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A shape optimization problem of an elastic body being in contact
with a rigid foundation is considered. The contact with given friction
occurs at a portion of the boundary of the body. The problem
consists in finding, in the contact region, the boundary of the domain
occupied by the body in such a way that the normal contact stress
is minimized. It is assumed that the volume of the body is constant.
A dual variational method, where the function satisfying the state
inequality and its gradient are selected as independent variables,
is employed to solve this problem. Taking into account this dual
approach ,the necessary optimality condition is formulated using the
material derivative method. Numerical examples are provided.

1. Introduction

This paper is concerned with formulation of a necessary optimality condition
for a shape optimization problem of an elastic body in unilateral contact with
a rigid foundation as well as with numerical solution of this shape optimization
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problem. It is assumed that the contact with given friction [4,6,8,13] occurs at a
portion of the boundary of the body. The equlibrium state of this contact prob-
lem is described by an elliptic variational inequality of the second order. The
existence, uniqueness and regularity of solutions to this variational inequality
were investigated in [4,6,8,13].

The shape optimization problem for the elastic body in contact consists in
finding, in a contact region, such shape of the boundary of the domain occupied
by the body that the normal contact stress is minimized. It is assumed that the
volume of the body is constant.

Shape optimization of contact problems was considered, for instance in
[6,7,11], where necessary optimality conditions were formulated and convergence
of finite-dimensional approximation was shown. In literature this problem was
solved by use of variational methods where the function satisfying the state
inequality was selected as the state variable only. -

Numerical experiments reported, e.g. in [10], indicate that we can solve
numerically the elliptic problem more accurately using the decomposition ap-
proach. In this approach, based on Hellinger-Reissner variational principle [3],
the function satisfying the state inequality and its gradient are chosen as inde-
pendent variables.

In this paper we shall study this shape optimization problem for an elastic
body in unilateral contact employing this dual variational approach. Taking
into account this approach and using material derivative method [14] as well as
the results of differentiability of solutions to the variational inequality [11,12]
we calculate the directional derivative of the cost functional and we formulate
necessary optimality condition for this problem. Note that in this paper we
employ a different dual formulation of the contact problem than the one em-
ployed in [11]. The shape optimization problem for a punch pushed in a rigid
foundation was solved numerically. Finite element method [3,8] was used as
discretization method. Uzawa’s algorithm [8] combined with SOR. algorithm
[8] were used to solve the state system. Shifted penalty function method com-
bined with conjugate gradient method [6] were used as optimization method.
Numerical examples are provided.

We shall use the following notation :

QCR? is bounded domain with Lipschitz continuous boundary T
L*(Q) is the space of square integrable functions with
inner product given by :
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(v.2) = Jqy(z)2(z)dz

HY(Q) is a Sobolev space of order 1 [1]

HY(T) is the space of traces of functions from the space
H'(Q) on the boundary T [1]

H~2(T) is the space dual to HY/%(T) [1]

n = (n1,ny) is the unit outward versor to the boundary I'

z = (z1,22) € R%, kg = Our/Ox1, yiy; = 0% /0zi0zj, k1,5 = 1,2. y =
(v1,92), Vy = (4, 92), & = col(ys,1,¥i,2) &= 1,2 is a gradient of function y
with respect to x, divy = y; 1+¥3,2, *u (*A ) is a transpose of a vector u (matrix
A). We shall use the summation convention over repeated indices [3,4,8].

2. Contact problem formulation

Consider deformations of an elastic body occupying domain Q = Q(v) C R?
depending on a function v. Domain 2(v) has the following geometrical structure

Q=0(v) = {(z1,23) ER*:0< 2y <a, 0<v(z;)<zy<b} (2.1)

where a and b are given positive constants. The boundary I' of domain
is Lipschitz continuous. The body is subjected to body forces f = (fi, f2).
Moreover, surface tractions p = (pi, pz) are applied to a portion I'y of the
boundary I'. We assume that the contact conditions are prescribed on the
portion I's = I's(v) of the boundary I'. Moreover I';NT; =0,i# 5,4, =0,1,2,
I'=TouUl'y Ul

We denote by u = (u;,us) the displacement of the body and by ¢ =
{oij(u(x))},i,7 = 1,2, the stress field in the body. We shall consider elastic
bodies obeying Hook’s law [3,8,13] : ‘

oij(z) = cijri(z)er(u(z)) = €Q (2:2)

i,j,k,1 =1,2. We use here the summation convention over repeated indices [8].
The strain ey = exi(u), k,1 = 1,2, is defined by :

