Control
and Cybernetics

VOL. 20 (1991) No. 1

Communication games.

by
G. Pederzoli

Institute of Informatics
University of Trento
Italy

The paper considers the class of n—person games with side pay-
ments in which cooperation among palyers is communication-wise
limited through imposition of certain graph structures. It is shown
that there is a unique allocation rule, both efficient and fair, essen-
tially given by the Shapley value of a restricted game. Moreover, if
the game is superadditive then the allocation rule is stable.

Introduction

In the analysis of n—person games with side payments it is often assumed that all
players will cooperate with each other and therefore the formation of the grand
coalition is taken for granted. This of course is not the case in many practical
situations where only partial cooperation may be sought by some of the players.
In several cicumstances this may be due to a lack of communication among
several participants. These situations were first considered by Myerson [7] who
studied in particular the problem of how the reward (or the cost) resulting from
the corresponding games should depend on which players cooperate with each
other. As far as this article is concerned, the method of research has been to
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impose various communication graphs on groups of players in order to describe
the communication properties and the economic possibilities, By borrowing
from the theory of cooperative games with coalition structures as established
by Aumann and Dréze [1], a unique allocation rule which is both efficient and
fair can be derived and shown to be essentially given by Shapley value of a
restricted game. Furthermore, it turns out that if the game is superadditive,
then the proposed allocation rule is stable, that is to say two players can always
benefit from reaching bilateral agreements.

A more general problem dealing with conference structures and fair alloca-
tion rules has been investigated by Myerson [8]. His contribution extends the
results of this paper to games without side payments and generalizes the fair
allocation rule discussed here.

Most of the definitions and results pertaining to the n—person cooperative
games with transferable utility are available in [9], and for mathematical models
in social sciences a standard reference is the book of Kemeny and Snell [5].

1. Communication graphs

Let N = {1,2,...,n} be a non-empty finite set, referred to as the set of play-
ers. An indirect graph A on N is a subset of unordered (and unegual) pairs
of elements in N: we will call these pairs arcs. If {z,j} € A, then the inter-
pretation is that the players i and j can communicate directly with each other.
Furthermore, i and j can communicate in IV if there exists a chain of arcs in A
of the form {4,142}, {42,143}, {i3,44}, ..., {ik—1,%} with i = ¢; and j = 1. We
say that ¢ and j are connected in N with respect to A if either i = j or 7 and
j can communicate in N. Graphs of this nature will be termed communication
graphs. It is obvious that the number of distinct communication graphs on N
is equal to 2n(n=1)/2,
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Example 1 Let N = {1,2,3}. Then the eight possible communication graphs
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Recall that a collection {Cy,Cs,...,Ci} of subsets of N is said to be a
partition for N if

JCi=N and CinCj=0 forall i,j€EN, i#j.

=1

A variety of problems related to communication networks have been inves-
tigated by Cohen [2]. In particular, the notion of structural centrality has been
considered by MacKenzié [6], and for a game theoretic approach the reader can
consult the work of Grofman and Owen [3].

Any subset of N is called a coalition and denoted by S. Such a set is said to
be connected if each pair in S is connected in N. § is called a component of N
if it is connected and if for all connected sets T with T'D S we have T'= S.

The components of N form a partition of N and will be denoted by N/A.
One can speak of communication within the coalition S provided only chains
as before are used with iy, iz,...,7x € S. We will write S/A to indicate the
components in S with respect to the communication within S. In other words,
S/ A can be interpreted as the collection of smaller coalitions into which S would
break up if players could only communicate along the arcs in A. For more on
coalition formation, see Shenoy [11].

Example 2 Let N = {1,2,3,4,5,6} and suppose that the arc set is A =
{{1,2},{1,3},{1,4},{3,4},{5,6}}. Then the communication graph is repre-
sented by
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Now consider the coalitions L = {2,3,4} and M = {5,6}. Then L/A =
{{2},{8,4}} and M/A = {{5,6}}. Furthermore, N/A = {{1,2,3,4},{5,6}}.
Note that L is connected in N but not within L.

Remark 1 For a communication graph, the partition N/A is the natural way
to describe the coalition structure. In fact, although two players may not have
a direct communication between themselves, they can still communicate through
an agreeable mutual third party.

