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1. Introduction 

Initial value problems for matrix differential equations of the type 

W'(t) = C- DW(t)- W(t)D*- W(t)BW(t), W(O) = W0 (1.1) 
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where W(t), C, D, B and Wo are n x n complex matrices and D* denotes the 

adjoint matrix of D, arise in linear-quadratic optimal control problems [1) and 

filtering theory [3). The nonsymmetric Riccati equation takes the form 

W' (t) = C - DW(t) - W(t)A- W(t)BW(t), W(O) = W0 (1.2) 

where A is not necessarily equal to D*, and it appears mai~ly in the invariant 

imbedding context (13). 

The study of the perturbed Riccati equation 

W' (t) = C(.>.) - D(.A)W(t)- W(t)A(>.) - W(t)B(>.)W(t) 
W(O) = Wo(>.) 

(1.3) 

is interesting from the point of view of obtaining a good qualitative model of the 

physical problem. The measure of the matrix coefficients of Riccati equation are 

subject to some uncertainty because some parameters may be changing during 

operation or are difficult to measure. This motivates the study of solutions of 

the equation which are stable under perturbations of the matrix coefficients. 

In a recent paper (10], a closed form solution for nonsyinmetric Riccati equa­

tions of the type (1.2), where B is nonsingular, is given. 

The aim of this paper is to show that the method proposed in (10) is sta­

ble under coefficient perturbations when some additional condition is assumed 

and the coefficients of the Riccati equation (1.3) are continuously differentiabl~ 
functions of a real parameter .>.. 

The paper is organized as follows. In section 2 we state some auxiliary results 

that will be used in other sections. In section 3 we study the stability of the 

problem 

x2(t) + A1 (.A)x(ll(t) + Ao(>.)x(t) = 0, 

x(O) = E(>.), x'(O) = F(>.) 

Finally, in section 4 we study the Riccati perturbed problem (1.3). 

2. Preliminaries 

(1.4) 

For the sake of clarity in the presentation of the paper, we state some results 

that will be used in following sections. 

Let A, B be matrices in en xn and let us denote by 11 · 11 the 2-norm defined 

in (8], p.14, then from (2], (11], we have that 

11 exp(A) - exp(B) II :::; exp( II B II )[exp( IIA - Ell - 1) (2.1) 
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From the Banach lemma, if A is an invertible matrix and IlB - All< (IIA- 111)-1, 

then B is invertible and 

(2.2) 

THEOREM 1 ([6]) . Let F(.A) be a cnxn valued continuously differentiable matrix 

function of the real parameter .A E I( .Ao) = ].Ao - 8, .Ao + 8[, where F( .Ao) is given, 

M is an upper bound of IIF'(.A) II in I(.Ao) and 

II[F(.Ao)]- 111 < [M(.Ao + 8)] - 1 

then, it follows that 

THEOREM 2 ([9], PROBLEM 86). For a matrix A E cnxn let us denote by O"(A) 
the set of all eigenvalues of A . If U is an open set of the complex plane con- · 

taining O"(A) 1 there exists a positive number t: such that if IIA- B ll < t: 1 then 

O"(B) ~ U. 

Now we introduce the Gingold's condition that permits us to obtain a stable 

block diagonalization of a matrix function . 

THEOREM 3 ([7]). Let C( .A) be a continuously differentiable c2
n X

2
n valued ma­

trix function defined on the interval I(.Ao) = [.Ao- 8, .Ao + 8] such that satisfies 

the condition 

The characteristic polynomial <I>( .A, z) = det(C(.A)- zi) admits 

a decomposition <I>( .A , z) = <I>1(.A, z) . . ~ <I>.(>., z) 1 where <I>j(.A, z) for (
2

_
3

) 

1 :S j :S s are relatively prime monic polynomials in z of constant 

degree for all .A in I(.Ao). 

then for all .A E I(.Ao) 1 C(.A) is similar to a matrix function J(.A) = diag[h(.A), 

. . . , Jk(>.)], with lj(.A) E cmjXffij I such that for an invertible matrix M(>.) E 

C2nX 2n wih M( .A) = (Mij(.A)) and M;j(.A) E cnxmj I for 1 :Si :S 2, 1 :S j :S kl 

with m1 + ... + mk = 2n 1 and mj independent of .A E I(.Ao). 