1
ex = E(uk,f + up k) (2.3)

cijei(z), 1,4, k,1 = 1,2 are components of Hook’s tensor. It is assumed that
elasticity coefficients ¢;jz; satisfy usual symmetry and ellipticity conditions [3,8].
In an equlibrium state a stress field o satisfies the system [3,6,8,13] :
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0ij(z); = —fi(z), z€Q i,j=1,2 (2.4)
where o;j(z),; = Ooij(z)/0z;, i,j = 1,2. The following boundary conditions
are given :

ui(z)=0 onlgi=1,2 (2.5)

i.e.,the body is clamped along the boundary I'y. The surface traction p applied
on I'; produces on T'; the stress satisfying :

oij(z)nj =p;onT14,j=1,2 (2.6)

We shall consider deformation of an elastic body in contact with a rigid foun-
dation along the boundary I'y :

uy <0, 0oy <0, uyoy =0o0n I’y (2.7)

We assume that unknown apriori contact region is inside a prescribed area. We
shall consider contact problem on T'; with a prescribed friction, i.e.[8,12] :

orur+ |ur |=0, [or [<1onT, (2.8)
Here we denote :

un = uin; on = oj;nin; 1,5 =1,2 (2.9)

(ur)i = ui —unn; (on)i =oijnj —onn; 1,5 =1,2 (2.10)

Taking into account (2.2)-(2.4) we obtain that for given body forces f =
(f1, f2) and surface tractions p = (p1,p2) the displacement u = (uy, us) satisfies
in Q the system of equations [9,12] :

[eijrr(2)em(u(z)]; = —fi z€Q (2.11)

Moreover, the displacement u and its derivatives satisfy boundary conditions
(2.5)-(2.8).

We shall consider problem (2.11) with boundary conditions (2.5)-(2.8) in
variational form. Let f € [L%(R)]? and p € [H~Y/%(T'1)]?. Let us introduce :

F={ze[H(Q)]?® : z=00nTy,i=1,2} (2.12)
K={z€F : zin; <0onTy,i=1,2} (2.13)

By a(.,.) : F x F — R we denote the bilinear form given by :
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a(u,v) =fcijkrue,jvk,:dz (2.14)
Q

By I(.) : F — R we denote the linear form :

I(v) = fﬂ fude+ fr puds (2.15)

By j(.): F — R we denote the nondifferentiable functional :

i(v) = -/I‘ | vr | ds (2.16)

The system (2.13) with boundary conditions (2.5)-(2.8) can be written in an
equivalent variational form [3,4,8,13] :

Find an element u € K such that :
a(u,v—u)+j(v) —j(u) > l(v—u)Vv € K (2.17)

It was shown in [4,8] that problem (2.17) has a unique solution. Moreover,
problem (2.17) is equivalent to the following optimization problem [3,8] :

Find an element u € K minimizing the cost functional :

1 '
J(v) = §a(v,v) —(v)+3j(v) (2.18)
over the set K.

Our goal is to consider problem (2.17) or (2.18) in the mixed formulation,
convenient for numerical computation [9,10]. In order to do it we introduce the
derivative of the function u as new independent variable. We use this variable to
formulate a dual optimization problem to the problem (2.18). Let us introduce
the following spaces :

S =S(Q) = {o;; € [LAQ)* : 05 =055 1,5 = 1,2}
Q=Q(Q) ={ceSs : dive € [L}(Q)]*}

Z=2Q)={c€Q :dive=finQ, oyjnj =p;onTy (2.19)
[or |<1 on <0o0n Ty}
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Note, that on € H™/2(T'y) as well as o € H~/%T3) [5,13]. on < 0 denotes
that (on,v) < 0 for all v > 0, v € H~Y/3(T;). | o7 |< 1 on T'y denotes that
restriction of o1 on T’y belongs to (L®(I'2))? and | o7 [< 1, ae. on T'; [4,12].

Recall from [9] that the dual optimization problem to the problem (2.18)
has the following form :

Find ¢ € Z minimizing the cost functional :
1

I(r)= 3 ] bijriTij Tiidz (2.20)
2 Ja

over the set Z given by (2.19) .

where bijki,1,j,k, 0 = 1,2 are the compliance coefficients satisfying usual sym-
metry and ellipticity conditions [4,5,13]. In order to formulate necessary op-
timality condition for problem (2.20) we introduce Lagrange multiplier ¢ € K
corresponding to the constraints (2.19). The necessary optimality condition
to the problem (2.20) is equivalent to the conditions for a saddle point of a
Lagrangian L of this problem [3,4,8]. The Lagrangian L is defined by :

L(.,,.) : @ xK—R

L(T, q) = 1/2 fﬂ bijklfijfk!dz -+ fﬂ. T,-J-e;,.;(q)da: — fﬂ fqdz
— Jr, pads — [p, Trards (2.21)

Note that the Lagrange multiplier cicorresponds to the displacement field [3,4,8].
The necessary optimality condition for the problem (2.20) can be written in
the form [9] :

