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The paper proposes an integrated Gale-von
Neumann model of open economy. The main result
presented consists in statement of existence of
an equilibrium having the properties of both the
expanding eqgqilibrium concept and the exchange
equilibrium one.

i. Introduction

It is well known that Gale's [3] exchange model of an
economy is concerned with pure exchange among its agents. On
the other hand the von Neumahn growth model [9] studies the
evolution of a closed economy from a stationary point of
view. Generalizations of both models in several directions
have been studied by different authors. In particular,
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models of open economies applying the von Neumann model have
been studied first by Morgenstern and Thompson and then, for
instance, by L. Mardon and 0. Moechlin.

In this paper we propose an integrated Gale - wvon
Neumann's model to study an open economy. The main result
that we obtain is the existence of an equilibrium which has
the properties of both the expanding equilibrium concept and
the exchange equilibrium one. The technique used to prove it
is related to that introduced by E. Marchi in [3].

Now we are going to describe the model. Because we are
here mainly concerned with the mathematical point of view,
we shall give a brief economic description of the elements
of the model.

The economy has -m productive processes or activities
which produce n different kinds of goods. The technological
characteristics of these processes are described by two mxn
non negative matrices A={aij) and Bh(bjj!. A is called the
input matrix and B the output one. Each process is supposed
to work with an intensity level which can be measured by a
real non negative number. The intensity levels of all the
1,...,Xh]. The
i-th component X indicates the activity level of the i-th

processes can be arranged in a vector X=(X

process. It is also assumed that a system of internal prices
holds in the economy. Such a system can be described by a
vector YE{Yl""'Yﬁj' where Yj indicates the price of the
j-th good. Moreover, we suppose that there exists a set of p
exchange sectors. These sectors provide the link between the
internal economy composed by the processes and the external
"economy. Some of these exchange sectors can be considered as
consumption sectors. However, these exchange sectors not
only can take out goods from the internal economy but also
can put into it goods from the external economy.

The activity of the k-th exchange sector is described
by a vector Zkz(zkn}' an whose positive components indicate
the quantities of the goods put into the economy by this
agent. The negative ones indicate the guantities of the
goods taken out of the economy. The set of all admissible
activities for the k-th sector is noted by Zk, where each
vector zezk represents a certain utility for the k-th
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exchange sector, and we assume that it can be measured by a
real-valued function Uy defined on zk.

The goal of this paper is to obtain a vector
(«,8,X,¥,2,,..-.2,) belonging to B i< @iz, . .xzP
satisfying the following relations

E1) Y b, x2a) a,. x4} z,, for all j=1,...,n
s "1 T :

82) ¥ by 32.: v for all j=1,...,m
4 DpP e iy

E3)

Zk£¢k(r) and U (z )2Uk(zk) for all Zk§¢k(Y)

={zke¢kl.§ szkfo}
E4) by X, j"_z anXJYj+Ej Zyy J”BZ 8, 4% Y420,

With R+ we denote the set of positive real numbers and
RT-[X*(XI,...,XhJ Xlzﬂ}. Similarly we define Rf.

A vector satisfying the conditions El) to E4) will be
called an exchange - expanding equilibrium.

In order to prove the existence theorem we make the
following assumptions
AI) A+B>0.
AII) No row of A is zero.
AIII) No column of B is zero.
AIV) All the utility functions Upr k=1,...,p are continuous

and gasi concave.
AV) All the sets Zk. k=1,...,p are non empty, compact and
convex, containing the zero vector. Moreover we ask that
they have a non empty interior.

All these conditions are well known. Conditions AI),
AII) and AIII) have been already used elsewhere by J.C.Cesco
and, with slight difference, by J. %Lo§ [5], in order to
prove existence theorems for general izations of the
von Neumann's model.

Assumption AV) can be relaxed as it is shown in
E. Burger [1].

Now we are able to prove the existence result



82 J.CESCO, E.MARCHI

THEOREM: Under assumptions AI) to AV) the model described
has an exchange - expanding equilibrium
Proof. Let X<{XR]I[x =1} and r&{YERfIEYJFU.
i b §
and define the functions F and G by

F: X<px2xY —R
L BiXi95L 2y 1 3

{E}j i%iY E )jj al.ijYj}.

