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Introduction

Different mechanical objects are described by partial differential equations,
and in many cases optimization of such objects is reduced to the domain shape
optimization problems, that is to the optimal choice of the domain, in which
these differential equations are solved (see [1-8]). In [7-8] the general formu-
lations of such domain shape optimization problems were given for objects,
described by systems of elliptical equations, and the question of solvability of
these problems were studied. Some applications have also been made to the
optimization problems in mechanics of deformable solid and in mechanics of
viscous liquid.

Notice that in [7,8] optimization problems were studied in which weak solu-
tions of state equations in the form of systems of elliptical equations were used.
In many applications, though, only smooth solutions of the state equations are
allowed. In particular this situation occurs in the optimizations problems for
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deformable solids, plates and shells with restrictions on strength. In such opti-
mization problems solution of the state equation is the function of displacements,
and this function as well as its derivatives of some orders should be continuous

and bounded.

We do consider here the domain shape optimization problems for objects de-
scribed by the system of equations elliptical in the sense of Douglis—Nirenberg
[9-11]. These optimization problems are considered on the set of allowed do-
mains and smooth solutions of elliptical equations in these domains. The general
formulation of such optimization problem is given, and existence of the solution
of that problem is stated. The Fréchet differentiability of the solution of the
state equation and the cost and constraint functionals with respect to control,
determinig the domain shape, is investigated. In terms of application the prob-
lem of the choice of optimal form for two—dimensional elastic solid is considered
with which this solid has minimal weight (volume) and a restriction on strength
is satisfied.

1. Systems of elliptical equations

Let the state of some object be described by the following system of differ-
ential equations:

A(z,D)u(z) = f(z) z€Q (1.1)
B(z,D)u(z) = g(z) z€S (1.2)

Here 2 is a bounded domain in R™ with the boundary S, u = (uy,...,um),
f=(f1,..., fm) are m—dimensional vector functions defined in @, z = (z,,...,

z,,) are points of 2, A(z, D) is the square matrix m x m with elements A;;(z, D),
D=ADiyeos; D)l = 5?_,—.,, A;; are polynomials in D with coefficients depend-
ing on z over §, B(z, D) is a rectangular matrix, having r rows and m columns,
with elements By;(z, D), By are polynomials in D with coefficients depending
on z over S, g = (g1,...,9r) is a r—dimensional vector function defined on S.

We assume that the problem (1.1), (1.2) is elliptical in the sense of Douglis—
Nirenberg [9-12], that is the system of equations (1.1) is elliptical, the sup-
plementary condition and the complementing boundary condition are satisfied.
The problem (1.1), (1.2) is considered in Holder spaces C'(Q) where I > 0, { not
being an integer. C'(R) is provided with the norm
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|D*u(z) — D*u(a’)|

ullia = ||ullcmqy + sup ; 1.3
ellua = llullcna) Ikguz,zf&n | — z/|-11 (1.3)
where [{] is such integer that I — [I] € (0, 1),
lullon@y= D sup |DFu(z)l. (1.4)
Ik1<[ 7€7
Define the spaces V; and H; in the forms
m m ol
vi=[c*s@), H=[[c-@ x[[c"(@), (L5)
i=1 i=1 g=1

Here ;, s; and o, are integers, max; 5; = 0. With this the order of the operator
A;j(z, D) does not exceed s; + tj, 0, = maxj=1,..m(By; —t;) and By; is the
order of the operator Byj(z,D). We also define the operator L € L(V;, H;) in
the form L : u — Lu = (A(z, D)u, B(z, D)u) and let V; = ker L, H; = L(V}).
Then the following representations are valid, [12],

Vi=VieV, Hi=HeH, (1.6)

where @ is the sign of the direct sum of subspaces. With this the dimensions of
V; and H; are finite, and V; and H; do not depend on [ if the coefficients of the
operators A(z, D), B(z, D) and the boundary S are of the classes C*.

THEOREM 1.1 (SOLONNIKOV’S THEOREM) Let (1.1), (1.2) be an elliptical prob-
lem, | not an integer, | > max(0,01,...,0,). Let also the boundary S be of
C'timex | where tmaxy = max(ty,...,tm), and the coefficients of the operators
Aij(z, D), Byj(z,D) belong to C'=*(Q) atzd C'-°4(8), accordingly. Then the
operator L is the isomorphism of Vi onto H;.