2. Communication games

Let < N,v > be a cooperative game in characteristic function form. Then v
maps each coalition S € 2V into the real number v(S) to be interpreted as the
reward the numbers of S would have to divide among themselves if they were

to communicate with each other directly or indirectly.

Definition 2.1 The communication game corresponding to the situation de-

scribed above is < N,vq > where for all S € 2V, the characteristic function
is

val®) = 3 o).

TeS/A

Note that v4({¢}) = v(i) for any arc set A for all i € N. Also, va(S) = v(S) if
v is additive, v4(S) < v(S) if v is superadditive, and v4(S) = v(S) when S is
connected. This implies that v4 can be viewed as the characteristic function of
the game where the players are restricted to communicate only along the arcs
in A.
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Example 1 Let < N,v > be the 5-person game with v(N) = 5, v(2,3,4,5) =
2, v(1,2,3) = 2 and v(S) = 0 otherwise. If A = {{2,3},{3,5},{4,5}} then the
communication graph is

1'e 4

and for corresponding communication game < N,vy >

va(N) = v(2,3,4,5)+v(l) = 2
vA({21 3:4:5}) = U(2:314:5) = 2
va(S) = 0 for all other coalitions.

Example 2 For the communication situation of Ezample 2 in Section 1, sup-
pose that v(S) = |S| —1 for all S € 2V \ {0}. Then the corresponding commu-
nication game is defined by

va(l) = va({2,3,4}) = v(2)+v(3,4) = 1
va(M) = wva({5,6}) = v(5,6) = 1
1"1‘1({3!4:5:6}) == ‘UA(3,4)+‘U(5,6) = 2

and so on. In particular
va(N)=v(1,2,3,4)+v(5,6)=3+1=4
i.e. less then v(N) = 5.
Let G™ denote the class of all n—person games.

Definition 2.2 For each T € 2V \ {0} the T-unaminity game < N,ur > is
defined by

HT(S):{ 1 if TCS

0  olherwise
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(In particular, for the N—unanimity game, un(S) = 0if S # N and uy(N) =
1). Let us point out that this game has only one sensible solution: only (and
all) the players in T' contribute something to a coalition, while the others do
not. Furthermore, the players in T' are undistinguishable. Hence, each of the
members in T' should receive the amount l%r and the other players nothing,
which is how much they are capable of obtaining by acting on their own.

To show that G" is a (2" — 1)-dimensional linear space, is enough to prove
that the set {ur|T € 2V \ {0}} is a basis for G™. In fact, this set of games is a
linearly independent set. Also, each game v € G™ can be written as

v= 2 crur where cp = Z (_1)1Tl-|5|v(5)_
TeaN\{0} 5:5cT

We recall that core of a T—unaminity game <N ,up > is given by the set
C(ur) = conv{e'|i € T}, i.e. the convex hull generated by the vectors e

Finally, players i and 'j are said to be symmetric in a game < N,v > if
v(SU{i}) =v(SU{j}) for all S € N\ {i,7}. Now, it is not difficult to verify
that in a T—unaminity game, players ¢,j € T' are symmetric and so are players
i,jEN\T. '

Consider now a communication situation with N players and arc set A fixed.
Let L4:G™ — G" be the map defined by L4(v) = v4. Then it is easy to see that
L, is linear. In fact, for v,w € G™ and A\, p € R, La(Av + pw) = (Av + pw)4

and since by definition,

Qo+ pw)a(S) = Y Qo+ pw)(T)

TeS/A

A Z o(T)+p E w(T)

TeS/A TeS/A
= Mva(S) + pwa(S)

for all S € 2V, it follows that L4 (Av + pw) = dvg + pwa = ALa(v) + pL 4 (w).
Suppose now that v is superadditive. Then by defonition,

U(S1 USQ) > ‘U[Sl) e ’U(S;g) for 51,59; € 2N,S1 NSy =10
and

LA(v)(S1) + LA(v)(Sg) = UA(SI) + ‘UA(Sz)
= > oM+ Y oM< Y. o) =v(S1US,)

TES 1A TESafA TESUSa /A
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shows that also v4 is superadditive. In particular, if v is additive, that is
v(51 U S3) = v(S)) + v(S2) for all S, 8, € 2V with S§; NS, = @, then

L@ = ¥ o= Y T =Y o) = o)
Tes/A TeS/Ai€T ies
and therefore L4 (v) = v.
Finally, for the T-unanimity communication game < N, (ur)4 > one can
prove that

1 if there is a connected set K suchthat TC K C S
0 otherwise

(ur)a(S) = {

3. The Shapley value

Let ®(v) = (®1(v), ®2(v),...,®n(v)) be an imputation of the game in charac-
teristic function form < N,v >. To turn this vector in R"™ into a solution for
the game, Shapley [10] has imposed four axioms which read as follows.