G: ;a:rkzxY—>(Z bfjx.f jl(Z a x Y H(Z a_fjx_, jHZ aJJ.XJ
P
Here, Z denotes T[] Zk.
k=1
Let ¢ be the correspondence defined by

P: X YXZ—XxYxZ

(X.Y.Z]——4l91{X,Y,ZJ.¢2{X.Y.Z),¢ (X,Y, 2))

i

where

p, X, Y,zlz{itilctx. Y,2,X)2G(X, Y, 2, X) for all XX}

0,(X, ¥, 2)={TEYIF(X, ¥, Z,2G(X, Y, 2, V) for all ¥eY}

P~ ~ “
03(X,Y,Z}=£51{Zkﬁ¢k(Y)fU (z )ZUk(Zk) for all ZE¢k{Y)}

Because the assumption AIV) holds, the correspondence
is upper semicontinuous and because AV) holds, too, the
correspondence is convex. Then, the Kakutani fixed point
works and a point (%, 7,Z)e€XxyxZ exists such that it belongs
to ¢(X,Y,Z), too. Such a vector satisfies the following
inequalities

0=F(X,Y,Z,V2F(X, Y2 ¥) for all ¥v (1)
0=G(X,Y,Z,X)2F(X,Y,Z,X) for all XeX (2)
and

uk{zk)zuk(zk) for all Zkﬁ¢k(Y).

These last relations imply E3).
From (1) we obtain the following
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{Ij:jb X 32} i j)(}: a” 1Y Y )2 (3)
(L bjjxjr -E ij jHE jjxjr ) for all ¥y

Due to the fact that Zkﬁ@k{Y) for all k, it follows that

I % kj j and (3) can be put in the following simpler from

ki
(2 b”xi j)(E b, jx Y 15(2 bUJirJ k J,}{2 b, J.Js'j J,} (4)

k.'l
for all ¥ev.
Now we are going to prove that 2 aijJY >0. See that

if this were not true, the right hand side of (4) would have
to be equal to zero. On the other hand, A1) implies that

jxf j>0 and AII) - that there exists a vector lEY such
that Y & jXJY >0. Thus, the left hand side of (4) is greater

i3
than zero for this choice of y. But this leads to a

contradiction.

If we let Y be the vector (0,...,1,...,0), with one in
the j-th component and zero elsewhere, we obtain from (4)
that

(E bijij){E aU.xf)s-(}j ij.:urlr kakj)();ja”‘j?ji

and if we put a= {E bijj j)I(E ij j) we obtain E(1). Of

course, it- remains to show that «>0, but using (2) we obtain
that

(EbeXY){Za.XY)(Eb.XYHEa (5)

i7°i 2 il | j

The assumption AIII) implies that there exists a point
XX such that E bIjXIY >0 and because §,§jjfoj holds, we
obtain that } bij Yj>0 This in turn implies that o>0.

i

Moreover, letting P=x and X being the vector (0,...,1,...,0)
with one in the i-th component and =zero elsewhere we can
easily obtain E2) from (5). Relation E5) is obtained in a
straightforward way and this completes the proof. ]
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O EKONOMICZNYM MODELU WYMIANY I ROZWOJU

W artvkule zaproponowano zintegrowany model Gale'a i
von Neumana otwartej gospodarki. Gléwny przedstawiony wynik
to stwierdzenie istnienia réwnowagi majace] wtasnosci
zarowno rownowagi z rozwojem jak i réwnowagi z wymiana.

OB 3KOHOMMYECKOW MONENH OBMEHA H PA3BHTHS

B craTbe npepnaraeTcs HHTerpEpoBaHHas wopdenr Tedna &
$oH HooHmeHa OTKPHTOR SkoHOMHMKH. OCHOBHOA nNpeOcTaBNeHHHR
pesyn»TaT COCTOMT B YTBEepPX[OEeHHH CYWECTBOBAaHHS paBHOBecHS
WHepEero cBo#ACTBa Kak pPaBHOBECHHY PasBHTHA Tak MW paBHOBecHH
obnexna.