Finally, we re·call that since two similar matrices have the same characteristic 

polynomial, if C( .A) satisfies the condition (2.3) and there exists an invertible 

matrix function P(.A) such that 

P(.A)C(.A) = H(.A)P(.A), 

then H(.A) also satisfies the condition (2.3). 
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3. Stable solution of the equation 

x" + A 1 x' + Aox = 0 

We begin this section by considering the homogeneous differential system 

. (P ) { xC2)(t) + A1 (.:\),xCl)(t) + A 0 (.:\)x(t) = 0 . 
>- x(O) = E(.:\), x'(O) = F(.:\), 0 :S t :S b 

THEOREM 4 ([10]). Let us suppose that the companion matrix C(.:\) 

C(.:\) = [ 0 I l 
-Ao(.:\) -A1(.:\) 

is similar to the block diagonal matrix 

J(.:\) = diag[h(.:\), . .. , Jk(.:\) ] 

(3 .1) 

(3 .2) 

where Jj(.:\) E Cmixmi for 1 :S j :S k and m1 + ... + mk = 2n. Let M(.:\) = 

( M;j ( .:\)) be the block partitioned invertible matrix in C2n x 2n with M ;j (.:\) E 

en X ffij for 1 ::::; i ::::; 2, 1 ::::; j ::::; k 
1 

SUCh that 

M(.:\)J(.:\) = C(.:\)M(.:\) (3 .3) 

Then the unique solution x(t , .:\) of system (3.1) is given by 

k 

x(t, .:\) = 2:: M1j(.:\) exp(tJj (.:\))Dj (.:\), (3.4) 
j=l 

(3.5) 

Let us assume that the companion matrix C(.:\) defined by (3.2) satisfies the 

condition (2.3) with.:\ belonging to interval J(.:\o) = [.:\o - 8, Ao + 8]. From [7], 

t aking M(.:\) = (M;j(.:\)) for 1 ::::; i ::::; 2, 1 ::::; j ::::; k, the solution of the matrix 

differential equation 

Z'(.:\) = (P'(.:\)P(.:\),- P(.:\)P'(.:\))Z(.:\), Z(.:\o) = M(.:\o), (3 .6) 
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where P(>.) is a projection that commutes with C(>.). Then, one satisfies (3.3) 

for some block diagonal matrix function J(>.) =diag[J1(>.), ... , Jk(>.)] and from 
theorem 4, we have 

x(t, >.)- x(t, >.a) = 
k 

= 2: { M1j(>.) exp(tJi (>.))Dj (>.)- M1j (>.a) exp(tJj(>.a))Dj (>.a)} = 
j=l 

k 

= L Mlj(>.) exp(tJj(>.)){Dj(>.) - Dj(>.a)} + 
j=l 

k 

+ 2: M1j (>.){ exp(tJj (>.)) - exp(tJj (>.a)} Dj (>.a)+ 
j=l 

k 

+ 2: {Mlj(>.)- Mlj(>.a)} exp(tJi(>.a))Dj(>.a). 
j=l 

From [5, p.llO], M(>.) satisfies for 1>. - >.al::; 5 the inequality 

(3 .7) 

IIM(>.)II :S IIM(>.o)ll exp(2PQI>.- >.ol) :S IIM(>.o)ll exp(2PQ5) (3.8) · 

where 

P = sup{IIP(>.)II, 1>.- >.ol :S 5}, Q = sup{IIP'(>.)II, 1>.- >.ol :S 5}.(3.9) 

Note that the problem (3.6) is equivalent to integral equation 

Z(>.) = Z(>. 0 ) + (>' F(s , Z(s))ds 
}Ao 

(3 .10) 

where F(s, Z(s)) is the right-hand side of the differential equation (3.6), and 
using (3.9) we obtain 