Axiom 1 (Symmetry) If m: N — N is a permutalion of the player set and if
the characteristic function w is defined on N by w(S) = v(xS). Then for all
i€ N: @,(‘w) = @,‘.(‘-)(1}).

This condition states that the value assigned to a player is independent of the
labelling. In particular, it implies that in a symmetric game, all players are
assigned equal value.

n
Axiom 2 (Efficiency) Zfbg(v) = v(N).

=1
This condition, known as Pareto optimality or group rationality, ensures that
the value ®(v) is indeed an imputation for the game.

Axiom 3 (Dummy Property) Ifv(S—{i}) = v(S) forall S, then &;(v) = 0.

In other words, if a player adds nothing to any coalition, then his value is zero,
and such a player is called a dummy.

Axiom 4 (Additivity) Ifv and v/ are two characteristic functions defined on
the same set of players N as w = v + v’ is the characieristic function on N,
then ®(w) = ®(v) + ®(v').
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It is easy to see that the function defined by (v + v')(S) = v(S) + /(S) for all
S € 2V is also a characteristic function defined on 2¥. Furthermore, if a player
participates simultaneously in {wo games, then one can think of him as taking
part in a single game with characteristic function v + v’ and expecting to gain
the sum of the rewards for the two separate games. On the other hand, it is
hard to imagine that a player taking part in the game v + v’ will behave as if
he were playing only one of them.

The Shapley value is the unique vector ®(v) which satisfies the axioms above,
and the components of it can be computed aécording to the following formula:

@)= Yo L BRISI= Dl ) uis — i

n!
5:53i
An alternative expression is given by

<I>,»(v) = l U(SJ W 1I"'(S i {3}) ]
N 55 (lgi_—ll)

Here, as in the previous formula, the quantity v(S) — v(S — {i}) represents
the contribution made to the coalition S — {i} by the new joining member i.
One plausible interpretation goes as follows. Suppose that the grand coalition is
formed gradually (i.e. by one player at the time) and randomly (i.e. according
to a device for which each player has the same probability % of being selected).
Then the Shapley value can be viewed as the expected value of the marginal
contribution made by a player to the coalition already formed before him. On
the other hand, note that for each S, the number (n — |S|)!(|S| — 1)! gives the
number of permutations of N in which elements of S — {i} come first (in some
order), then i, and finally the rest of the elements (in some order) join in.

Examples 1a. The Shapley value for an additive game is equal to

&(v) = (v(1),(2), ..., v(n)).

1b. For a 2-person game, the Shapley value is given by ®(v) = (®1(v), ®2(v))
where

B1(v) = o(1) 4+ v_(ﬂ)ﬂzl)-_v(zl and ®5(v) = v(2) + ﬂﬁuﬂzﬂﬂ

lc. Let < N,v > be the 3-person game with v(0) = 0, v(1) = 4, v(2) =
6, v(3) =3, v(1,2) =12, v(1,3) = 14, v(2,3) = 16, and v(1,2,3) = 20.
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The the Shapley solution for the first player is

1 - v - v =1 v =1
8 i) s E["m(g)m* L) 4 080 | 1231 (z.a)]
1[, 12-6  14—3 11
= 5[4+T+T+(2°-16)] =7

and analogous calculation lead to ®3(v) = 32, ®3(v) = 7 for the second
and the third player respectively.

Lemma 3.1 Let < N,v > be an n-personal game with the property that v(S) =
0if1¢S or2¢S. Then @,(v) = @a(v).