The proof of Theorem 1.1 can be found in [12]. Taking into account Theo-
rem 1.1 it is easy to obtain the following statement.

THEOREM 1.2 Assume that the conditions of Theorem 1.1 hold and the dimen-
sions of Vi and H; are equal. Let {¢; ¥_, be a basis in Vi and {¥:}E., be a basis
in H;. Determine the operator G € L(Vi, Hy) in the form

Goi=1; i=1i.ok Gu=0 VYueV.

Then the operator Ly : u — Lyu = Lu + Gu is the isomorphism of V; onto H;.
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2. Elliptical problems in domains and a fixed
domain

Let M be a space of controls. We assume that M is an open set in an affine
normed space X and M is provided with the topology generated by the topology
of X. We suppose that the domain 2, in R" with the boundary S, of the class
C*tmex and the diffeomorphism P, of @, onto Q of the class Clt 1+ mex are
given for every ¢ € M, that is

P e Clititt=( ),  PrteClitit=s(q q). (2.1)

Then the mapping © — u o P, is an isomorphism of C?(Q2) onto C?(,) and
C?(S) onto C?(S,) for any p € [0,]+tmax]. Such elliptical problem in Q, of the
type pointed above is also given for every g € M.

Ay, D)u(y) = fo(y) veQ
By(y, D)u(y) = gq(y) y€S,

We designate by Vi, and Hj, the spaces V; and H; (see (1.5)) in which Q
and S are substituted for 2, and S,, accordingly. We suppose also that

(2.2)

for any ¢ € M
the operator L, : u — Lyu = (Aq(y, D)u, By(y, D)u) (2.3)
is an isomorphism of Vi, onto Hy,.

For every ¢ € M we define the operator L, = (4,, B;) € L(Vi, H}) in the
form
Agu (Ag(uo Py))o Pr, (24)
équ (Bg(uqu))qu‘l,

Here A, and B, are the operators from (2.2), and we write A,, B, instead
of A,(y,D), By(y, D) here and below. The operator Eq is obtained from the
operator L, under the replacement of variables, corresponding to the mapping
P,. Owing to (2.1) and (2.3) we have

the operator Egu = (J‘igséq) } (2 5)

is an isomorphism of ¥} onto H;

and if the function i € V; is the solution of the problem
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Afi = feoP;t inQ,

2.6
Byii = ggoP;' onS, e

where (f;,9,) € Hyg, then the function u = @ o P, is the solution of the prob-
lem (2.2). On the contrary, if u is the solution of the problem (2.2), then
% = uo Py ! is the solution of the problem (2.6). Suppose that

¢ — Lyu = (A, B,) is continuous mapping 2.7)
from M into £(Vi, Hy). )
q— (f cqu‘l, gg © Pq‘l} is continuous mapping . 2.8)
from M into Hj.

THEOREM 2.1 Let the conditions (2.1), (2.3), (2.7), (2.8) hold. Then for every
q € M there ezists a unique solution @ of the problem (2.6), and the function
X:q— Xgq) = @, determined by this solution, is a continuous mapping from M
into V).

PRrRoOF. The existence and uniqueness of the solution of the problem (2.6) follow
from the (2.1) and (2.3). Let ¢ € M, {qx}3>; C M and gx — ¢ in M. Owing
to (2.7) and (2.8) we have

Lg, = Ly in L(Vi, H), (2.9)
(for © Pyt gg, o Pit) = (fg 0 P g0 0 P7Y) in Hi (2.10)

From (2.9) and from the reversibility of the operators L,, and L, there follows
the convergence of the inverse operators (see [14]), that is

Lyl — L7' in L(H1, V). (2.11)
Now from (2.10) and (2.11) we obtain A(gz) — A(g) in V;. [ |
Determine the mapping 7 : M x V; — H; by the expression

ge M, u€e WV

2 4 2.12
T(!L“)=(Aq‘“—fq"Pq_l‘Bq“_gq"Pq_l) e

It is obvious that the function A : M — V}, introduced in the formulation of
Theorem 2.1, is the implicit function, determined by the mapping 7, that is

T(g,M9)) =0, (2.13)




208 W.G. LITVINOV

and A(¢g) = @, where @ is the solution of the problem (2.6). The existence and
continuity of the implicit function A follow from Theorem 2.1. Consider now
the question of differentiability of the function A. We would remind that M is
the open set in the affine normed space X.

