can find a large 

bibliography. In particular during recents years, there has 

been a great interest in introducing new variables into the 

model . We may mention the works of Bawer [1], J.Los [4] and 



64 E.MARCHI, J.C.CESCO 

Bromek [2). on the other hand it is important to emphasize 

the important work done by Morgenstern and Thompson in [7), 

[8]. Moeschin has important contributions in the field of 

generalizing the open expanding economic model introduced by 

the previous authors. The authors mentioned try to ·introduce 

consumption, wages and labour .in the von Neumann model. Some 

of their studies are based on the works of Morishima [7) and 

Malinvaud [5). 

The last authors have already introduced some of the 

concepts mentioned extending the von Neumann models in 

different ways. However, none of these papers consider such 

concepts and their respective variables introduced in the 

competitive way. 

In this paper we try to introduce the concepts of 

labour wages, consumption, saving and borrowing in the von 

Neumann model. This is done in a way resembling the papers 
mentioned, the main difference being the competitive aspect 

assigned to our variables. Therefore, we need to base our 

extensions on game theory. To be more specific we apply 

repeatedly a very recent result on equilibrium points of 
non-cooperative games with rational payoffs (6]. 

We will present three models which take into account 

different aspects of the new variables incorporated. The 

first model includes consumption and wages but not savings. 

As a second consideration we will give a modification 
showing the relationship with a mathematical 

about the matrices and 

incorporate a model 

borrowings. 

coefficients involved. 

with the addition of 

assumption 

Finally we 

savings and 

2. Consumption, labour and wages ln the von Neumann model 

We first introduce the basic version where 

consumption , labour and wages are taken into account. 

Since we are most interested in mathematical 

we will only give an economic interpretation with a 

description. However the reader interested in such 

might develop them from the economic point of view. 

We follow Burger's [3) treatment of the model. 

aspects, 
simple 

matters 
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As in the von Neumann model of an expanding economy, 

consider m processes or activities indexed by i:1, .. ,m. Each 

process consumes certai n amounts of goods which are 

specified by the input (a 11 , ... ,a
1

jl where a 1 fo with 

j: 1, ... , n, is the input of the j-th commodity into i-th 

process. The output vector is (b 11 , . .. ,b1nl with b 1 fO being 

the amount of the j-th good produced by the same process. 

Similarly we assume that there is at least one labour class 

which consumes c 1 fO units of the j-th commodity of the 

process, which operates at an arbitrary work intensity 

.th 
1 

Xi I 

xi 
the 

the input and output will be proportional. Moreover, if 

is the consumption intensity of the process i, a>O is 

economy expansion factor and r>O the consumption expansion 
factor, under assumption of a steady state economy , we have 

that the total production should be bigger than the required 

inputs and consumption at the expanded stage . Thus, we get 

the first inequality: 

m m m 
a) 2: b . .x . ~ a 2: a 1 .x . + r L: c . .z . 

1=1 11 1 1=1 J 1 1=1 11 1 

for all commodities j. 

On the other hand, on the financial side of the model, 

yj is the price and wj is the price . factor of the commodity 
j, such that 

n 

2: a . . w . 
j= 1 1 J J 

is the tota l wage for the labor force in the i-th processes. 

Here d 1 fO is the labor force demand of the j-th good in the 
i-th process. Then the monetary output value cannot exceed 

the expanded input value, times the interest factor, plus 

the demand of wages expanded by the salary factor, thus: 

n n n 
b) 2: bijyj ~ B 2: a 1jyj+ o 2: a 1jwj 

j=t j=l j=t 

for all processes i. 

On the other hand, in terms of commodities, the 
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expanded total consumption cannot be greater than the total 

demand for each commodity, that is to say 

m m 
c) 2: b . Jx l 1 2: c . . z . 

i=1
1 

i=1 111 

for each j. 

Finally, in financial terms for all the processes , we 

have that the total expanding demand of salaries cannot be 

greater than total consumption, or in other words 

n n 
d) o 2: a . . wf 2: c . JY . 

J=l 1] J=l 1 J 

for each process i. 

We would like to emphasize that if the latter 

inequality were reversed it would turn out then that in each 

period there is a positive difference between the total 

expanded salary and the total consumption, that is to say 

there would exist accumulation of savings which we do not 

allow at present. 
We also assume that the vectors x, y, w and z are 

normalized to one and non-·nega t i ve. 