PROOF:
aw) = 3 BB Doy 1) - (s
S5:5%1
= Y ASASU{I) —v(S)]+ Y 1S (S uU{1})-v(S)]
= 0+ >, wSn)l(Su{1})]
= Y ASn)(su{2})
= Y ASn)(Su{2}) —v(S)]+ Y 1Sn)(SU{2}) - v(S)]
= @g(‘u).

Lemma 3.2 For any game < N,v >, ®(—v) = ®(v).

PROOF:
&) = 3 'S“("‘JS"1)![-v(§u,{:‘})+v(5)]
S:S¥i
= -y BB Ds ) - o)
S:5%i
®;(v)
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We return now to communication situation and the corresponding commu-
nication games. To see how the outcomes of a communication game depend on
the cooperation structure, consider the next

Example 2 Let < N,v > be the 3-person game where V(1) = 1, V(2) =
V(i3) =0, V(1,2) =2, V(1,3) =4, V(2,3) =8, V(1,2,3) = 13. The eight
possible communication graphs are of course those listed in Ezample 1 of the
Section 1. Note that v4({1}) = 1 and v4({2}) = va({3}) = 0 for all A. The
other values of the characleristic functions for the corresponding communication
games are reported in the table below for |S| > 2 together with the Shapley
value ®(v4). Observe that for the originall game the Shapley value was ®(v) =

353
A va({1,2}) va({1,3}) va({2,3}) wa({1,2,3}) ®(va)

0 1 1 0 1 (1,0,0)

{{1,2}} 2 1 0 2 (3,1,0)
{{1,3}} 1 4 0 4 (2,0,%)
{{2,3}} 1 1 8 9 (1,4,4)
{{1,2},{1,3}} 2 4 0 13 (47,12 28y
{{1,2},{2,3}} 2 1 8 13 (%,lgl,s)
{{1,3},{2,3}} 1 4 8 13 (47,18 38
{{1,2},{1,3},{2,3}} 2 4 8 13 3,2,4)

The bargaining solutions proposed by Harsanyi [4] for n—person games are
a generalization of the Shapley value for games without side payments.

4. Coalition Structures

In cooperative games with n players the grand coalition does not necessarily
form. When only smaller coalitions may form, it seems reasonable to consider
the problem of how the outcome of a game should depend on which players
communicate with each other. When for some reason the player set splits up
into disjoint groups Ci,Cy,...,Cy which represent a partition of N, we speak
of a coalition structure C = {C},C5,...,Cr}. Games with coalition structure
have been studied by Aumann and Dréze [1] as well as by Wallmeier [13].

Example 1 Let < N,V > be the 3-person (additive) game with v(S) = 0 if
|S] = 1, v(S) = 100 if |S| = 2, v(N) = 120. Ezperience shows that in playing
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such a game, often a 2-person coalition may form, each player taking half of
100. This corresponds to one of the 8 coalition structures C; = {{1},{2,3}},
C> = {{2},{1,3}} and Cs = {{3}, {1,2}}.

Example 2 Conééd_er the T-unanimity game up. In playing this sort of game
often T will form and the members of this coalition will then divide the gain
of 1 in some acceptable way. This corresponds to the coalition structure C =

{7, {t}iemr}-

Remarks When the grand coalition forms, the corresponding coalition struc-
ture is the trivial one where C = {N}. Note also that for a game with n players,
the number of distinct coalition structures is 2"~1 — 1.

For a game < N,v > with coalition structure C, the pre-imputations are
payoff configurations (w.r.t. C) £ € ®" such that )", - z; = v(C) for all C € C.
The set I*(v,C) of all such pre-imputations is (n — |C|)-dimensional, and the
elements if I* (v, C) are said to be C—efficient. '

The imputation set and the core, with respect to the coalition structure C
are defined by

I(v,C) :={z € I*(v,C) | z; > v(¢) forall i€ N}
and
C(v,C) := {z € I"(v,C) | 2(S) > v(S) forall Se2V}.