THEOREM 2.2 Let the conditions (2.1), (2.3) hold and ¢ — L, = (A, B,),
g—(fy0 Pg‘l,gq o Pq‘l) are Fréchet continuously differentiable mappings from
M into L(Vi, H;) and into H; accordingly. Then the function A, determined by
equation (2.13), is Fréchet continuously differentiable mapping from M inio V),
and Fréchet derivative X' at a point ¢ € M of the function X is given by the
eTpression

N(qh=-L;'o %(q, Mg)h  heX, (2.14)

where the operator %(q,u) s determined by the formula

oT
8_(1(9} U)h —

= {(Ah)u—(fyo Py h,(Bjh)u— (9,0 P')Yh} heX  (2.15)

Here ﬁ;, f}"q, (qu o Pq‘lz", (gq © P;') are Fréchet derivatives at a point q of
mappings ¢ — Aq, ¢ — By, ¢ = (fyo PY), ¢ = (g4 0 PY).

Proor. It is obvious that 7 is a Fréchet continuously differentiable mapping
from M x V; into H;. With this, %%(q, u) is determined by formula (2.15) and
&L(q,u) = Ly = (A,, B;). From here, taking in account (2.3), we obtain that
the operator %{- (¢,u) is an isomorphism of V; onto H;. Now Theorem 2.2 follows
from the Theorem of differentiability of the implicit function [14]. [ |
REMARK. We assumed above that condition (2.3) holds. Let condition (2.3) be

not satisfied now. In that case, owing to (1.6) the following representations are
valid

Vig=Vig®Vig,  Hig = Hiy & Hy, (2.16)
where V;q =ker L, H}q = Lq(Vig). Suppose that
dimViy =dimHy, =k, Vg€ M, (2.17)

where k, is a positive integer. By analogy to operator G from Theorem 1.2 we
determine operator G, in the form
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Geboi =%y i=1,...,k, Gu=0 YueW,, (2.18)
where ¢4; and 1,; are basis functions in f/}q and f?;q. Then, the operator Ly; =
L, + G, is an isomorphism of Vj, onto Hj,. Therefore, with all the suitable

conditions stated above the results remain true if we substitute the operator L,
for the operator L.

3. The problem of domain shape optimization

Let functionals ¥; over M x V; be given such that

(3.1)

(¢, u) — ¥;(g, u) is continuous mapping
from M xViinto R, i=0,1,...,k

We define the functionals ®; over M in the form

®i(q) = ¥i(g,M9)) i=0,1,....k, (3.2)
where A(q) is determined by expression (2.13). Let M; be a compact set in M.
We take set of admissible controls U in the form

U={qlg € M;,®i(g) <0 i=1,2,...,k}. (3.3)
The optimization problem consists in finding gp such that

g0 €U, @o(go) = inf ®o(q). (3.4)
geu

THEOREM 3.1 Let conditions (2.1), (2.3), (2.7), (2.8), (3.1) hold, M; be a
compact set in M and a non-empty set U determined by expression (3.3). Then
there exists a solution of the problem (3.4).

ProoF. As M; is a non—empty set, there exists a minimizing sequence {q,}
such that

{gn} C U, lim®y(gn) = ;gg ®o(g)- (3.5)

As M, is a compact set in M we can choose a subsequence {¢m} such that
gm — zin M, z € M. Owing to Theorem 2.1, A(gm) — A(z) in V}, where g(2)
is the solution of the problem (2.6) with ¢ = z. Now it is easily seen that gq = 2
is the solution of the problem (3.4). n

In connection with finding a solution of a problem (3.4) there arises the
question of differentiability of the functionals ®;. Using Theorem 2.2 and the
theorem on differentiability of a composite function [14], we obtain such asser-
tion.
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Figure 1.

