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In the paper, an analytic solution is presented for the problem 
of calculation off t:2 dt for large dynamic systems with many time 
delays. The system of equations used for determination of unknown 
polynomials C;(s), i = 0, 1, . . . , n is underdetermined. With the use 
of certain symmetry properties this difficulty was overcome and the 
unknowns C; have been uniquely determined by analytic formulae, 
which are noticeable by their simplicity and the lowest pos~ible or
der. The method proposed here gives analytic formulae and solution 
algorithms much simpler than those proposed by Penrose [2]. An ex
ample is given which makes it possible to compare both methods. 
The results obtained may be used to compute optimal regulator set
tings in parametric optimization. 

1 T his work was supported under contract RP.I.02.ASO 2.1/1990. 
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Introduction 

The calculation of the integral squared dynamic error for systems without time 

delay was generally worked out, and the analytic formulae were obtained in 

many papers (Feldbaum 1957), (James, Nichols, Philips 1974), (Newton, Gould,_ 

Kaizer 1957). The analogous problem for the systems with one delay was solved~ 
"in (G6recki H., Popek L. 1982), (Grabowski P. 1983), (Walton K., G6recki H. 

1984). 

The present work is a generalization for the systems with many commensu

rate delays. At the end of the paper some practical examples are given. 

The analytic formula for integral squared error of the system enables estab

lishing of the optimal values of the parameters of controllers. 

1. Statement of the problem 

Let us consider the integral 

(1) 

where c:(t) is the transient error of stable system. By virtue of Parseval's theorem 

the integral (1) can be calculated from the formula 

1 jjoo 
J = 

2
ll. . E(s)E( -s)ds 

J -JOO 

where E(s) de~otes the Laplace transform of c:(t). Let us assume that 

where 

E(s) = B(s) 
A(s) 

A(s) 
Ao(s) 
An(s) 
Ai(s) 
B(s) 

Ao(s) + A1(s)e-sr + ... + An(s)e-nn 

=t 0 
=t 0 
=$ 0 1 < i < n - 1 for at least one "i" 

Bo(s) + B1(s)e-sr + ... + Bn(s)e-nn 

(2) 

(3) 

(4) 

A 0 (s), A1(s), .. . , An(s), Bo(s), B1(s), ... , Bn(s) are polynomials of the operator 

"s" and r > 0 is a real and positive number representing time delay. We 

have made the basic assumption about asymptotic stability of the system. In 
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consequence, all the poles of E( s) or equivalently all .zeroes of A( s) lie in the 

Ieft half of the complex s-plane. This fact is the corner-stone of the presented 

method. 

The substitution of (3) into (2) gives 

J = _1_1joo B(s)B( -s) ds 
2llj -joo A(s)A( -s) 

(5) 

Using partial fractions the integrai:J.d of (5) may be separated into two parts, 

namely . 

J 
_1_1joo B(s)B( -s) ds 
2llj -joo A(s)A(-s) 

1 ljoo C( -s) + - ds 
2llj · -joo Jl(s)A( -s) 

Denoting 

B(-s) 

' A( -s) 
C(-s) 

j~} 
we express our problem as follows. 

--- ds 1 ljoo C(s) + 
2llj -jooJl(s)A(s) 

We want to split the product into the sum 

- Bo + B1z + ... + Bnzn Eo+ B1z-l + ... + Bnz-n 
E·E 

Ao + A1z + ... + Anzn Ao + A1z-l + ... + Anz-n 

(6) 

(8) 

Comparing the coefficient of the same powers of "z" in both sides of equation 

(8) we obtain (2n+1) equations for the (2n+2) unknowns Go, C1, ... , Cn, Go, C1, 

2 We omit the dependence on "s" for simplicity. 
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... , Cn, so the solution of this system is not unique, the system is underdeter

mined. 

A·C= 

Ao 0 0 0 An 0 0 0 
Cn 

... 
Cn-1 

A1 Ao 0 0 An-1 An··· 0 0 
. 

An-1 An-2 ... Ao 0 .Al .Al .. . An 0 
cl 

An An-1 ... A1 Ao Ao A1. · .An-1 An 
Go 

0 An . . . A2 A1 0 Ao ... An-2 An-1 
Go 

c1 

0 0 .. . An An-1 0 0 Ao A1 
Cn-1 

0 0 ... 0 An 0 0 0 Ao 
Cn 

Bo 0 0 0 

B1 Bo · 0 0 

En 

Bn-1 Bn-2 . . ·. Bo 0 En-1 

=J.l· Bn Bn-1 .. . B1 Bo (9) 

0 Bn ... B2 B1 E1 

Eo 

0 0 .. . B~ Bn-1 

0 · 0 ... 0 Bn 

We will choose the solution which has the property of symmetry. Observe 

that in order .that the solutions for unknowns Go, ... , Cn be polynomials and 

not rational functions of the operator "s" we have introduced the unknown 

polynomial J.L(s). 
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Denoting in the equation (9) by 

Dn 
Bo 0 0 0 

Dn-1 
B1 Bo 0 0 

jjl 
En 

Bn-l Bn-2 ... Bo 0 En-l 
Do 

Do 
Bn Bn-1 ... Bt Bo 

0 Bn . . . B2 Bt Et Dt 
Eo 

(10) 

0 0 ... Bn Bn-1 
Dn-1 

0 0 0 Bn 
Dn 

... 

we can write the equation (9) as follows 

AC = JJD (11) 

From the linear equation (11) we deduce that the solution for C has the following 

general form 

C=MD- (12) 

where the matrix M can be determined after the substitution of (12) into (11) 

(AM - JJE)D = 0 (13) 

As the vector D is not a zero-vector, we conclude that 

AM= JJE (14) 

where E denotes a unit matrix. 