Both of them are convex and compact sets, and they can be empty.
Moreover, for a game < N,v > with coalition structure C, z € I(v,C)
dominates y € I(v,C) via coalition S if

T >y forall i€S and z(.S') < v(8).
and therefore the D—core w.r.t. C is given by

D C (v,C) := {z € i(v,C)|z is undominated by the elements of I(v,C)}.
Also, a stable set M w.r.t C in < N,v > is a subset of I(v,C) such that

MnNdom(M)=0 and MUdom(M):I(v,C).
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Examples For the game of Ezample 1, it is easy to see that (50,50,0) €
I(v,C3) and that C(v,Cx) =0 for k = 1,2,3. Note that also C(v) = 0. For the
coalition structure of Ezample 2, we have
C(v,€) =I(v,C) = {z € R | 2(N \T) =0, Y zv(T)}.
i€T

Let N = {1,2,3} and suppose that the coalition structure is given by the partition
C = {{1,2}, {8}}. If the characteristic function is vs: G> — R with v,(S) = 0 if
1S] =1, va(1,2) =3, va(1,3) = v4(2,3) = a, va(N) =4 where a € [0,4], then

I*{9,,C) = {teR® | 214 22=3,23=0}

I{(ve,C) = {z€R|2;>0,21+ 23 =3,23 =0}
conv{(0, 3,0),(3,0,0)}
C(vq,C) = {:E?Ra|.'r:,-20,:3:0,z1+32=3,31+z323,

z2+z3>a, 21+ 22+ 2324}
= {z€R® |2 20,23=0,z1+22=3,21>a,22 > q,
z1+2224,}
= 0.
Remark Coalition structure need not be resiricted to suppéradditive games.
Take for instance < N,v > to be the non-superadditive j-person game with
v(1,2) = v(3,4) = 3, v(1,3) = 1, v(N) = 5 and v(S) = 0 for the other coali-
tions. If the coalitional structure is C = {{1,2},{3,4}} then
I'v,€) = {z€R*|z1+22=38,23+z4=3}
I(v,C) = {xE?Ri | 214+ 22 = 3,23+ z4 = 3}
conv{(g’ 0’ 3’ 0)’ (0! 31 3’ 0)’ (3l {]l 0’ 3)’ (ol 3! 0’ 3)}
C(v’c) = conv{(S’O!SQOJ!(O‘ 313!0)’(31010’3)’(1’21[]!3)’ (0l331)2)}'

Recall that the reasonable set R(v) for a game < N, v > is defined by
R(v): = {z € R" | v(i) < 2: < max (v(S) — v(S\ {i}))}-

Obviously, C(v) C R(v) and therefore the reasonable set can be thought of as
a “ core catcher ”. For games with coalition structures we have a similar result,
namely
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Lemma 4.1 The core C(v,C) is a subset of the reasonable set R(v).

ProorF: If z € C(v,C) then z; > v(i) for all i € N. Suppose that S € C with
i€ S. Then

zi + (S — i) = v(S)

and hence
z; = v(S)—=z(S—1i)
< w(S)—=z(S—1)
< max(u(S) - S\ {i))
ie. C(v,C) \ R(v). |

A one—point solution for games with coaliton structures, which generalizes
the Shapley value, is described in the next theorem due to Aummann and Dreéze

[1].

Theorem 4.2 Let N = {1,2,...,n} and C = {C1,C»,...,Cy} be a partition
of the player set. Then there exists a unique function f:G™ — R™ with the
following four properties:

(i) Additivity: f(v + w) = f(v) + f(w) for all v,w € G"
(ii)) Dummy property: fi(v) = v(i) for allv € G™ and all dummy players i
(i11) C—efficiency: Zf,-(v) =v(C) for allC€C and v € G"
ieC
(iv) C-anonimity: f(v?) = o*(f(v)) for all v € G" and all permutations
o:N — N with o(C) = C for all C €C.

The function ®€ is defined by ¢ (v) = ®;(v|2¢) fori e C,C €C, v €
G™, where v|2°, C € C denotes the game with player set C and where the
characteristic function is the restriction of v to 2€.

PROOF: (a) First we show that &€ has the required properties. For the addi-
tivity, note that if i € C' € C, then

(v+w) = B(v+w|2°) = &;(v|2° +w|2°)
8,(0]2%) + Bi(w]2°) = (v) + € (w)

Il

where the third equality follows from the additivity of the Shapley value. For the
dummy property, it is obvious that if ¢ € C' € C is a dummy player in < N,v >
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then the same holds in < C,v|2° > and therefore ®¢(v) = ®;(v|2€) = 0 by the
dummy property of ®. The efficiency of ®; implies the C—efficiency of ®°, i.e.