An expanding equilibrium for our model is a vector 
o:, B, 'I' 8, x, y, w, z ) such that it satisfies a)' b)' 

c) and 0 - B, - 8 if < o:, 'j, < + ro. Moreover, strict inequality 

holds in a) for a commodity j, then the price yj=O, that is 
to say if production is bigger than the required inputs and 

consumption, the good is free. If in b) there appears a 

strict inequality for the process i, the process is 

profitless and hence the labour intensity xi must be zero. 

Similarly for a commodity·j, in c). Since saving is not 

allowed, wj=O. Finally in d) if strict inequality holds for 

process i, total consumption is strictly greater than the 
I 

expanded salary demand and then the consumption intensity zi 

is zero. 

We are going to relate an expanding equilibrium with 

an equilibrium point of a special game. We make the 

reference to the book by Burger [3]. But first we are going 
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to consider such a reduction for a simplified model in its 

uniform formulation, which we are going to present next. 

3. Uniform model 

Here we consider a slightly different model which is 

more uniform with regard to variables than 

considered in paragraph 2. The equations now are 

a') 

for each commodity j, 

b') E b .Jy .s-rE a1Jx .+E d 1•1
.Y1· j l J j l j 

for each process i, 

f') E d .. z .~-rE c 11.z i 
i l] l 1 

for each good j. 

the one 

If strict inequality holds for j in a') then yj=O, for 1 in 
b')- then x 1=o, for j in c')- then wj=O and finally in d') 
for 1 - then z.=O. 

l 

One may give here an economic interpretation analogous 

to the one given in the first model presented. For this 

reason we do not repeat it here.Again an expanding 

equilibrium is a vector < a, B, }, 8, x, y, w, zl satisfying 
a'), b'), c') and d'), with the expanding coefficients as 

positive numbers. 

We now relate it to equilibrium points of a suitable 
four-person game 

r' { X,Y,W,Z; B,-A,-C,-D} 

where the strategy sets are: 

X= Z 
m 

{ X E If!: x 1~ o, L x. 
1 z 1 1 

1} 
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and: 
n 

Y = W = { y ERn: Y ~0 , L Y .= 1} · 
J jsl J 

The payoff functions are given by 

A' (x, y, w, z) = 

(L b .. x .y
1

> 
• . 1 J 1 
1 I) · 

(L c.
1 

z.w
1
l-(L c.

1 . . 1 1 . . 1 
1 1] 1 1) 

B' (x, y, w, z)= 

(Lb .. x.y.)(L d .. z.w
1

>-(L c .. x.y.)(L d .. z
1
.w

1 
. 

. . 1] 1 ] .. 1] 1 .. 1] 1 J i j 1] 
1,] 1,] 1,] ,_ 

C'( w,z) 

D'(w, z) 

(La .. x.y.)(L d . . z.w.) 
i,j 1] 1 ] i,j 1] 1 J 

L d .. z .w1 • • 1 J 1 
j 1 ] 

L c .. z.w. 
i,j1]1] 

L d 1 .z .w. 
J,j J 1 J 

We now have the first part of the intended reduction 

in the following result: 

THEOREM 1. Under the conditions that 

1) For each i and j cij +dij > 0. 

2) For all i and j a i / b i j- fc ij >o 
3) For a 11 i and j a i / b i j -

1
- d i j > 0 

an expanding equilibrium (a, B, }, 

or <0. 
or <0. 
8, -

X, 
-y, -w, z>, 

determines a positive equilibrium point (x, y, w, z) of r' 
such that a=A' (x, y, w, zl, B=B'(x, y, w,z>, i=c'(w,z> and 

o= + = n' (w, z > • 

Pro o f. We mention that the second part of the game, 
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namely c' and D' corresponds directly to a pure von Neumann 

model as can be seen in Burger [3] . Thus we omit the part 

which uses condition a). Moreover 8 = 1/}. 

Now, we multiply by yj equation a') and sum over j' . 