IIM(>.)-M(>.o)ll ::; 2PQIIM(>.o)ll exp(2PQ5) 1>.->.ol, for 1>.->.ol :S 5.(3.11) 

From the mean value theorem [5], there exist constants e > 0 and f > 0 

such that 

liE(>.)- E(>.o)ll :S ei>. - >.al, IIF(>.)- F(>.o)ll :S fi>.- >.al, 
for >. E [.Ao- 5, .Ao + 5]. 

From (2.1) , for every t E [0 , b] and 1::; j::; k , we have 

11 exp(tJj(.A))- exp(tJj(.Aa))ll::; 

:S exp(b ii Ji(.Ao) ll){exp(biiJi(.A))- Jj(>.o)ll)- 1}. 

(3.12) 

(3.13) 



12 R.J. VILLANUEVA, L. JODAR 

From [5, p.114] and using that M(.:\) is a solution of (3.6) 

JfM- 1(.:\)11 :S IIM- 1(.:\o)ll exp(2PQ8), for I.:\- .:\ol :S 8. 

Then, from (2.2) and (3.11), for I.:\:- .:\0j :S 8 it follows that 

IIM- 1(.:\o)- M- 1 (-A)II :S 

:::; 2PQIIM(.Ao)IIIIM- 1 (-Ao)ll 2 exp(4PQ8)I.A- -Aol. 

From the condition of continuous differentiability of C(.:\) 

c = sup{IIC(.:\)11, l-A- -Aal :::; 8}, 
IIC(.A)- C(.Ao)ll :S El.:\- .Aol, for l-A- -Aol :S 8 

From the equality J(.:\) = M- 1 (.:\)C(.:\)M(.:\) we have 

J(.:\)- J(.Ao) = [M- 1
(.:\)- M- 1 (.:\o)]C(.:\)M(.:\)+ 

+ M- 1(.:\o)[C(.:\)- C(.Ao)]M(.:\) + 

+ M- 1(.:\o)C(.:\o)[M(.:\)- M(.Ao)]. 

(3.14) 

(3.15) 

(3.16) 

(3.17) 

Taking norms in the last expression and from (3.9), (3.11), (3.14) and (3.15), 
it follows that 

IIJ(.:\)- J(.Ao)ll :S 2PQCIIM- 1(-Ao)II 2 IIM(.Ao)ll 2 exp(6PQ8)I.A- .:\ol+ 

+IIM- 1 (-Ao)IIIIM(.A)IIIIC(.A)- C(.Ao)ll + (3.18) 

+2PQIIM- 1 (.Ao)IIIIC(.Ao)IIIIM(.Ao)ll exp(2PQ8)I.A- -Aol-

From (3.18) we can write 

where 

IIJ(.:\)- J(.:\o)ll :S Ll.:\- -Aol,forl.:\- -Aol :S 8 

L = 2PQCIIM- 1(-Ao)II 2 IIM(.:\o)ll 2 exp(6PQ8) + 

+EIIM- 1 (-Ao)IIIIM(.Ao)ll exp(2PQ8) + 

+2PQC IIM- 1(.:\o)IIIIM(.:\o)ll exp(2PQ8) 

Using the inequality 

exp(t)- 1 :S ltl exp(ltl) 

(3.13) and (3.19) we have 

(3.19) 

(3.20) 

(3.21) 

11 exp( -tlj (.:\))-exp(-tlj (.Ao))ll :S bL exp(b(IIJj (.:\o)ll+ £8))1-A-.:\o I (3.22) 
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Now from (3.8) and (3.14) we have 

lllj(A)II :::; IIM-1(A)C(A)M(A)II 
:::; IIM(Ao)ll UM- 1(Ao}ll Cexp(4PQ8). 