DB (v) = ) 8i(v]2°) = (v[2°)(C) = v(C).

ieC i€eC
From the anonimity property of the Shapley value, ®(v?) = o*(®(v)) it follows
that ®¢(v?) = 0*®°(v), i.e. the C—anonimity of &°.
(b) Now suppose that f:G™ — R" satisfies the property (i)-(iv). Let v € G™.
We have to show that if i € C € C, then

f(0) = 8°() or £i(v) = Bi(o]2°).

From Section 2 we know that a game v € G™ can be written as a linear com-
bination v = )4 crur of unanimity games where the summation is taken over
all coalitions @ # T C C. Then by additivity, f(v) = Sor f(erur). Now
C—anonimity implies that for i, e CNT

filerur) = fj(crur)

and the dummy property yields f;(crur) =) when i € T. From the C—efficiency
it follows that

if T'
Y filerur) = erur(C) = { o ein
. 0  otherwise
ieC
and thus
| ) are e
b7 l(cTuT) = { 0 otherwise.

from which we can write
fi(v) = Zfi(CT‘UT) = E IT| erel if i€C.
T TTCC

But this implies that f;(v) = ®;(v|2€) because from v = Y5 5 cruT it follows
that

v|2€ = Z crul|2¢ = z eru”.

TCN TCC
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5. Allocation rules

Let CS™ denote the set of n—person communication situations. An allocation
rule is a map F:CS™ — R" which assigns to a communication situation (v, A)
a payoff vector F(v,A). For instance, the map F:CS™ — R" which assigns to
a communication situation (v, A) the Shapley value ®(v4) of the corresponding
communication game is an allocation rule. Before characterizing such a rule
some definitions will be given.

Definition 5.1 An allocation rule F:CS™ — R" is called efficient if for all
(v,A) € CS™ and all C € N/A,

E F;(v, A) = v(C).

i€C
This condition states that, if C is a connected component of N/A, then the
members of C' ought to allocate to themselves the total reward v(C) available
to them. Note that the allocation within a connected coalition C still depends
on the actual graph.

Example 1 An allocation rule might assign a higher payoff to player 1 in Ay =
{{1,2},{1,3},{1,4}} then in Ay = {{1,2},{2,3}, {3,4}} because his position is
more crutial in communicating with other players in the former arc set. In each

case, however, the above condition requires that

4 4

Y Fi(v, A1) = ) Fi(v, 4) = v(1,2,3,4).
i=1 i=1

Efficiency of F means that for (v, A) € CS™, the vector F(v4) is a C—efficient

payoff vector for v, where C is the partition N/A of N. The notion of C—efficiency

was discussed in Section 4.

Definition 5.2 An allocation rule F:l CS8™ — R" is called fair if for all (v, A) €
CS™ and all {i, j} € A, Fi(v, A)— Fi(v, A\ {i,j}) = Fj(v, A) = F; (v, A\ {3, 5}).

Note that this condition asserts that two players should gain equally from their:
bilateral agreement. Also, fairness of F' implies that if in a communication
situation (v, A) with {i,j} € A the direct communication between i and j is
broken (and this results in the communication situation (v, A \ {4, })), then
both players i and j lose the same amount of reward.

Fair allocation rules in the context of conference structures have been studied
by Myerson [8].
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Example 2 Return to the table of Ezample 2 in Section 3, and suppose that the
allocation rule is the Shapley value ®(va). Then, if the direct communication
between players 2 and 3 is broken, the amounts of lost reward are

11

®2(v, {{1,2},{2,3}}) = @20, {{1.2}}) = &

=5H

LT

and
®3(v, {{1,2},{2,3}}) — @a(v, {{1,2}})=5-0=5

which are the same.
The following result is due to Myerson [7].

Theorem 5.3 (i) There is a unique allocation rule which is efficient and

fair.

(ii) This rule assigns to (v, A) € CS™ the Shapley value ®(v,4) of the commu-.
nication game < N,v4 > corresponding to v and A.