Similarly we multiply by xi b') and sum over i. :J;herefore, 

we have 
a'') L b .. x.y.-iL c i ix iy j ~ <X L aijxiyj 

i I j 1 J 1 J . . i I j 1 I] 

b") L biixi'Y'[ 0 L c i jx iyj ;s; B L aijxiyj 
i,j i,j i,j 

From the first inequality, we derive that 

L b .. x .y .- i L c .Jx .yi 
1] 1 J . . 1 1 i I j 1 I ] 

L b .. x.y. 
i,j 1] 1 J 

where the quotient is considered +x if the denominator 

equals zero. 

At this point we mention that condition 2) does not 

allow the denominator and the numerator to be both zero at 

any point y. Therefore we have from the expression , of -
1 : 

0 <a= A' (x, y, w,z) ;s; A' (x, y, w, z) for any yE Y. This 

is due to the condition expressed after d') regarding yj=O. 

Similarly for the first payoff function it is easy to 

derive that 

o < ~=B' <x, y, w, z>~ B' <x, y, w, .Z>. 
This is obtained using condition 3). 

Thus, (x, y, w, z) is an equilibrium point of f' at 

which the payoff functions are positive . • 
Conversely, we have the next result: 

THEOREM 2. A positive equilibrium point, that is to say an 

equilibrium point (x, y, w, zl with 

O<a=A' ( x, y, w, z) I O<B' =B' ( x, y, w, z) <+oo, 0 <i=C' ( w, z) 
o<6=D' < w, z> 

determines an expanding equilibrium (a, B, y, 6, x, y, w 
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2) if the conditions 1), 2), 3) are fulfilled: and also: 

4) For each i there is an j such that c 1j > 0. 

5) For each j there is an i such that dij > 0. 

6) For each i there is a j such that a 1j > 0. 

pro o f . Since (x, y, w, z) is an equilibrium point of 

y' I then we have for the payoff c. 

y= 
L,t L1 aiiiw.t LiLt diiiwi 

l:J L1 ciitwJ l:J l: 1 c1Jziwj 

for all wc.w. Now by condition 1) ' it is impossible to have 

the indeterminate form 0/0, therefore if a denominator is 

zero, the corresponding numerator is a positive number. 

Consequently the ratio is +oo. Now by condition 4), for some 

w, the ratio is finite, which implies that 1 < =oo. 

This on the other hand implies that c') is fulfilled, 

and wj=O if the strict inequality holds in c') for j, 
because of the first equality given above. 

In a similar manner it is possible to 
zj=O if the strict inequality holds. This 

using 1) and 5). 

prove 
can be 

d') 

done 

In an identical way, for the payoff B', we have 

+oo > B > 

and 
by 

since g is indeed a positive number. By 3) the indeterminate 

form 0/0 cannot appear for any XEX. Therefore since B is a 

positive number the denominator can never be zero. Hence b') 
is a simple consequence of the previous inequality by taking 

x
1 

as pure strategies. 

Finally for the remaining payoff function A', using 3) 

and 6) one gets a'). Essentially it is the same mechanism as 
the one just used q.e.d.). • 

Having the previous results, it is clear that in order 
to get more simplification, we can ·assume that the matrices 

A, C) and Dare positive. From an economic point of view this 

restriction is not troublesome since, instead of zero, an 

entry can take a very small amount without introducing a 
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great modification in the model. 
Now, we will present a first existence theorem which 

is an immediate consequence of the ma i n result in [6]. 

THEOREM 3. The gamer' with positive matrices A, C and D has 

an equilibrium point. 

Hence, if such an equilibrium point is positive, it 

laads to an expanding equilibrium by Theorem 2. Indeed, 
giving some conditions about the positiveness of the 
numerators of the payoff functions A' and B' the positivenes 
of the equilibrium point may be obtained. 

By some simple manipulations, it is easy to get the 

following equality 

Thus if the first term is zero it turns out that a=B. 
The expansion factor equals the interest rate. 

