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models of open economies applying the von Neumann model have 

been studied first by Morgenstern and Thompson and then, for 

instance, by L. Mardon and o. Moechlin. 
In this paper we propose an integrated Gale von 

Neumann's model to study an open economy. The main result 

that we obtain is the existence of an equilibrium which has 

the properties of both the expanding equilibrium concept and 

the exchange equilibrium one. The technique used to prove it 

is related to that introduced by E. Marchi in [3]. 

Now we are going to describe the model. Because we are 

here mainly concerned with the mathematical point o~ view, 

we shall give a brief economic description of the elements 

of the model. 

The economy has ·m productive processes or activities 

which produce n different kinds of goods. The technological 

characteristics of these processes are described by two mxn 
non negative matrices A=<a 1jl and B=<b1jl. A is called the 
input matrix and B the output one. Each process is supposed 
to work with an intensity level which can be measured by a 
real non negative number. The intensity levels of all the 

processes can be arranged in a vector X=<x1, ... ,Xn). The 

1-th component X indicates the activity level of the 1-th 

process. It is also assumed that a system of internal prices 
holds in the economy. Such a system can be described by a 

vector Y=< Y1 , ••. , Y l, where Y. indicates the price of the 
n J 

j-th good. Moreover, we suppose that there exists a set of p 

exchange sectors. These sectors provide the link between the 
internal economy composed by the processes and the external 

·economy. Some of these exchange sectors can be considered as 

consumption sectors. However, these exchange sectors not 
only can take out goods from the internal economy but also 

can put into it goods from the external economy. 
The activity of the k-th exchange sector is described 

by a vector Zk=(Zknl' zkn whose positive components indicate 

the quantities of the goods put into the economy by this 

agent. The negative ones indicate the quantities of the 
goods taken out of the economy. The set of all admissible 
activities for the k-th sector is noted by ~. where each 

vector ZEZk represents a certain utility for the k-th 
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exchanqe sector, and we assume that it 

real-valued function uk defined on ~. 
can be measured by a 

The qoal of this paper is 

(a,p,x,Y,Z1, ... ,zpl belonqinQ to 

satisfyinQ the followinq relations 

to obtain a vector 
R+ xR+ x~~z1x ••• xzP 

Ell ~ biila~ a 1i1+~ zkj for all j=l, ... ,n. 

E2l L b11Y~PL a 11Y for all j=l, • •• ,m . 
j j 

E3) ZkEtfrk(Y) and Uk(Zk)~Uk(Zk) for all ZkEtlrk(Y)= 

E4) L b .. XiYj=ai: al .XJY .+E zkjYj=PE al.J.xl.YJ.>O. 
ij l] ij J J ij ij 

With R+ we denote the set of positive 

~={X=<X1 , .. . ,Xn) x1~o}. Similarly we define 
A vector satisfying the conditions El) 

called an exchange - expandinQ equilibrium. 

real numbers and 
n 

R+. 
to E4 ) w i 11 be 

In order to prove .the existence theorem we make the 

following assumptions 

Ail A+B>O. 

AII) No row of A is zero. 

AIII) No column of t1 is zero. 

AIV) All the utility functions Uk' k=l, ... ,pare continuous 
and qasi concave. 

AV) All the - sets~. k=l, ... ,p are non empty, compact and 

convex, containing the zero vector. Moreover we ask that 

they have a non empty interior. 

All these conditions are well known. Conditions AI), 

AI!) and AIII) have been already used elsewhere by J.C.Cesco 

and, with slight difference, by J. Los [5], in order to 

prove existence theorems for 

von Neumann's model. 
generalizations of the 

Assumption AV) can be relaxed as it is shown in 
E. Burger [ 11 . 

Now we are able to prove the existe.nce result 
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THEOREM: Under assumptions Ail to AV) the model described 

has an exchange - expanding equilibrium 
- - n 

P r o o f. Let X={XtR~I~xi=l} and Y={YER+I~Yj=1}. 
l J 

and define the functions F and G by 

F: .XX}I)<ZX Y~R 

(x,"Y,z,Y> ---+0:: b .. X.g.-2: zk.YJ><l: ai;.xi"Y;.>-
ij l] l J J ij 

<l: b .. x ."Y1-l: zk .Y .Hl: a .
1
x .Y .> . 

ij l] l k J J ij l l J 

G: XxYxZXY~<l: b . .X.Y.)(L a.1x."Y1>+<l: a.1x."Y.><l: a .. XiY.) 
ij lJ l J ij l l . ij 1 1 J ij 1] J 

p 
Here, Z denotes TI zk. 