PrOOF: (i) Suppose F! and F? are efficient and fair allocation rules, and let
v € G". We show by induction on |A| that F(v, A) = F?(v, A) for all A. First
of all, note that F1(v,0) = F?(v,0) = (v(1),v(2),...,v(n)). Now take A with
|A] = k > 1 and suppose that F(v, B) = F2(v, B) for all B with |B| < k.
Then, for each pair {i,j} € A, the fairness property implies that

Fl(v,A) — Fl(v,A\ {i,j}) = F} (v, A) — F} (v, A\ {i,j})
and | i |
Fiz(v: A) = F—?(”:'A \ {":J}) = F:iz(va) e sz(”rA\ {3:.7})

By the induction hypothesis we have

-

Fi(v,A\{i,j}) = F¢(v,A\ {i,j}) for ke {i,j}

and therefore F}'(v, A) - F2(v,A) = F}(v, A) = F}(v, A).

Since this holds true for all pairs ,j which can communicate directly i.e. for
{i, 7} € A, the same formula applies for all ¢, j which are connected in N. Hence,
for each component C' € N/A there is an a¢ € R such that foralli € C

Flv,A) — F}(v,A) = ac.
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Next, the efficiency of F! and F? together with the above relation imply that
(Claec = Y (FX(v, 4) = F3(v, 4)) = v(C) —o(C) = 0
ieC
and therefore ac = 0. Thus, F}l(v, A) = F2(v,A) for all i € C i.e. Fl(v,A) =

F2%(v, A) and we have shown that there is at most one allocation rule which is
both efficient and fair.

(ii) To prove the existence of such an allocation rule, let v € G and take an
‘undirect graph A on N, denoted by (N, A). Note that v4 = 2 CeN/A A¢ where
AC € G™ is defined as

A(S):= > o(T) forall Se2V
TeSNC[A
and therefore
w®= Y = (T )= ¥ a%s)
TeS/A CEN/A TeSNC/A CEN/A

where use was made of the fact that elements of S/A lie corﬁpletely in a com-
ponent of N with respect to the arc set A.
Now the additivity property of the Shapley value implies that

®(va)= Y ().

CENJA

Let C € N/A. For the proof of the efficiency property we must show that
Z @;‘(;UA) = v((j'
ieC

First of all, ®;(A€) = 0 for all i € C and C # C because i is a dummy player in
XC if i € C # C. Furthermore, > e ®ilva) = AC(N) in view of the efficiency
and dummy player property of the Shapley value. Hence,

Z@(m Z Z ®;(X°) = A°(N)
ieé CeN/ATeC/A
which combined with

XN = S uT) = Y o) =va(C) = v(C)

TeENNC/A TeC/A
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yields the desired result.
Finally to prove the fairness of the rule, let v € G*, (N, A) with {i,j} € A
and introduce the game w: 2V — R with

wivy — t?_,.;'({",j}.

Since w(S) = 0 for all S with {7, j} ¢ S, Lemma 3.1 implies that ®;(w)—®; (w).
Using the additivity property of ® and Lemma 3.2 we then obtain

®i(va) = ®i(vas(ii)) = ®j(va) — @j(vasgiiy)
and the fairness of this allocation rule is demonstrated. ||

Remark When the communication graph A is complete, then < N,vgy >=
< N,v > and ®(v,) = ®(v).

Example 3 Let N = {1,2,3} and suppose that the characteristic function is
v(1) = v(2) = v(3) =0, v(1,3) = v(2,3) = 6, v(1,2) = v(1,2,3) = 12. Then
the Shapley value is given by ®(v) = (5,5,2), while the nucleolus as well as the
bargaining set select the allocation (6,6,0). The efficient and fair allocation rule
is as follows:

F(0)=(0,0,0), F({1,2})=(6,6,0),

F({1,3})=(3,0,3), F({2,3})=(0,3,3),

F({1,2},{1,8}) = (7,.4,1), F({1,2},{2,3}) =(47,1),
F({1,3},{2,3}) = (3,3,6), F({1,2},{1,3},{2,3}) = (5,5,2).