For establishing the structure of the unknown matrix M we will use a special 

matrix 3 

0 1 

3= (15) 

1 0 

which has the following properties: 
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1° 33 = E (16) 

This corresponds to the square root of the unity matrix. 

2° Premultiplication of the matrix X by matrix 3 corresponds to the change 

of the order of rows of the matrix X. 

3° Postmultiplication of the matrix X by matrix 3 corresponds to the change 

of the order of columns of the matrix X. 

4° Premultiplication and postmultiplication of the X by matrix 3 gives as 

the final result the angle IT of turn of the matrix X, which we denote 

3X3 = Xn (17) 

THEOREM 1 Due to the special structure of the matrix A in equation {9} the 

following relation holds 

An= A (18) 

This means that the matrix A is equal to the matrix An which is turned by 

the angle IT, and in which the argument "s" is substituted by ( -s) . 

The proof may done by inspection of the matrix eq. (9) . 

THEOREM 2 The same property {18} holds for the unknown matrix M. 

Mn =M . (18') 

PROOF: We start with the relation (14) 

AM= 11E 

We apply the operation (17) to the both sides of the equation (14) 

(19) 

because 11 is the polynomial, and the unit matrix turned by the angle IT is again 

the unit matrix. 

The left-handed side of equation (19) can be written as follows 

3AM3 = 3AEM3 (20) 

Using the identity (16) we can replace the matrix E by the product 33 and we 

obtain that 

3AM3 = 3AEM3 = 3A33M3 (21) 
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Now we apply the identity (17) to the relation (21) and using (19) we obtain 

finally that 

AnMn = J.lE (22) 

Replacing the argument "s" in the relation (22) by ( -s) yields the relation 

(23) 

if necessary condition 

Ji=J.l (23') 

holds (see App.l.) 

Comparing (14) with (23) we have that 

AnMn =AM (24) 

Using the relation (18) in (24) we obtain 

AMn =AM (25) 

Hence we obtain the final result 

Mrr =M (26) 

Returning to the equation (9) we observe that the matrix A has the dimen

sions (2n+ 1) ~ (2n + 2), and its multiplication by M is possible if the dimensions 

of M are (2n + 2) x (2n + 1), and so we conclude that the matrix E has the 

dimensions (2n + 1) x (2n + 1). 

Assuming that the matrix N has the form 

[
M a 

M= 
M/3 

(27) 

and taking into account the equality (26) we obtain 

(28) 

Comparing submatrices we have 

(29) 

(30) 
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(31) 

(32) 

(33) 

(34) 

Using the relations (33) and (34) in (27) we obtain the final form of the matrix 

and the equation (14) can be written in the form 

0 0 An 0 . . . 0 

0 0 An-t An... 0 

An-t An-2 ... Ao 0 At At ... An 

An An-t . . . At Ao Ao At . . . An-t 

0 

0 

0 

An 

0 An . . . A2 At 0 Ao ... An-2 An-t 

0 0 . . . An An-t 0 0 Ao At 

0 0 ... 0 An 0 0 0 Ao 

Cl:'Ot 0:'02 a on t:o Pnn iJn2 Pnt 

au Cl:'t2 Cl:'tn C:t Pn-l,n · · -Pn-1,2 Pn-1,1 

O:'n-1,1 O:'n-1,2 · · · O:'n-l,n C:n-1 Ptn iJ1,2 iJ1 ,1 

O:'n,l O:'n,2 ... O'n,n C:n Pon Po2 Pot 

f3ot f3o2 ... f3on TJo iinn iin2 iinl 

f3u f3t2 f3tn T/1 iin-l,n · · · iin-1,2 iin-1,1 

f3n-l,t f3n-1,2 · · · f3n-l,n TJn-t iitn iit,2 iit,t 

f3n,t f3n,2 ... f3n,n TJn lion iio2 O:'Ol 

(35) 
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1 0 0 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 0 

0 0 0 1 0 0 0 0 0 
=jl, 0 0 0 0 1 0 0 0 0 (36) 

0 0 0 0 0 1 0 0 0 
0 1 0 0 

0 0 0 0 0 

0 0 0 0 0 0 0 0 1 

The equation (12) can be now written in the form 

Cn 

Cn-1 

t1 
Go 

Go 
(37) 

c1 

Cn-1 

Cn 

r 0:'01 . 0:'02 Cl:' on eo Pnn Pn2 Pnl 

au 0:'12 O:'ln €1 Pn-l,n · · · Pn-1,2 Pn-1,1 

' 