k=1 

Let ~ be the correspondence defined by 

where 

- -
~ 1 (X, Y, Z)={~XI G(X, Y, Z,X)~G(X,Y, Z,X) for all XtX} 

- -rp
2

CX, Y,Z)={~YIF(X, Y,Z,Y)~GCX, Y,Z, Yl for all ~Y} 

p -
~ 3 (X,Y,Z)= TI {ZkE<Pk(Y)IUk(Zk)~Uk(Zk) for all ZE<P k( Y)} 

k=l 

Because the assumption AIVl holds, the correspondence 

is upper semicontinuous and because AVl holds, too, the 

correspondence is convex. Then, the Kakutani fixed ' point 

works and a point C X, Y, Z) E.XX }I)<Z exists such that it be 1 onqs 

to ~(X,Y,Z), too. Such a vector satisfies the following 
inequalities 

and 

O=F(X, Y, Z, Y)~FCX, Y, Z, Y) for all ~Y 

O=GCX,Y,z,x>~FCX,Y,Z,X> for all XtX 

Uk(Zk)~Uk( Zk) for all ZkE<Pk(Y). 

These last relations imply E3l. 

From (1) we obtain the following 

(1) 

( 2) 
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0:: b . .X .Y.1-E zk .Y1HE a .. x .Y .l::!: 
ij 1] 1 kj ] ij 1] 1 ] 

( 3) 

<E b . . x.Y..-E zk.Y.><E a . .X.Y .l for all ~y 
ij 1] 1 ] kj ] ] ij 1] 1 ] 

Due to the fact that ZkE~k(Y) for all k, it follows that 

L zk.Y. and (3) can be put in the following simpler from 
kj ] ] 

<E b .1x1"Y.HE b .. x.YJ>~<E b .. x.Y. .-E zk.YJHE b . . x.Y.l <4l 
ij 1 J ij 1] 1 ij 1] 1 ] kj J ij 1] 1 J 

for all ~Y. 
Now we are going to prove that L a .. X .Y .>0. See that 

ij 1] 1 ] 

if this were not true, the right hand side of (4) would have 

to be equal to zero. On the other hand, All implies that 

L b.1x.Y.>O, and AIIl -that there exists a vector ~Y such 
i j 1 1 ] 

that L a. 1x.Y1>o. Thus, the left hand side of (4) is greater 
i j 1 1 

than zero for this choice of y. But this leads to a 

contradiction . 

If we let Y be the vector (0, ... ,1, ... ,0), with one in 

the j-th component and zero elsewhere, we obtain from (4) 

that 

<E b 1 .X1"Y.><E a .. x.>s<E b .. x.-E zk1><E a .. x."Y .> 
ij J ] ij 1] 1 ij 1] 1 kj ij 1] 1 J 

and if we put a=<E b .. X.Y.)!(L a .. X.Y.) we obtain E(l). Of 
ij1]1] ij1]1] 

course, it·remains to show that a>O, but using (2) we obtain 

that 

o:: b . . x."Y.HE a.1x.Y.l::!:<E b . . x."Y.><E a . . x.Y.l !5l 
ij 1] 1 J ij 1 1 1 ij 1] 1 J ij 1] 1 ] 

The assumption AIIIl implies that there exists a point 

XEX such that L b •• X .Y .>0 and because L a . .X .Y. holds, we 
ij 1] 1 ] ij 1] 1 J 

obtain that L b .. X.Y.>O. This in turn implies that a>O. 
ij 1] 1 ] 

Moreover, letting P=a and X being the vector (0, ... ,1, ... ,0) 
with one in the i-th component and zero elsewhere we can 

easily obtain E2) from (5). Relation E5) is obtained in a 
straightforward way and this completes the proof. • 
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0 EKONOMICZNYM MODELU WYMIANY I ROZWOJU 

W artykule zaproponowano zintegrowany model Gale'a 
von Neumana otwartej gospodarki. Gl6wny przedstawiony wynik 
to stwierdzenie istnienia r6wnowagi maj&cej wlasnosci 
zar6wno r6wnowagi z rozwojem jak i r6wnowagi z wymian&. 

OB 3KOHOMKqECKOH MOllEflK OBMEHA K PA3BKTK~ 

B cTaTbe npennaraeTc~ MHTerpMposaHHa~ nonenb feRn~ M 
•OH HbDneHa OTKphlTOR 3KOHDnMKM. OcHDBHDR npencTaeneHHWR 
pe3ynbTaT COCTOMT B YTB9P*U9HMM cy~eCTBOBaHM~ paBHOB9CM~ 

MneD~9PO CBORCTBa KaK paBHOB9CM~ pa3BMTM~ TaK M paBHOB9CM~ 
o6neHa. 