' 4. Study of the original model 

Coming back to the original model, we relate it to the 
game 

r = {X, Y, W, Z, B, -A, -C, -D} 

where the payoff functions are now given as follows: 

A (X, y, W, z) = 

< }': 
i,j 

bi .xiyj)( L cijziw1l-( L ci 1x.y.)( }': 
J ij 'j 1] •. ,_ 1,_ 1,] 

B (X, y, w, z) = 
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L dijziwj 
c (w, zl i I j 

L cijziwj 
i,j 

D (w, z) = 

Having the game associated to the expanding model, we 

have that an expanding equilibrium is related to the positive 

equilibrium points as it is indicated in the next result: 

THEOREM 4 . Assuming that A, C, and D >0, an expanding 

equilibrium <a, B, i, 8, x, y, w, zl determines univocally a 

positive equilibrium point of r with 
a= A<x, y, w, z) s= s<x, y, w., z> 1= c<x, y, w., z) 

and o= D( x, y, w, z) 
Conversely, a positive equilibrium point of r determines an 

expanding equilibrium of the model. 

P r o o f . Multiplying c) by w
1 

and adding up over J, we 

have 
O(J.SC( x, w, Z) 

for each WEW si nee D >0. But 

i=c<x, w.. z) 
by what condition d) follows related with w

1
=o. Therefore 

o<c<x, w., z).sc<x, w., z) 
for any h/EW. The proof of the corresponding inequality for 
payoff function D, is obtained in a similar way. 

Take now a). Multiplying by yj and summing up over j, 

we get 

Li LJ b 11xiyj ~a L
1 

LJ a 1jxiyj+ i Li Lj c 11z 1y1 
From here, replacing the value of 1 by its corresponding 

value C(x, w, z) and rearranging the inequality, we get: 
O<a.SA{x, y, w, z) = 

< L 
1, j 

< L 
1, j 
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because A>O . On the other hand, 
a=A(x, y, w, z) 

by the condition related to yj=O. 

73 

The inequality for the payoff functions B can be 

obtained followinq similar steps. 

Conversely, followinq the Ideas used .in the probf for 

the unified model, it is easy to obtain the result.(q.e.d. l• 

Aqain , as a simple consequence of the main theorem in [6], 

since the payoff functions in rare multilinear, we have 

THEOREM 5. The gamer with A, C and D >0 has an equilibrium 
point. 

Accordinqly, it is possible to study the behaviour of 

the numerator of the payoff functions A and B in order to 

qet a positive equilibrium point. 

Manupulatinq the amounts in th~ payoff functions it is 
easy to get the following equality 

Thus, if the first term is zero it leads to B=a which 

aqain means that the expansion factor equals the interest 

rate. The condition given might be viewed as meaning that 

total demand equals total consumption in the entire economy. 

5. Savings and loans in the model 

In this section we shall incorporate the concept of 

savinqs and consequently the concept of loans into the model 

already studied with consumption, labour and waqes. Thus we 

are further generalizing the von Neumann model. 

As we have mentioned already after condition d), it is 

clear that if savings are allowed In the economy, supposing 

that there is no accumulation of goods and financial media, 

then trye savings have to be reinvested as loans which again 

stimulate the economy. Thus, we introduce eij which can be 
interpreted as the amount saved by the process i of good j 

in the instance that the intensity of saving is unity for 
process i in a period, if the "lending price" is unit. 
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Therefore if ~ denotes the loan expansion factor and v 

the loan interest, it follows that because the total 

expanded loans cannot be greater than the total saving 

e) 

for each j, where u
1 

is the saving intensity of process J. 

Let vj be the lending price of good j. It is assumed that if 

the strict inequality holds in e) for a given j, then 

corresponding vj=O. This may be interpreted as meaning that 

the good will be free in the sense of borrowing. 

Furthermore, on the financial part, the total amount 
in loans for any process i times the lending interest cannot 

be smaller than the financial savings: 

f) 

m 
V L 

1=1 

m 
t 1 jvj ~ 1~ 1 e 1 jvj 

with u1=o for any i for which the strict inequality holds. 

With this, condition d) is now transformed into 

m m m m 
8 L a

11
.w1 - L c

11
.y1 s: v L t

11
.v

1
. +Le .. v. 

}=1 1=1 1=1 1=1 I] J 

for each process i. Economically speaking, this 

tells us that from the financial point of view the 

wages plus the expanded loans cannot exceed 

condition 

expanded 

the total 
consumption plus the savings. This is due to the fact that 

no accumulation is permitted. In addition, z 1=o if strict 
inequality holds for process i. This means that if the 

balance between the consumption plus savings exceeds the 

salary plus loans then the consumption intensity of the 

corresponding process decreases. 