THEOREM 3.2 Let the conditions of Theorem 2.2 hold, and ¥; : (q,u) —
W;(q,u) s a Fréchet continuously differentiable mapping from M x V; into R.
Then the functional ®;, defined by formula (3.2), is a Fréchet continuously dif-
ferentiable mapping from M into R, and the Fréchel derivative ®! of functional
®; al a point ¢ € M is defined by the formula

¥ = ZH @M@+ (F20.00) o N hEX.

4. Shape optimization of two—dimensional elas-
tic body

4.1. Sets of controls and domains in the optimization prob-
lem

As before let M be a space of controls, which we shall define below. The
domain €, in R?, occupied by an elastic body, is given for every ¢ € M. The
boundary S, of 2, consists of two connected components S; and Sy, (see Fig.1).
The points of S are held fixed, and S; does not depend on control g. Surface
forces F = (Fy, Fy) are given on S3;, where S3; is an open set in Sy,, and
these forces are continued onto all Sy, by zero. With this, Sz, does not depend

on a control ¢, and Sg;) = Saq \ S21 is the controlled part of the Sy, that is,

1
5

optimization.

is the part of the boundary which should be chosen from the conditions of
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Define the space of controls in the form

M = {qq€ C‘““S(o, 27),r1 < g(a@) < ro Yo € [0,27],
9(a) = B(a) Yo € (a1,@2)}. (4.1)

Here r;, ry are positive constants, r; < ra, § is given over the (o, o) function,
which defines Sy; in polar coordinates.

C+3(0,27) is the subspace of periodical functions in CU+3(0,2x). Period-
icity of a function ¢ € C1+3(0,27) means that, if § is periodical with the period
[0,27] continuation on R, of g, then § € Cl1*3(q,b) for arbitrary [a,b] C R.

The set M is provided with the topology generated by the topology of
C1+3(0,27). Now for each ¢ € M we define the domain ©, such that the
internal boundary S; of it is given in polar coordinates with the function
v € CM+3(0,27) and the external boundary S, with the function g.

We define the domain Q2 in the form

Q= {z|z = (x1,22), 1<2z?+2zi<4} (4.2)

Designate by E the function which maps polar coordinates onto Cartesian
coordinates,

E:(r,a) = E(r,a) = (y1,¥2), 1 =Tcosa, Yy, =rsina, (4.3)

and let E~! be the inverse of function E. Determine P, : Q, — § by the
formula

Py=EoG,0E™, (4.4)
where G, : E-}(Q,) = E~4(Q)

(1‘, a) — Gq(rs "3’) = (e, ¢)a
_r=2v(a) +4¢(a) b (4.5)
g(a) — y(a) ’ '

The mapping G; ' : E1(Q) — E~1(Q,) has the form

(0,9) = G;(e,9) = (r,),

r=2v(¢) — a(4) + [a(¢) — 7(8)le, @ = ¢. (4.6)

It is easily seen that the mapping P, defined by formulae (4.4), (4.5), satisfies
conditions (2.1).
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4.2. A theory for problems of elasticity in domains.

In the domain €2, the operator A, of the theory of elasticity has the form

(621;1 6u1)+(,\+#)(&;}u+ a2u3)

_ Ayt dy? Oy 0ys
qU = (631;2 02 ug) +O+ )( 6%y, 4 @_22?_) (4.7)
oy " oy H\byoy, T 083

Where u = (uj, ug) is a vector function of displacement, A, p are the positive
constants. Designate by €;;(u), ¢ij(u) the components of strain and stress

tensors
1/0u; Ou;
Ei,‘,‘ (u) 2 (gyj + gy' ) (48)
u u
ois () = ’\(ayi N 2)5.J+2p5,3(u) ij=1,2,
where 6;; = 1 Tf %=3 . Define the boundary operators B and B,, re-
. 0 if i#y ¢

spectively on S and Sy, by the expressions

e u1ls, , Biu= (e11(u)v1g + o12(u)v2g)|s,, . (49)