As pointed out by Myerson [7], the core of the original game is C(v) = (5, 5,2),
which appears to be a rather unstable allocation since players 1 and 2 could
earn 12 units of reward for themselves which ezceeds 5 + 5 = 10 unils as sug-
gested also by the Shapley value. However, when we consider the associated
communicalion graphs, the payoff vector (5,5,2) is part of a fair and efficient
allocation rule. Consequently, if any one of the players were to break either or
both of his communication links, then his fair allocation would decrease. For in-
stance, if both players 1 and 2 were to simultaneously break their communication
links with player 3, then both would benefit, but each would gain even more by

continuing lo communicate with 3 while the other alone broke his communication
with §.
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Definition 5.4 An allocation rﬁ!e.F: CS"—R" is said to be coalition formation
friendly in (v, A) if for all {i,j} € A,

Fi(”:A) 2 F;(U,A\{f,j})-

Tijs [12] has shown that the allocation rule described in. Theorem 5.9 is coalition
formation friendly provided the game < N,v > is superadditive.

References

[1] Aumann R.J., DREZE J.H., Cooperative Games with Coalition Struc-
" tures, International Journal of Game Theory 3, (1974), 217-237.

[2] ConEN A.M., Changing Small Group Communication Networks, Admin-
- istrative Science Quarterly 6, (1962), 443-462.

[3] GroFMaN B., OWEN G., A Game Theoretic Approach to Measuring De-
gree of Centrality in Social Networks, Social Networks 4 (1982), 213-224.

[4] HarsanvI J.C., A simplified Bargaining Model for the n—Person Cooper-
ative Game, International Economic Review, 4, (1963), 194-220.

[6] KEMENY J.G., SNELL J.L., Mathematical Models in Social Sciences, Ginn,
New York, (1962).

[6] MacKENzIE K.D., Structural Centrality in Communication Networks,
Psychometrika 31, (1966), 17-25. ’

[7] MYERsoN R.B., Graphs and Cooperative Games in Games, Mathematics
of Operations Research 2, (1977), 3, 225-229.

[8] MyERrsoN R.B., Conference Structures and Fair Allocation Rules Interna-
tional Journal of Game Theory 9 (1980), 169-182.

[9] OwEN G., Game Theory, Academic Press, New York 1982.

[10] SuaPLEY L.S., A Value for n-Person Games in: Contributions to the The-
ory of Games, Vol. II, H.W. Kuhn and A.W. Tucker, (eds.), Princeton
University Press, (1953), 307-317.

.[1 1] SHENOY P.P., On Coalition Formulation: A Game Theoretical Approach,
International Journal of Game Theory, 8 (1979), 133-164.




86 G. Pederzoli

[12] Tus S.H., Theory of Cooperative Games and its Applications, Mimeo-
graphed Notes, Catholic University, Nijmegen.

[13] WALLMEIER E., Coalition Structures, unpublished manuscript.

Gry z narzucona strukturg porozumiewania

W pracy rozwazono klase gier n—osobowych, z wyplatami pobocznymi, w kto-
rych wspdlpraca miedzy graczami jest ograniczona w sensie porozumiewania
sig przez narzucenie pewnych struktur grafowych. Pokazano, ze istnieje jedyna
regula przydzialu, zaréwno sprawna jak i sprawiedliwa, w zasadzie dana przez
wartos¢ Shapleya ograniczonej gry. Jesli ponadto gra jest superaddytywna,
to regula przydzialu jest stabilna.

HUrpsl c HaBsA3aHHON CTPYKTYpO¥ cOrjiacoBaHUsA

B paBore paccMOTpeH KjIacC MIrp C nN—HrpPOKaM¥, C OONOJHHTEILHBIMHE
BBIMTPHIIIAMH, B KOTOPBIX COTPYAHHYECTBO MEXAY MIPOKaMK OrpaHH4€eHO, B
CMBICTI€é BO3MOXXHOCTH COI'JIACOBaHMS, B pe3yNnbTaTe HaBA3aHHMA HEKOTOPBIX
rpadoBeIX CTPYKTYp. I[loKazaHO, YTO CYIIECTBYET €IWHCTBEHHOE IIPaBMIIO
pacnpefieneHns, Kak appeKTHBHOE TaK M CIIPaBENJINBOE, B IPHHIKAIIE 3a1aH-
Hoe 3HaueHMeM [llermtes orpanuyenHot urpsl. B cnyvae, ecim xpoMe sToro
HMrpa ABISEeTCA CBEPXaJJMTHBHOM, TO NPaBHJIO pacHpefielleHHA SBIAETCS
YCTOMYHMBEIM.