O:'n-1,1 O:'n-1,2 · · · O:'n-l ,n C:n-1 iJ1n i-31,2 i-31,1 

O:'n,l O:'n,2 Ctn,n C:n Pon i3oz Po1 

fJo1 fJo2 fJon 'fJO Cinn iin2 Cinl 

fJu fJ12 fJ1n 'f/1 iin-l,n · · · Cin-1,2 Cin-1,1 

fJn-1,1 fJn.-1,2 · · · fJn-l,n "ln-1 ii1n &1,2 &1,1 Dn-1 

fJn,l fJn,2 ... fJn,n 'fJn Cion iio2 iio1 Dn 
From the set of equations (37) we need only the subset for determining 

Go, Cl, . .. ' Cn, because the unknowns Go, cl, . . . ' Cn can be determined from 

Go, C1 , ... , Cn by replacing the operator "s'' by ( -s). 
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The unknowns C0 , C1 , . . . , Cn can be calculated form the lower subset of the 

set (37), namely 

Go 

c1 

fJo1 fJo2 f3on TJo 

!311 !312 f3ln 1]1 

f3n -1,1 f3n-1 ,2 · · · f3n-l,n TJn-1 

f3n,l f3n,2 ... f3n,n 1Jn 

iinn iin2 iin l 

iin -l ,n. · .iin -1 ,2iin .... ;1,1 

ii1n iit,2 iit,l 

iion iio2 iiot 

(38) 

Dn-1 

Dn 
In order to determine the elements of the matrix M we consider the equation 

(36). At the first stage we determine the elements of the matrices M01 and M13 
(see (35)). 

We can write two matrix equations as follows : 

O!Qn 

+ 
O!n-1,1 O!n-1,2 · · .O!n-l,n 

O!n,l O!n,2 an,n 

I 
An 0 ... 0 0 I 

An-l An ... 0 0 
+ . . . . . . . . 

• • 0 • 

At Az ... AnO 

f3ot fJo2 f3on 

!311 f3t2 f3tn 

fJn-1 ,1 f3n-1 ,2 · · · f3n-1 ,n 

f3n,l f3n,2 · · · f3n,n 
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(39) 

A~ An- t ... At Ao 

0 An ... A2 At 

+ 
0 0 .. . An An-t an-1 ,1 an-1,2 ... an - l,n 

0 0 ... 0 An an,l an,2 ... an,n 

Ao At .. . An-t An f3o 1 fJo2 f3on 

0 Ao ... An-2 An - l fJ11 fJ12 f3tn 

+ 
0 0 Ao At f3n - l,l f3n -1,2 · · · f3n-l,n 

0 0 0 Ao f3n,l f3n,2 · · · f3n,n 

0 0 0 0 

0 0 0 0 

= fl (40) 

0 0 0 0 

0 0 0 0 

Now, to reduce the number of calculations we assume that 

AoAt .. . An-t An 

0 Ao ... An-2 An-l 

an -1 ,1 an - 1,'2 .. . an - l,n 

an,l an,2 an,n 

C,Oot C,Oo2 C,Oon 

1P11 IPt2 C,Oln 

( 41) 

C,On - 1,1 C,On-1,2 · · · C,On - l,n 

C,On,l C,On,2 · · · IPn,n 
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where the matrix M'P is to be determined. The substitution of ( 41) into ( 40) 

gives : 

An An - 1 ... A1 Ao Ao At .. . An- 1 An 

0 An ... A2 At 0 Aa ... A n- 2An-t 

0 0 . . . An An-1 

0 0 .. . 0 An 

if'01 if'D2 if' On Ao At ... An- 1 An 

1f'11 1f'12 if'1n 0 Ao . .. An - 2 An- t 

+ 
<f'n - t,t 1f'n-t,2 · · · if'n-l,n 0 0 Ao .A1 

if'n,1 if'n,2 if'n,n 0 0 0 Ao 

f3ot fJo2 f3on 0 0 0 

fJn f312 fJ1n 0 0 0 

= J.l (42) 

fJn - 1,1 f3n - t,2 · · · f3n - 1,n 0 0 0 

fJn,t . f3n,2 · . . . fJn,n 0 0 0 

Taking into account that the first two matrices in ( 42) are permutable and 

different from a zero matrix (see App. 2) we can obtain that 

f3o t f3o 2 f3on 

f3n fJ12 fJ1n 

f3n - t,t f3n - t,2 · · · fJn-l ,n 

fJr; ,t f3n,2 · · · fJn,n 

An An- 1 .. . A1 Ao 

0 An .. . A2 At 

0 0 . .. An An- t 

0 0 .. . 0 An 

if' on 

if'tn 

1f'n-1,t if'n - 1,2 · · · if'n - 1,n 

if'n,1 if'n,2 · · · ·if'n,n 

(43) 

In such a way two unknown matrices M 01 and Mf3 are replaced by one un

known matrix M'P . 
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Returning to the equation (39) it is evident that due to the fact that the 

last columns in the matrices A and A have only zero elements, the elements of 

the last rows of the matrices M01 and M{j have no influence on the final result. 