if r = max{ e,!} and from (3.12), (3 ,14) and (3.15) 

and 

with 

• • = [M-1(-Io) _ u-I(-1)] [ !~~:~ l + 
[ 

D1(Ao) - D1(A) 1 
Dk(Ao) - Dk(A) 

+ [M-l(A)] [ E(Ao)- E(A) l 
F(Ao)- F(A) 

13 

(3.23) 

K = {2PQIIM(Ao)IIIIM-1(Ao)ll 2 exp(4PQ8){IIE(Ao)ll + IIF(Ao)ll} + 

+IIM-1(Ao)ll exp(2PQ8)r}, 

and 

IIDj(Ao)ll:::; IIM-1(Ao)ll {IIE(Ao)ll + IIF(Ao)!!} . (3.25) 

From (3.8), (3.23) and (3 .24), if 1:::; j:::; k, 0:::; t:::; band A E [Ao- 8, Ao + 8], 
it follows that 

k 

11 L Mlj(A) exp(tJj(A)){Dj(A)- Dj(Ao)}ll:::; q1IA- Aol (3.26) 
j=l 

where 

q1 = kiiM(Ao)ll exp[2PQ8 + bCIIM(Ao)IIIIM-1(Ao)ll exp(4PQ8)]K 

From (3.8), (3 .22) and (3.25) we have 

where 

k 

11 LMlj(A){exp(tJj(A))- exp(tJj(Ao))}Dj(Ao)ll:::; qziA- Aol (3 .27) 
j=l 

qz = LbkiiM(Ao)ll exp[2PQ6 + b(lllj(Ao)ll + L6)JIIM- 1 (Ao)ll 

·{IIE(Ao)ll + IIF(Ao)ll} . 



14 R.J . VILLANUEVA, L. JODAR 

From (3.11) and (3.25), if .X E [.Xo- 8, Ao + 8] one gets that 

k 

11"2:: {Mlj(.X)- Mlj(.Xo)} exp(tJj(.Xo))Dj(.Xo)ll:::; q3I.X- .Xol (3.28) 

where 

j==l 

q3 = 2PQkiiM(.Xo)ll exp[2PQ8 + b(lllj(.Xo)II)JIIM- 1 (-Xo)ll 

·{ IIE(.Xo)ll + IIF(.Xo)ll} 

From (3.7) and (3.26)- (3 .28), for .X E [.Xo- 8, .X 0 + 8], we obtain 

for 0 :=:; t :=:; b. Thus, if£ is an admissible error, one gets 

llx(t, .X)- x(t, .Xo)ll :=:; £, for 0:::; t :::; b, I .X- .Xo I < 8* 

where 

Thus the following result has been established: 

(3.29) 

(3.30) 

(3.31) 

THEOREM 5. Consider the problem (P>-.) where the matrices A1 (.X), Ao(.X) , E(.X) 

and F(.X) are continuously differentiable functions of the real parameter A and 

A 1 (.\), A 0 (.\) makes that the companion matrix C(.\) defined in (3.2) satisfies 

the condition (2.3) of theorem 3. If 8 > 0 is the number defined in theorem 3 

such that for I.\- .Xol < 8, the problem (P>-.) admists a unique solution x(t, .X) 

defined by the (3.4). Moreover, if£ is an admissible error for the solution of 

the problem (P>-.
0

) in the interval [0 , b], then taking 8* defined in (3.31), the 

expression (3. 30) is satisfied. 

4. Stability of the Riccati equation 

Let us consider nonsymmetric Riccati matrix differential equation 

W'(t) = C(.X)-D(.X)W(t)-W(t)A(.X)- W(t)B(.X)W(t), W(O) = Wo(.X)(4.1) 

where W(t), C(.X), D(.X), B(:A), A( .X) and Wo(.X) are nxn complex matrices. We 
use the explicit solution of ( 4.1) given in [10] for a fixed value of the parameter A. 
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THEOREM 6 ([10]). Let us consider problem (4.1} where B(.\) is invertible and 

let B 112(.\) be a square roof of B(.\). Let A0 (.\), A1 (.\) be matrices defined by 