Find (o, q) € Q x K satisfying :

fbijuﬂ'i_ffudt-i-/ Tijeki(‘I)dx“/ rrgrds =0 Vri; € Q (2.22)
o 0

Iy

/o,‘_fem(n)dr—ffndn:/ pqu-—] ornrds > 0Vn e K (2.23)
n 193 r,

]

Note that since there exists solution, to the primal problem (2.18) it follows
that the set Z is nonempty convex set in Q [8]. Moreover the cost functional
(2.20) is strongly convex. It implies existence of a unique solution to the dual
optimization problem (2.20).
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3. Formulation of the shape optimization prob-
lem

Let 2 C R? be a domain such that for all v : Q(v) C Q. Let M be a set :
M={pe[H D) : 6<00n R, || ¢llm@< 1} (3.1)

We shall consider domains Q(v) depending on a function v from the set Uszqg
defined by :

Usa = {veC“([0,a]) : | £ |<ec1, V21 €[0,q] (3.2)

| g_?f I<czae. in(0,a), [y, dz=cs}

where ¢q,c; and c3 are given positive constants. The set U, is assumed to be
nonempty. C!}([0, a]) [6] denotes the set of Lipschitz continuous functions on
[0,a] having also Lipschitz continuous first derivatives. We shall consider the
following shape optimization problem :

For given function ¢ € M, find function v € Uyg

minimizing the cost functional

J‘;,(ﬂ) z/ ondnds (3.3)
Ta(v)

over the set U;4. o is a normal component of the

stress field o satisfying (2.22)- (2.23).

The cost functional (3.3) approximates normal contact stress on the bound-
ary I's, i.e., original boundary flux cost functional [6]. Since the shape opti-
mization problem with the boundary flux cost functional is difficult to solve
we modify the original cost functional introducing an auxiliary function ¢ [6]
and the form (3.3). The shape optimization problem (3.3) consists in finding
such boundary I';(v) depending on function v that the normal contact stress
is minimized. It is assumed that the volume of the body is constant and the

function v is bounded and has bounded first and second derivatives.
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4. Necessary optimality condition

LEMMA 1 The directional derivative dJy(v; k) of the cost functional (3.3) for
gtven function ¢ € M with respect to v € Uyg at a point v € Uzy in a direction
k € Uaq has the form :

dJg(v;k) = [loijeri(¢ + w) — f(¢ + w)]k(z1)n2ds —
Jo [(Vp(¢ + w) +pV(8 + w))k(21) + p(¢ + w)D]ds + (4.1)
El()‘: u) - EI(O', ¢ + w) a Eﬁ(ay A u)

where
B0 = o ((Frk@0)r - (7 + N*)rwler +
[(Va(k(z1))r — (N + N*)qn]7r + 7rarD}ds (4.2)
Ey(0,7,q) = ‘/r"(béjkicikar + €ij (@) ) k(21 )n2ds (4.3)
dk - -y -
= —mnzg N = D(1 —ny,—n3), N* is a transpose of N (4.4)
1

The stress field A € Q) and the displacement field w € Fy are the solution of the
following adjoint system :

L(bijki)\ijﬂ:f + €ii (¢ + w)ri )dz — / (¢ + w)rds = 0 V7 € Q (4.5)

T'a(v)
f Aijert(m)dz — f Arnrds =0 Vn € Fy (4.6)
a Ta(v)
Fi={2€F:2z=v on B}, B={z €Ty(v):us=v} (4.7)

Proof. The material derivative dJy(v : k) is defined by :
dT(v; k) = lim{Ty(ve) — To(W))/ (48)

where v, = v + tk. Taking into account that the cost functional (3.3) can be
written in the form [4,8] :
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Jo(v) = -/na.-jek;(é)da: —/nfqbdz— -/I.‘l pods — fr‘,(u) ordrds (4.9)

as well as applying the material derivative method [7,11,12,14] to transport
the cost functional J4(v;) into a fixed domain Q(v) and taking into account
the results of -differentiability of solutions to a variational inequality [11,12] to
calculate the limit (4.8) with £ — 0 we obtain (4.1). O

LEMMA 2 There ezists a Lagrange multiplier u € R® such that for all func-
tions k(z1) € Uaq the following condition holds :

dv | dv d®v d%k

: —_—) —)— > 0(4.10

dJy(v; k) +p /r k(z1)nads+ pasgn( d:cl]dzl +p3sgn( d::f)da:? > 0(4.10)
where dJ4(v; k) is given by (4.1) and the function sgn is defined as follows :

sgn(z) =1 for z >0, sgn(z) =0 forz =0, sgn(z) = -1 forz < 0.

Proof of Lemma 2 is standard [2].