Direct observation of (41) and (43) gives that 

: Ao'Pnj . } 
- -An'PnJ 

for j = 1 ton (44) 

In every column of the matrix M we have one degree of freedom because the 

number of equations is (2n + 1), and the number of the elements in the column 

is (2n + 2) eq. (36). For that reason in every column of the matrix M we can 

arbitrarily choose the value of one element. 

. The simplest is to assume that 'Pnj = 0 for j = 1, ... , n because then there 

_is CXnj = /3nj = 0 for j = 1, ... , n. 

By doing this we have equations ( 45), ( 46) and ( 47) in which we omit the 

last column in the matrices A01 and Ajj, and the last rows in M 01 and Mjj instead 

of equations (39), (41) and (43): 

0 

Ao ~ I 
An-1 An-2 ... Ao 

I 
An 0 ... 0 

An-1 An ... 0 
+ . . . . . . . . . 

A1 A2 . . . An 

1 0 0 

0 1 0 
=J-l 

0 0 1 

ao1 ao2 aon 

au a12 a1n 

CXn-1,1 CXn-1,2 · · · CXn-1,n 

fJo1 

f3u 

f3n-1,1 f3n-1,2 · · -f3n -1 ,n 

+ 

(45) 
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[

AoAl···An - 11 I lt'Ol ipo2 !pon I 
0 Ao . . . An-2 It'll lt'12 lt'ln 

~ ~ ... 10 lt'n~1,1 lt'n~1,2 · · · lt'n~1,n 
( 46) 

p~~~., p~~~., p~~~ .• I = 

An An- 1 .. . A1 
0 An .. . A2 

(47) 

0 0 . . . An lt'n - 1,1 lt'n-1,2 · · ·lt'n - l ,n 

The substitl}tion of (46) and (47) into (45) gives the set of equations for 

calculating the elements of the unknown matrix M'P: 

lt'or lt'02 !pan 

=p[j 
0 

r I ( 48) 

It'll lt'12 lt'1n 1 
[M, M,~M, M,]·[ . . . 

lt'n ~ 1,1 lt'n~1,2 · · · lt'n~1,n 0 
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An An-1 · ·. A1 I 
0 An ... A2 
. . . . . . . . . . .. 
0 0 · .. . An 

Take the matrix 

I 
Pu P12 ... P1n I 
P21 Pn ... P2n 

p = . . . . . . . . . . .. 
Pn1 Pn2 ... Pnn 

I 

Ao 0 ... 0 I IAoA1···An-11 A1 Ao ... 0 0 Ao ... An-2 

~ A~_, A~_, L 0 0 •.• i, + 

I 
An 0 ... 0 

An:-1 ~n::: ~ 
. . . 

A1 A2 .. . An 

An An-1 ... A1 I 
0 An ... A2 
. . . . . . . . . . .. 
0 0 .. . An 

47 

(48') 

(49) 
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We can obtain the solution for the elements of the matrix M'P: 

'P01 

'Pll 

'P02 

'P12 

'Pan 

'P1n 

'Pn-1,1 'Pn-1,2 · · · 'Pn-1,n 

Where the adjoint matrix Padj is given by 

Padj = 

Qu Q12 · · · Qln 

Q21 Q22 · · · Q2n 

Qnl Qn2 · · .Qnn 

(50) 

(51) 

jP j- denotes the main determinant of the matrix P and for the sake of simplicity 

we assume that 

fl-= jPj 

Returning to the equations ( 41) and ( 43) we obtain 

CYn-1,1 CYn-1,2 · · · CYn-l,n 

CYn,1 CYn,2 · · · CYn,n 

Ao A1 ... An-1 An 

0 Ao .. . An- 2 An -1 

0 0 
0 0 

fJo1 
f3u 

f3on 

fJ1n 

f3n-1,1 f3n-1,2 · · · f3n-l,n 

f3n,l f3n,2 · · · f3n,n 

Qu Q12 · · · Q1n 

Q21 Q22 · · · Q2n 

Qnl Qn2 · · .Qnn 
0 0 ... 0 

(52) 

(53) 
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An An-t .. . At Ao Qu Q12 · · · Qln 

0 An .. . A2 At Q21 Q22 · · · Q2n 

{54) 

0 0 .. . An An'-1 Qnl Qn2 · · .Qnn 

0 0 ... 0 An 0 0 . .. 0 

For the complete determination of the matrix M it is necessary to determine the 

elements t:i(i = 0, 1, ... , n) and the elements 1Jj{j = 0, 1, .. . , n). The starting 
point for our consideration is the equation {36). We can write that 

eo 
f:t 

+ 
€n-1 

en 

An 0 ... 0 0 TJo 0 

An-1 An··· 0 0 '71 0 

+ =J.l {55) 

A1 A2 . . . An o '1n-l 0 

Ao At .. . An-t An '7n 1 

From this it is evident that in particular the following equation holds 

(56) 