uals, (021(w)v1g + o2s(u)vag)|s,,

where 4, are the components of the unit outward normal to Sg,, i = 1,2.
THEOREM 4.1 Let the set M be defined by expression (4.1). For each q €
M determine a two-connected domain Q; C R? such that the internal and
external boundaries of Q, are defined in polar coordinates with the functions
v € CI1+3(0,27) and g. Then the operator Ly : w — Lyu = (A,u, Bu, Byu),
defined by formulae (4.7), (4.9), where A, p are the positive constants, is an
isomorphism of the space! Viy = C'*%(Q,)? onto the space Hiy = C'(Q,)?* x
CH-E(SI)Z X CI+1(521)2'

Proor. Consider the problem
Aju = f InQ
Bu = g;onS, (4.10)
Byu = g3 on Sy,

where (f, g1,92) € Hyy. The ellipticity of the operator A, follows from Korn’s
inequality [15,16]. The ellipticity of problem (4.10) follows from the ellipticity

1Here and further on: C¥*(§)? = C*(6) x C*(8)
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of the first and second problems of the theory of elasticity [17]. The kernel space
of the operator A, is the space of small rigid displacements, which has the form,
[7,16],

R = {ulu= (u1,u2), vy = a1+ asyz, uz = az —asyi,

4.11
.ay,a2,a3 € R} (1)

Let (1) = (ygl),ygl)), Y@ = (y{z), ygz)) be two different points of S;. From
condition Bu = 0 it follows that u(y™) = u(y®) = 0, and if, in addition,
u € @, then, owing to (4.11), we have a; = a2 = az = 0. Therefore the
kernel space of the operator L, = (A, B, B,) consists only of zero. For each
(f,91,92) € Hi, there exists a solution of the problem (4.10). Now Theorem 4.1
follows from Theorem 1.1.

4.3. The problem of optimization

We would remind that for each ¢ € M we determine the two—connected
domain Q, such that the internal, S;, and external, Ss;, boundaries of , are
defined in polar coordinates with the functions v and q. For each ¢ € M we
consider the problem

Bu; = 0 on 5, (4.12)
Bju, = F on Sy,

where the operators A,, B, B, are defined by formulae (4.7), (4.9). We suppose
that

F € C'™(S3,)?, supp FC Sy C Saqs (4.13)
where (see (4.1) and (4.3))
Sa1 = {s|s = E(B(a), @), @ € (a1, 2)}

Now we pass to the constraint on strength. For a vector function of displacement
u = (uy,uy) the components of the stress deviator (shear stress tensor) are
defined by the formula

7ij(u) = 035(u) — %(011(10 + o92(u))bi; 4,7 =1,2,

and the second invariant of the stress deviator has the form of
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2

T(w)= Y (5 () = 5(on(v) - o2(w))? +2Aous(w))”. (414)
ij=1
Define the functional G; over M by the formula
Gi(g) = ;Ié%x{(’f(ﬂq))(y) - 8], (4.15)

where u, is the solution of problem (4.12), b is a positive constant. For an
isotropic material the restriction on strength may be taken in the form Gi(q) <
0. The volume of the material is defined by the expression

Gol@) = [ dv (4.16)
Define the set M; in the form

My = {qlg€M, g€ C*30,2n), llgllgr+s(o,2m) < €15
rm+é6<qgla)<rp—6 Vael0,2q]}, (4.17)

where M is determined by (4.1), ¢y, 6 are positive constants and § is small. We
take the set of admissible controls U in the form

U = {qlq € M1,Gi(g) < 0}. (4.18)
The optimization problem consists in finding ¢q satisfying
g €eU GQ(QQ) = inf Go(q). (4.19)
q€eU

THEOREM 4.2 Let the operators A;, B, B, be defined by formulae (4.7), (4.9),
and A, p be posilive constants. Suppose that condition (4.13) hold, and the
Junctionals G1 and Go are defined over M by formulae (4.15), ({.16) where
uq is the solution of problem (4.12). Let also a non-empty set U be given by
ezpressions (4.1), (4.17), (4.18). Then, for any I > 0, | not being an integer,
there exists a solution of the problem (4.19).