5. Numerical results

The discretized optimization problem (3.3) was solved numerically. The
boundary T' of the domain (2.1) is divided into parts T'p, I'; and I'y = I'5(v)
given by :

lo= {z€R?®: 2,=0,a z3€ (v(z1),0)}
= {z€R?®: z;€(0,a) z2=10} (5.1)
Ty= {ze€R?: zy=1vu(n)}

Function v belongs to the set of admissible design parameters U4 given by (3.2).

The conforming finite element method [3,8] was used as an discretization
method of the optimization problem (3.3). The boundary I';(v) was approxi-
mated by a piecewise linear function. The domain (5.1) was divided into tri-
angles satisfying usual requirements concerning the mutual positions of two
triangles [8]. The sets Q, Z, K were approximated by the sets of piecewise linear
functions using superelement technique [3,8]. Since the considered optimization
problem (3.3) with (5.1) is symmetric with respect to the line z; = a/2 in the
computation one half of the domain Q was used only.
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Uzawa’s method combined with SOR method [8] were used to solve the dis-
cretized systems (2.22), (2.23) and (4.5), (4.6). The conjugate gradient method
combined with shifted penalty function method [2,5,7] were used to solve the
discretized optimization problem (3.3).

The numerical data are as follows: a=8b=1, f=0p; = 0 p, = —5.6108,
¢=1,0nQ D Q(v) for all v.

The results are presented in Table 1, where the initial shape S; as well
optimal shape S, of one half of the contact boundary I'; are given. The point
1 = 4.0 corresponds to the middle point of the contact boundary. For the
body with initial shape boundary S; the normal contact stress has its peak in
the middle of the contact boundary. For the body with optimal shape boundary
S, the normal contact stress is almost constant and shows very mild increase
while approaching the middle point of the contact boundary.

The speed of the proposed algorithm is very slow. The speed of the algorithm
depends on a proper choice of parameter values in Uzawa’s and SOR, algorithms
as well as on accuracy of calculation of the Lagrange multipliers.

z; | 00 | 05 | 1.0 [ 15 ] 20 | 25 | 3.0 | 3.5 | 4.0
S: [ 0.12 | 0.10 | 0.08 | 0.06 | 0.04 | 0.02 | 0.01 | 0.00 | 0.00
S, [ 0.12 | 0.08 | 0.04 | 0.01 | 0.00 | 0.00 | 0.03 | 0.06 | 0.08

Table 1. Initial and optimal shapes of the contact boundary.

References

[1] ADAMS R.A.: Sobolev Spaces. Academic Press, New York 1975.
[2] CEA J.: Optimisation. Theorie et Algorithmes. Dunod, Paris 1971.

[3] CIARLET Ph.: The Finite Element Method for Elliptic Problems. North-
Holland, Amsterdam 1978.

[4] DUVAUT G., LIONS J.L.: Les inequations en mecanique et en physique.
Dunod, Paris 1972.




Shape optimizati of tact probl 231

[5] FINDEISEN W., SZYMANOWSKI J., WIERZBICKI A.: Computational
methods of optimization(in Polish). Polish Scientific Publisher, Warsaw
1977.

[6] HASLINGER J., NEITTAANMAKI P.: Finite Element Approximation for
Optimal Shape Design. Theory and Applications. J.Wiley and Sons 1988.

[7] HAUG EJ., CHOI K.K., KOMKOV V.: Design Sensitivity Analysis of
Structural Systems. Academic Press 1986.

[8] HLAVACEK I., HASLINGER J., NECAS J., LOVISEK J.: Solving of
variational inequalities in mechanics(in Russian). Mir, Moscow 1986.

[9] MYSLINSKI A.: Shape optimal design of contact problems using a mixed
variational approach. Second World Congress of Computational Mechanics,
Extended Abstracts 2(1990) 738 - 741.

[10] RODRIGUES H.: Shape optimal design of elastic bodies using a mixed
variational formulation.Computer Methods in Applied Mechanics and En-
gineering 69(1988) 29 - 44.

[11] SOKOLOWSKI J., ZOLESIO J.P.: Shape sensitivity analysis of contact
problem with prescribed friction. Nonlinear Analysis, Theory, Methods and
Applications 12 (1988) 1399 - 1411.

[12] SOKOLOWSKI J.: Sensitivity analysis of contact problems with prescribed
friction. Applied Mathematics and Optimization 18(1988) 99 - 117.

[13] TELEGA J.: Variational methods in contact problems of mechanics(in
Russian). Advances of Mechanics 10 (1987) 3 - 95.

[14] ZOLESIO J.P.: The material derivative (or speed) method for shape op-
timization. In : Optimization of distributed parameter systems, E.J.Haug
and J.Cea eds, NATO Advanced Study Institut Series, Serie E, Sijthoff and
Noordhoff, Alphen aan den Rijn, Amsterdam, 49(1981) 1089 - 1151.