We have also that 

+ 

~~~' : A~-,~-' I IJo· 0 

"11 0 

+ . . . . =J.l 
o o ... Ao At 

0 
0 0 0 Ao 

IJn-1 

'7n 0 

(57) 
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We can omit the first columns in the matrices of eq. (57) taking into account 

equation {56) . Equation {57) takes the form 

{58) 

We postulate now, on the ba~is of eq. (58), that 

{59) 

and due to the fact that the matrices in (58) are non-zero and permutable 

(60) 

Taking into account equation (56) we can also write 

(61) 

where the elements t/Jo, t/11. ... , t/Jn are to be determined. We can rewrite the 

equation {55) in the form 
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[ ~ I ·[ ~1 I [An:-1 I = JL • - f:o · - TJo _: 
0 An-t At 

1 An Ao 

. (62) 

The substitution of the equation (59), (60) and {61) into the equation {62) 

gives 

= 

0 

I 1- I I 11 

O An-t At 

; + Ao ~ - An : · tPo 
O ~1 An-t 

1 
Ao A;. 

{63) 

I 
Ao .. . 0 0 I . . . . 

Mt = : ·.: : 
An-:< ... Ao 0 

An-t ... At Ao 

[ ~o: : ·An:-2An:-t I 
M- . . . . 

2- - -
0 ... Ao At 

0 . .. 0 Ao 

I 
An 0 ... 0 I 

M = An-tAn . .. 0 
3 . . . . . . . . . . . . 

At A2 ... An 

[

An An-t .·. At I 
0 An .. . A2 

M4= . . .. . . . . . - . . 
0 0 . . . An 
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Using the notation (49) we rewrite (63) in the form 

It is evident that we can state the following 

THEOREM 3 

PROOF: We have the following general statement 

r 

Pr,n = L[Ar-iAn-i - A;An-r+i] 
i=1 

This yields 

r 0 

Pr,n = LAr-iAn-i- L Ar-jAn-j 
i=1 j=r-1 

putting i = r- j in (67) we obtain 

r-1 r-1 

LAr-jAn-j = ArAn + LAr-jAn-j 
i=O i=1 

Finally 

r-1 r-1 

H.G6RECKI L.POPEK 

(64) 

(65) 

(66) 

(67) 

Pr,n = LAr-iAn-i +AoAn-r- ArAn- LAr-jAn-j = 
i=l i=l 

(68) 

Using the notation (51) we obtain from (64) after using Cramer's rule that 
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1~:~. I = I Q~i~." I + I I I = I Q~i~." I 
tPn Qnn tPo Qnn + tPo 

From the equation {59) we see that: 

·Similarly, from the equation {26) and {31), {32) it is evident that 

or 
iio } 

7Jo 

but 

7Jo = -Aot/Jo (see eq. {61)). 

Hence 

iio = -Ao1/Jo 

Comparing {72) and (71) we obtain 

which together with {70) gives 

Aot/Jn = -Ao1/Jo 

From {74) we have that 

tPn + 1/Jo = 0 

From {69) we have also that 

tPn = Qnn + tPo 

Combining (75) with (76) gives 

tPo + 1/Jo + Qnn = 0 

We have also from (71) that 7Jo = fn which with {61) gives 

fn = -Aot/Jo 

53 

{69) 

{70) 

{71) 

{72) 

{73) 

{74) 

{75) 

{76) 

(77) 

(78) 
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We have also from {70) 

Comparing {78) and {79) we receive 

-Aotf1o = Ao'fn 

from which we have 

Taking into account {76) and 

'fin = Onn + 'fo 

we find that 

Comparing (82) with (77) we see that 

This means that Qnn is an even function of "s" . 
Let us denote 

p 

and 
q 

Then we can write 

p+q } 
p-q 

Adding together {85) we have 

tPo + 'fo = 2p 

From {77) and (86) we have 

1 
P = -2Qnn 

and 

H . G0RECKI L .. POPEK 

{79) 

(80) 

(81) 

(82) 

(83) 

(84) 

(85) 

(86) 

(87) 

(88) 
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But we have one degree offreedom and q may be chosen arbitrarily. We put for 

simplicity 

q=O (89) 

Finally 

tPo = -4Q~n (90) 

On the basis of (60) and the second equation (61) we can write: 

'f/0 Ao 0 ... 0 0 t/Jo 

'f/1 .0 An .. . A2 At tfl 

= (91) 

'f/n-1 0 0 · .. An An-'-1 tPn-1 

'fJn 0 0 ... 0 An tPn 

Using now (90),(76) and (69) we finally find: 

7]0 Ao 0 ... 0 0 

'71 0 An .. . A2 At 

= (92) 

'fJn-1 0 0 ··.An An-1 

'f/n 0 0 ... 0 An 

Returning to (38) we can write: 

f3ot fJo2 f3on 

[:~· l + 

7]0 

f3u f312 f3tn '71 

[Do]+ 

fJn-1,1 fJn-1,2 · • .f3n-1,n 'fJn-1 

f3n,1 f3n,2 · · · f3n,n 'fJn 

+ 
li1n li1,2 li1,1 

lion li02 lio1 

linn lin2 lint 