Proor. Define the spaces V; and H; by expressions
Vi=C"*(Q)?, Hi=CYQ)? x C*?(S01)? x C'(Soa)?.

Here € is the domain defined by (4.2), So1 and Spy are the internal and external
boundaries of 2. In the same way as it was made in Section 2, the problem
(4.12) is reduced to such problem: find the function @, € V}, satisfying

1

iy, = 0inQ,
Bi, = 0on Sy, (4.20)
B

= i =1
qUig = FOP'I 011802,
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Here operators A}, B, 5‘1 are defined by expressions
Aqu = (Aq(uqu))qu_l,
Bu = (B(uoPy))oP;, (4.21)
.g'qu = (Bq(uqu))qu_l.

From (4.12), (4.20) and (4.21) it follows that u;, = @i, 0 Py. It is then easily seen
that

Il

q — L, = (A, B, By) is continuous mapping } (4.22)

from M into £(V1, H}).

Owing to (4.13) ¢ — Fo Pq'1 is the constant mapping, and from Theorem 2.1
we now obtain

(4.23)

q — i, 1s continuous mapping
from M into V;,

where i, is the solution of problem (4.20). Under the replacement of variables
corresponding to the mapping P, the functionals G; and G from (4.15), (4.16)
take on the form

Gila) = max(T(ag o PPy (2)) = b, (4.24)
Golw) = [ deti(y 1Y (e)lds. (4.25)

Here (7 (4 0 Pq))(Pq'l(z)) is the value of the function 7 (i, o P;) at a point
2 (z) and (P;1)'(z) is the value of Fréchet derivative of the mapping P
at a point z. Taking into account (4.23)-(4.25) and (4.4)-(4.6) we obtain that,
G and G are continuous functionals over M. As the imbedding of C'+3(0, 27)
into C'+3(0, 27r) is compact, we have that M, is a compact set in M. Therefore
there exists a solution of the problem (4.19).

REMARK. In the considered case the function ¢ — (A, B, B,) is a Fréchet con-
tinuously differentiable mapping from M into £(V;, H;), and using Theorem 2.2
we obtain that ¢ — A(¢) = 4, is a Fréchet continuously differentiable mapping
from M into V;. However, the functional G; from (4.24) is not differentiable
as the functional v — max,¢q v(z),v € C(R) is not differentiable. On the set
Q = {vlv € C(Q),v(z) > 0, Yz € Q}, however, the last functional may be
approximated by a Fréchet continuously differentiable functional v — ||v||z(q)
if p is sufficiently large.
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Y )

Figure 2.

5. Optimization of internal boundary of a two—

dimensional elastic body

In Section 4 we considered the optimization problem for two—connected elas-
tic body, in which we give displacement on the internal boundary and surface
forces on the external boundary. In that case there exists a unique solution of
the problem (4.10) for any (f,g1,92) € Hiy, and owing to Theorem 4.1 condition
(2.3) holds. Now we consider the optimization problem for two—connected elas-
tic body in which we gave surface forces on the internal and external boundaries
of the body. In this case condition (2.3) is not satisfied.

Let us pass over to the formulation of the problem. Let M be the space
of controls, and the two-dimensional domain Q,, occupied by elastic body be
defined for every ¢ € M. The boundary S, of Q, consists of two-connected
components, Sy, and S; are the internal and external boundaries of §,, respec-
tively (see Fig.2.) We give “self-balanced” forces F' on S; and zero forces on
Sa4. With this S; and F do not depend on a control ¢ and S;, should be chosen
from the conditions of optimization.

Define the space of controls M in the form

M = {q|g € CIM*3(0,27), 71 < g(a) < r; Va € [0,24]}, (5.1)

where 7y, ry are positive constants. For each ¢ € M determine the two—
connected domain 2, such that internal boundary S, is defined in polar co-
ordinates with ¢ and the external boundary S; with the fixed function v €
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ClM+3(0,27). The domain { is defined by (4.2) and the mapping P, by (4.4),
where G, : E7}(Q,) — E~(Q) has the form

(ra)— Gq(rs f.l') = (Qr ¢‘)r

_r=2(@)+y(e)  _ (5.2)
T y(a)—gle) s
The invers mapping G; ! : E~1(Q2) — E~!(Q,) has the form
(@9 =G =(na), .

r=2q(¢) —7(8) + [v(¢) — e(¢)le, « = ¢.