(4.2) 

Then, the solution W(t, .\)of the problem (4.1} in a neighbourhood e(O) oft= 0 
is given by the expression 

W(t, .\) = B- 112(.\)V'(t, .\)[V(t, .\)t 1 B- 112
(.\)- a- 1(.\)A(.\) (4.3) 

where V(t, .\) is the solution of 

x( 2)(t) + A1(.\)x(l)(t) + Ao(.A)x(t) = 0 

x(O) = B 112 (.A), x'(O) = B112 (.\)W0 (.\) + a- 112(-A)A(.A). 
( 4.4) 

Consider the Riccati equation (4.1) where the coefficients A(.A), B(.>..), C(.>..), 

and D(.>..) are cnxn valued continuously differentiable matrix functions of the 

real parameter .A E /(.>.. 0 ) =J.>.o- 60 , .Ao + 6o[, where B(.>..o) is invertible. 

Since B(.>.) is differentiable, from the mean value theorem [5], there exists con­

stants {3 > 0, 61 > 0 such that for I.>. - .>..o I < 81, one gets 

1 
IlB( .A)- B(.>..o)ll :S f31.>..- .>..ol < IIB(.>..o)-lll , ( 4.5) 

Then from the Banach lemma (2.2), B(.>..) is also invertible for I.>.- .>..ol < 81 

(4.6) 

where Kt is an upper bound ofiiB(.>..)- 1 11 for I.>.- Aol <lit. 

Taking into account that 

[ 
0 I l = P(.>..) [ A()..) B(.>.) l [P(.>..)ti (4.7) 

-Ao(A) -At(.>.) C(.>.) -D(.>.) 

where 

· · ·11 · ,., x''n 1 j'J-1/''( \) · · t'll · ''"X" 1s tnvert.J l t' In c-" - wcause J - "' Is tnver .J l e Ill '-' . 
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Let us suppose that 

[ 
A(.X) B(.X) l 
C(.X) -D(.X) 

satisfies the condition (2.3) of theorem 3, then from ( 4.7) 

[ -A~(~) -A~(~) l 
also satisfies the condition (2.3) of theorem 3. Thus, if V(t, .X) is the solution of 

the equation (4.4) . Then, by section 3, there exist real positive numbers 8, q1 

and q2 such that 

IIV'(t, Ao)- V'(t, A)ll ~ q1IA- Aol 

IIV(t, Ao)- V(t, A)ll ~ q2IA- Aol· 

for A E]Ao - 8, Ao + 8[. 

(4.8) 

Given B(Ao), let us consid·er a number a E (0, 27T(, such that if we denote 

by Ha the half-line {-reia : r 2: 0}, one gets Ha n l1(B(Ao)) i= 0. Since 

l1(B(A)) is contained in the open set Da = C ~Ha, by theorem 2, there exists 

82 > 0 such that l1( B( A)) ~ Da, for lA - Ao I < 82. Let us denote by log"' 

the holomorphic determination of the logarithm defined in Da . Then from the 

holomorphic functional calculus (4], a continuous determination of the square 

root of B(>.) is defined by 

[B(>.}P/ 2 = exp(1/2loga(B(A)) 

Since log"' is holomorphic, from (2.2) , ( 4.5) and ( 4.6), it follows that 

IIB (Ao) -1/2- B(A)-1/211 ~ 

~ IIB(Ao)- 1/ 2ll(exp(-1/2K2,BII>-- Aoll) -1) 

for some /{ z > 0 and for 1>-- >-ol < min(81 , 82). 

From (2.2) and (4.8), there exists a number 83 > 0 such that 

1 
IIV(t , >- u)- V(t , >-)11 ~ q2l>-- >-al < IIV(t , >-o)- 1ll 

a nd 

(4 .9) 

(4.10) 

(4.11) 

(4.12) 

where f{:J is <tn upp er bound of IIV(t , >.)- 111 for 1>-- >-ol < 83 and t E ~(0) . 
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From theorem 1, there exists a positive number 84 such that 

(4.13) 

and 

( 4.14) 

dB(>-.) 112 dB(>-.) where M1 and M2 are upper bounds ofd>: and d>-. . 