lin-l,n · · · lin-1,2 lin-1,1 

[~~· l (93) 

where: 
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f3o 1 fJo2 f3on 

f3u f3t2 f3tn 

f3n-1,1 f3n-t,2 · · · f3n-l,n 

f3n,l f3n,2 · · · f3n,n 

An An-t ... At Ao 

0 An .. . A2. At 

0 0 .. . An An-t 

0 0 ... 0 An 

1Jo Ao 0 ... 0 

1Jt 0 An.-.. A2 

[Do]=-

Qu Qt2 · · .Qtn 

Q2t Q22 · · .Q2n 

Qnt Qn2 · · .Qnn 

0 0 ... 0 

0 -~Qnn 
At Qtn 

1Jn-l 0 0 .. . An An-t Qn....:.l,n 

1Jn 0 0 ... 0 

0 0 . . . 0 0 Ao 

0 0 . . . 0 Ao At 

0 Ao ... An-3An-2An...:l · 

AoAt ... An-2An-t An 

Denoting by 

Qu Q12 · · · Qtn 

Q2t Q22 · · · Q2n 

Qnl Qn2 · · · Qnn 

0 0 ... 0 

An ~Qnn 

Ou 012 · · ·Otn 
02t 022 · · ·02n 

Ont On2 · · ·Onn 
0 0 0 

H. G6RECKI L. POPEK 

(94) 

[Do] (95) 

(96) 

(97) 
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[Do] (98) 

Vn-l Qn-l,n 

Vn ~Qnn 

We can write (93) in the form 

Go An An-l ... A1 Ao Uo 

c1 0 An . . . A2 A1 u1 

+ 
Cn-1 0 0 . ·.An An-1 Un-1 

Cn 0 0 0 An Un 

Ao 0 ... 0 0 Vo 

0 An ... A2 A1 v1 

+ 
0 0 .. . An An-1 Vn-1 
0 0 0 An Vn 

0 0 0 Ao Uo 
0 0 Ao A1 01 

+ (99) 

0 Ao ... An-2 An-1 Un-1 
Ao A1 .. . An-1 An Un 

or finally 
T 

An Uo 

An-1 u1 

Go= (lOO) 

A1 Un-1 

Ao Vo 

T 
An -Vn 

An-1 Un-1 

Cn = (101) 

A1 01 
Ao Uo 
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[ 

C1 l [An ... A2] [ U1 + V1 l 
C~-1 =- ~ ::~~n Un-1 ~ Vn-1 + 

[ 

Ao ... 0 l [[Jn-11 [ At l + : · .. : : - : Vn 

An-2 ... Ao U1 An-1 

(102) 

After calculation of the unknown polynomials C0 , .•. , Cn we can calculate the 

inte·gral 

. 1 ljoo 
h .= -

2 
. E(s)E(-s)ds 

7rJ -joo 
(103) 

~ _1_1joo Bo(s) + · · · + Bn(s)e-.nr . Bo(-s) + · · · + Bn(-s)e.nr ds 
27rj -joo Ao(s) + · · · + An(s)e-mr Ao( -s) +···+An( -s)e.nr 

· h = _1_1joo Co(s) + Ct(s)e-&r + · · · + Cn(s)e-.nr ds 
27rj -joo IP(s)J[Ao(s) + At(s)e-&r + · · · + An(s)e-snr] 

(104) 

1 ljoo Go( -s) + C1( -s)e3 r + · · · + Cn( -s)e.nr +- . ~ 
27rj -joo IP(-s)i[Ao(-s) +A1(-s)en+ · · ·+ An(-s)esnr] 

Observe that for physical realizability and for the existence of the integral the 

degrees of polynomials B 0 (s), ... , Bn(s) must be less than of A 0 (s), ... , An(s). 

Suppose that the degrees of Ao(s), ... , An(s) are "m", than these B 0 (s), ... , 

Bn ( s) are at most ( m-1) and in the consequence the degrees of C0 ( s ), . .. , Cn( s) 

are at most (3m - 2) - 2m = m - 2. 

Consider now the integrals 

J Co(s) + C1(s)e-&r + · · · + Cn(s)e-.nr d 
IP(s)J[Ao(s) + A1(s)e-n + · · · + An(s)e-mr] 

8 

) 

J C0(-s)+Cl(-s)en+···+Cn(-s)e.nr · ds 
lP( -s)i[Ao( -s) + A1 ( -s)e3 r + ··· +An( -s)emr] 

( 

Putting s = RN> we see that these integrals are equal zero on the arcs when 

R ----+ oo, because the degrees of C(s) are at most (m- 2), and that of A(s) 

are equal "m". 

For that reason we can write that 
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joo 

J Co(s) + C1(s)e-•r + · · · + Cn(s)e-mr d 
. Ao(s) + A1(s)e-n + · · · + An(s)e-mr 

8 

-JOO 

= J Co(s) + C1(s)e-n + · · · + Cn(s)e-mr ds 
Ao(s) + A1(s)e-•r + · · · + An(s)e-mr 

{)-

l joo Go( -s) + C1( -s)e•r + · · · + Cn( -s)emr 
~~7----7~~------~~~----ds 

-joo Ao(s) + A1(s)e-•r + · · · + An(s)e-•nr 

= J C0 (-s) + C1(-s)en + · · · + Cn(-s)e.nr ds 
Ao(s) + A1(s)e-n + · · · + An(s)e-•nr 

<} 

and now to apply Cauchy's Residuum Theorem. 
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(105) 

(106) 

Taking into account that denominator of the first integral has no roots in the 

right half-plane, and this of the second integral no roots in the left half-plane 

and using the relations (105), (106) we calculate the integral 

h = _1_ J Co(s) + C1(s)e-n + · · · + Cn(s)e-mr ds 
27rj IP(s)i[Ao(s) + A1(s)e-•r + · · · + An(s)e-mr] 

{)-

(107) 

This two integrals are equal by symmetry, it is sufficient to take the double 

value of one and finally we have: 