On the other hand, c) becomes 

c) 

for each good j. This condition tells us that, in terms of 

commodities, the total demand plus the expanded loans cannot 
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be less than the expanded consumption plus the savings. 

Again wrO, if the equality does not hold for process j. 
J 

Finally, it is clear that the loans originated by the 

savings will go back to the economy stimulating it. Thus, we 

can consider now that the inputs and outputs depend upon the 

loans and savings. In addition a 11 and bij are continuous 

functions of u and v. 
Conditions a) and b) are now kept the same. 

We again define an expanding equilibrium for the 

economy as a set (a, B, y, 8, - -
IJ, v, x, Y, U, W, 2) where the 

coefficients are positive and all of them satisfy a), b), 

c) , d), ·e) and f). 

Here we also assume that u EU=Z and v EV =W. 

We note that even though it seems that an expanding 

equilibrium in the complete model under study might generate 

an expanding equilibrium in the original model, this is not 

so. 
We again are going to relate this more complete model 

with a strategy game, namely 
r = {X, Y, U, w, Z; B, -A, E, -E, -c, -D} 

The payoff functions are defined respectively as follows 

A(x, u, u, v, w, z) = 

=(LJ L1b 11(u,v>x 1Y1>(LJ Lj c11z 1w1>-(LJ Lj a11x1w1>(LJ Lj c11z 1y1> 

(LJ Lj a 11<u,v>x1Y1><L 1 Lj a11z 1w1> 

B(x, u, u, v, w, z) = 

=<L 1 Lj b 11(u,v>x1yi)(L 1 Lj c11z 1w1>-(LJ Lj c11x1w1>(LJ Lj a11x1w1> 

<L 1 Lj a 11(u,v>x 1Y1><L 1 Lj a11z 1w1> 

C(x, u, u, v, w, z) = 

= <L1 Lj a11x1w1> (LJLj t 1ju1v1 >+<L 1 Lj e 11u1vj> <L1 Lj t 1ju1wi 
<L 1 Lj t 11u1v1 ><L 1 Ljc11z 1w1> 
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<L 1 Lj e 11u1v1><L 1 Lj t 11u1w1 J 

<L 1 Lj fijuivjl<L 1 Lj ci 1z 1w1> 

D(x, u, u, v, w, z) = 

_<Li Lj c 11ziujl(Li Lj t 11u1v1l+<L 1 Lj fijuivjl(Li Lj e 11zivj) 

<Li Lj d 11z 1w1 ><L 1 Lj cijziwj) 

<L 1 Lj eijuiv1><L 1 Lj t 11z 1v1> 

<Li Lj dijziwjl(Li Lj t 11uivj) 

E( u, v,) 
<L 1 Lj eijuivjl 

<Li Lj ti 1u1v1> 

Having the game f, we now present the following result 

relating the expansion equilibrium in the economic model 

with the concept of positive equilibrium point of r. 
THEOREM 6. Under the conditions that A(u, v), c, D and F>O 
the expansion equilibrium (a, B, y, 8, p, v, -x, y, u, -V, 

w, z) determines a positive equilibrium point (x, y, u, -w, 
z) of r with a=~(x, y, u, ~, w, z) I B=i(x, y, u, ~, w, z) 
¥=c<x, y, u, ~~ w, z>, &=n<x, y, u, w, z>, p=v=E< u, ~>, 

and converse 1 y. 

The proof can be carried out as in the previous case 

and therefore is omitted. 

Related with this result, we have again as a 

consequence of the main theorem in (6] the following 

existence theorem. 

THEOREM 7. The game f has an equilibrium point. 

If this point is positive then it is related by the 

previous result with the expanding equilibrium in the 

economic mode 1 . 
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6. Final remarks 

We point out as a first remark that the classical 

von Neumann model is obtained from the one of ours when 

C =A= 0. Similarly, it results from the model with 

consumption, labour, and wages when taking c = D 0. An 

analogous behaviour forE =F =0 in the complete model. 

Finally, let us mention that in the complete model, 

the savings and loans go to work directly to the salary and 

consumptions sector and from there stimulate the economy. 

However, one may consider on the other hand that they would 

act directly on the productive process of the economy and 

from there on the wages and consumptions. The structure 
would not be altered by this assumption. 
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