The operator A, is defined by (4.7) and the boundary operators B, and B are
given by expressions

Ba 2{ (o11(u)vag + o12(u)v2q) s, } (5.4)

(021(u)v1g + 022(u)vag)|ss,

Bu= { (er(wrs + orz(u)rs)ls, } (5.5)

(o21(w)vy + oa(u)r)s,

Here vj, and v; are the components of the unit outward normal to Sy, and 53
accordingly, 1 = 1,2. Define spaces Vj, and Hj, in the form

Vig = CH2Q)?,  Hig = C(Q,)? x CH1(S)? x CH(SL)%. (5.6)
where | > 0, | not being an integer. It is obvious that
Lq = (AQ'I Bq:B) g E(Wlef?)'

The kernel space of the operator L, is the three-dimensional space f/[q =,
where @ is defined by (4.11). The following functions are the basis in Vi,

¢q1 = (1!0): quz = (0: 1)) ¢93 == (y:’l_yl)' (5'7)
For given functions of volume and surface forces (f, R, F), defined on §,, Sy,
and S; accordingly, consider the problem of finding the function of displacement
u such that

Aju = [ inQ,,

Byu = Ron Sy, (5.8)

Bu = FonlS;.

We assume the volume and surface forces (f, R, F') to be “self-balanced”, that
is these forces are orthogonal to the space Ij‘iq in the sence that
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/f,-dy+ R,-ds+/ Fids=0 i=1,2
Qg S2q 5,

J

(f1y2 — foyr1)dy + /3 (R1y2 — Ray1)ds+ (5.9)

9
+/ (Fiy2 — Fay)ds = 0
51
Conditions (5.9) are necessary and sufficient for the existance of a solution of
problem (5.8) (see [16]). From (5.9) it follows that the space Hi, = Hig\ Ly(Vig),
where L, = (A,, By, B), is three dimensional, and the following functions are
the basis in H,:

%1 = ((1=0)!(110)!(1=0))1
wqﬁ = ((0: 1): (U$ 1): (0: 1))) (510)
'»{’43 = ((y2: _yl)s (y2| "'yl)s (y2’ ' | )):

Here in the expressions for the functions t,; the first pair belongs to C'(£,)?,
the second to C'+1(S,,)?, and the third to C'*1(S;)2. In the cage considered
equality (2.17) holds with k; = 3, and we deifne the operator G, by (2.18).
Owing to the Remark of Section 2 we obtain the following assertion.

THEOREM 5.1 Let the spaces Vi, and Hj, be given by exzpressions (5.6), the
operator Ly = (Aq, By, B) be defined by the formulae (4.7), (5.4), (5.5) and the
operator G by (2.18) with ky = 3, where ¢4, g are determined by (5.7) and
(5.10). Then the operator Ly = Ly + G, is an isomorphism of Vi, onto Hy,.

Suppose now that the surface forces F, given on the external boundary,
satisfy conditions

Fe CH-I(SI )2, / F,‘d.‘i =0 i= 1,2,
M (5.11)
_/ (F1y2 — Foy)ds = 0.
51

Then, owing to Theorem 5.1, there exists a unique function u, € C'+2(Q,)?
such that

Agug =0in Q,, Byu, =0 on Sy,

Bu, = Fon 81, Ggu,=0in Hy(in R®). (5.12)

In the same way as above, using Theorem 5.1 we prove the subsequent assertion.
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THEOREM 5.2 Let the conditions of Theorem 5.1 hold and the sets M, My be
defined by (5.1) and (4.17), the functionals Gy and Gy given by (4.15), (4.16),
where u, is the solution of the problem (5.12). Let also function F satisfies
conditions (5.11), and a non—-empty set U be given by (4.18). Then there exists
a solution of problem (4.19).

It is obvious that in the considered case the optimization problem consists in
finding the shape of internal boundary with which the elastic body has minimal
weight (volume) and the constraint on strength is satisfied.
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