where s; are th~se roots of equation IP(s)l = 0 which are lying in the right 

half-plane or qn positive imaginary axis including the origin. 

Appendix 1. 

We prove now that condition (23') holds 

PROOF: It is evident from equality (52) that the following must be fulfilled: 
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IPI= !PI (109) 

It is known [4, p.l5] that 

(110) 

From the structure of matrix P (see ( 49)) it is evident that 

(111) 

It is also easy to observe (see (48')) that the following equalities hold : 

-T 
Ml M2 
-T 

M2 Mt 

Mj M4 

M[ M3 

From (111) we have that 

( 112) . 

Using the above equalities we obtain that 

(113) 

Taking into account (110) we have 

(114) 

From the equation (114) we see that also 

(115) 

Comparing (114) and (115) we see finally that 

!PI= IPI (116). 

and due to the assumption (52) 

J.l= IPI 

we have 

which ends the proof. 
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Appendix 2. 

LEMMA 1 The two matrices in eq. (42) are permutable 

FG=GF (" 7) 

PROOF: We consider the matrices 

An An-t ... At Ao 

0 An ... A2 At 

F= (118) 

0 0 .. . An An-t 

0 0 .. . 0 An 

and 

Ao At .. . An-t An 

0 Ao ... An-2 An-t 

G= • · (119) 

D 0 Ao At 
0 0 0 Ao 

and the matrix H(n+t)x(n+l) [1, p.24] . 

0 1 0 0 

0 0 1 0 

H= (120) 

0 0 0 1 

0 0 0 0 

0 0 1 0 0 

0 0 0 1 0 

H2= . (120') 
0 0 0 0 1 

0 0 0 0 0 

0 0 0 0 0 

and so on. 

We can write 

F = AnE+ An-tH + ·· ·+ AoHn (121) 
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(122) 

Then it is easy to observe 

(123) 

On the other hand 

(124) 

But we have for the products 

(125) 

and so on (as the products of polynomials) and we see that really 

FG = GF 

We compare now on a simple example the method of Penrose (2] for finding 

solutions of the underdetermined system with the proposed method . 

EXAMPLE 

PROPOSED METHOD 

We considet now the system with one delay n = 1 

E(s) _ Bo(s) + B1(s)e-•r 
· - Ao(s) + A1(s)e-or 

From relation ( 49) we have 

The adjoint matrix is 

Padj = Qu = 1 

From (10),(97),(98) and (99) we have 

~A~(BoBo ;- B1Bl)_- A1Bo!i1 } 
AoBoB1- 2A1(BoBo + B1Bl) 

(126) 

(127) 

(128) 

(129) 

(130) 

(131) 
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from (127) we have that 

Finally from relation {108) we have 

h = _2 """ Co(s) +.C1(s)e-•r 
i';: IP(s)i[Ao(s) + Al(s)e-or] 
"=-'• 

where s; are the roots of equation 

IP(s)i = 0 

where s we calculate from relation 

Ao(s)Ao(-s) -A1(s)A1(-s) = 0 

System with two delays n = 2 

E 
8 

_ Bo(s) + B1(s)e-•r + B2(s)e-2•r 
( ) - Ao(s) + A1(s)e-•r + A2(s)e- 2•r 

From relation ( 49) we have 

P = [ ~oAo- ~2A2, Ao~1- A1~2] 
AoA1- A1A2, AoAo- A2A2 

and the determinant 

The adjoint matrix is 

where 
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(132) 

(133) 

(134) 

(136) 

{137) 

(138) 

(139) 

{140) 
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Q11 AoAo- A2A2 

} Qt2 A1A2- AoA1 

Q21 A1A2- AoA1 

Q22 AoAo- A2A2 

From (10) we have 

BtEJ2 + Bofh 

B2fh + l'hfh + BoBo 

Dt BrB2 + 11oBt 

D2 BoB2 

The relations (97) give 

Uo 

Ut = 
u2 = 

and from (98) 

Vo -~Q22Do } 
Vt = Qt2Do 

V2 = ~QnDo 

Finally Jrom (100),(101) and (102) we obtain that: 

Go -(A2Uo +At Ut+ AoVo) } 
C2 = -A2V2 +At Ut= AoUo 

Ct = AoUt - At V2 - A2(U1 + VI) 

PENROSE METHOD (2, p.242) 

H.G6RECK! L.POPEK 

(141) 

( 142) 

(143) 

(144) 

(145) 

The unknown vector C can be determined from the relation 

C=(A*)+·D (146) 

where 

(A*)+ = (AA*)-t A (147) 

In the case of the system with one delay 

[ 

Ao 0 
AA*= At Ao 

0 At ~· l = 
Ao 
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= [ 

AoAo + A1A1 
2.AoA1 

0 

2AoA1 

2(AoAo + A1Al) 
2AoA1 

and using (143) we find finally 

(A*)+= 
1 

· (I<1 · I<2 · K3] 
(AoAo - A1AI)2(AoAo + A1A1) 

where 

Conclusion 
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(148) 

(149) 

From the relation (145) it is evident that both the nominator and denominator 

are much more complicated in comparison with the proposed method. In con

sequence the calculation of the integral h is also very complicated especially 

for systems with multiple delays. 

The method presented solves the problem of undetermined system of lin

ear equations, taking additionally into account some symmetric features of the 

system. This in turn leads to the choice of the simplest solution from an infi

nite number. This simply means that the obtained formulae have the smallest 

number of terms. 

The proposed method using some simmetrization procedure leads to the 

simplest analytic results for calculation of integral squared error of system with 

many delays. This method can be used also as a starting point for the calculation 

of such integral for the systems with distributed delays. 
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The obtained analytic results enable us to calculate the integral for very 

complicated systell}_s, such as, for example, a distillation column, where the 

direct numerical calculation is impossible at all. The value of the integral may 

serve as the performance index of the system and as the basis for optimization 

with respect to parameters of controllers. 

References 

[1] F.R. GANTMACHER Teoria Matric. Moskva, Nauka 1988. 

[2] M. FIEDLER Special matrices and their applications in numerical mathematics. 

Martinus Nijhoff Publishers 1986, Dordrecht, Boston, Lancaster. 

[3] H. GORECKI L . POPEK Parametric optimization for the control systems with 

many time delay. 1984. Ninth IFAC World Congress. Budapest, July 1984. 

[4) A. TUROWICZ Teoria macierzy. Academy of Mining and Metallurgy Publishers, 

Lecture Notes Series, No. 289, Krak6w 1974. (second edition). 

Obliczanie calkowego bl~du kwadratowego dla 
I 

wielkich system6w dynamicznych z wieloma 

wsp6lmiernymi opoznieniami 

W pracy przedstawiono analityczne rozwiq,zanie zagadnienia obliczania J t 2 dt 

dla wielkich systemow dynamicznych z wieloma op6znieniami. Uklad r6wnan 

u:iyty do wyznaczenia nieznanych wielomian6w Ci(s), i = 1, ... , n jest niedook

reslony. U:iywajq,c pewnych wla8ciwosci symetrii trudnosc t~ pokonano i niez

nane ci wyznaczono jednoznacznie w postaci prostych wyra:ien analitycznych 

o najmniejszym mo:iliwym rz~dzie. Zaproponowana metoda prowadzi do prost

szych wzor6w i algorytm6w obliczeniowych ni:i metoda przedstawiona przez 

Penrose'a [2]. Podano przyklad pozwalajq,cy na por6wnanie obu metod. Otrzy

mane wyniki mogq, bye przydatne do obliczania optymalnych nastaw regulatora 

w optymalizacji parametrycznej. 
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Bhi'IHCJieHue HHTerpaJibHOA KBaApaTHoA omu6KH 

AJIH 60JiblliHX A.HHBMH'IeCKHX CHCTeM CO MHOI"HMH 

COH3MepHMbiMH 33ll33AbiB3HHHMH 

B pa6oTe rrpe)l.cTaBJieHo aHaJIHTH'IecKoe pemeHHe aa)l.a'IH Bbi'IHcneHH.II 

J t. 2dt )l.JI.II 6onLmHx )l.HHaMH'IeCKHX cHcTeM eo MHOI'HMH aarraa)l.LmaHH.IIMH. 

CHcTeMa ypaBHHeHHD, HcrronnayeMa.ll )l.JI.II orrpe)l.eneHH.II HeHaBeCTHbiX MHo

ro'lneHoB C;(s), i = 1, . .. , n HerronHOCTbiO orrpe)l.eneHa. l1crronn3y.ll HeKoTo

pbie cBoDcTBa CHMMeTpHH EITH aaTpy)l.HeHH.II rrpeo)l.oneHbi H HeHaBeCTHble C; 

oii:pe)l.eJieHbl O)l.H03Ha'IHO B BH)l.e IIpOCTbiX aHaJIHTH'IeCKHX Bblpa:>KeHHD B03-

MO:>KHO HaHMeHLmero rrop.ll)l.Ka. Ilpe)l.naraeMbiD MeTO)l. rrpHBO)l.HT K 6onee 

IIpOCTbiM cPOpMynaM H Bbi'IHCJIHTeJibHbiM aJII'OpHTMaM, 'leM MeTO)l. rrpe)l.

CTaBJieHbiD IleHp030M [2]. ,[(aeTC.II IIpHMep II03BOJI.IIIOllJ;HD cpaBHHTb o6a Me

TO)l.a. IIony'leHHble peaynbTaTbi MoryT 6biTb rroneaHbi )l.JI.II Bbi'IHCJieHH.II orr

THMaJibHoD ycTaHOBKH peryJI.IITOpa B rrapaMeTpH'IeCKOD OIITHMH3aD;HH. 