Let 8 = min{81,i = 1, ... ,4} and let U()..o) =]Ao -8,)..o +8[. Then from the 

differentiability of A()..), there exists a constant q3 > 0 such that 

IIA()..o)- A()..)ll :S q3l)..- Aol· (4.15) 

From the continuity of V'(t, )..), there exists a constant q4 > 0 such that 

IIV'(t , )..)11 :S q4, for(t, )..) E ~(0) x U(Ao) (4.16) 

Now, we consider the difference 

W(t, Ao)- W(t, )..) = 

B().. 0 )- 112V'(t, ).. 0 )V(t, ).. 0 )-
1 B()..o)- 112 - B()..o)-1 A()..o)- (4.17) 

-B()..)- 112V'(t , )..)V(t, )..)- 1 B()..)- 112 - B()..)-1 A()..). 

Let us denote 

IIV'(t, Ao)ll = Q1, IIV(t , Ao)- 111 = Q2, 

IIB()..o)- 112 11 = Q3, IIA()..o)ll = Q4, 
( 4.18) 

and let us take norms in (4.17). Then, from, (4.6), (4.10), (4.12)-(4.18) and the 

inequality exp(t)- 1 :SI tl exp(t), for 1)..- Aol < 8 it follows that 

·· IIW(t, Ao)- W(t, )..)11 :S 

:S II[B()..o)-1/2- B()..)-1f2]V'(t, Ao)V(t, Ao)-1 B()..o)-1/211 + 

+IIB()..)- 112[V'(t, Ao)- V'(t, )..)]V(t, Ao)- 1 B()..o)-11211 + 

+IIB()..)- 112V'(t , )..)[V(t, Ao)-1 - V(t, )..)- 1]B()..o)- 112ll + (4.19) 

+IIB()..)- 112V'(t, Ao)V(t, Ao)-1[B()..o)-112 - B()..)- 112]11 + 

+II[B(>.o)- 1 - B(>.)- 1]A(>.o)ll + IIB(>.)- 1[A(>.o) - A(>.)JII :S 

:S fi>.- Aol-
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where 

r = Q1 QzQ~ exp( -1/2K2(Jt5)1/2KzfJ + 

+QzQ~(1- Q384Mt)-1 q1 + (1- Q384M1)- 1 QzQ~K3qzq4 + 

+(1- Q384Mt)- 1 Q~q4K3 exp( -1/2KzfJ8)1/2KzfJ + 

+Q3Q4K1fJ + Q3(1- Q384Mz)- 1q3. (4.20) 

THEOREM 7. Let us consider the previous notation and the Riccati equation 

(4.1} where B(Ao) is invertible and the matrix 

[ 
A(A) B(A) l 
C(A) -D(A'f 

satisfies the condition (2.3} in a neighbourhood of A= A0 . Then, there exist an 

interval U(Ao) =]Ao- 8, Ao + 8[ and a neighbourhood e(o) oft= 0 such that for 

(t, A) E U(Ao) x e(O) the solution W(t , A) of (4.1} is given by 

k 

W(t , A) = B(A)- 112 (2:Mzj(A)exp(tJj(A))Dj(A)} 
j=1 

k 

(2:: M1j(A) exp(tJi (A))Dj (A)} - 1 B(A)- 112 
- B(A)- 1 A(A) 

j=1 

where the matrices Dj(A) E cmpcn, for 1 :S j :S k, are uniquely determined by 

W(O) = Wo(A) and the expression 

[ 

D1_(A) ]- M A -1 [ Btf2(>.) l 
: - [ ( )] B 112(A)Wo(A) + B- 112 (A)A(A) ' 

Dk(A) 

and satisfies (4.19), (4.20}. 
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Stabilne rozwiqzanie analityczne dla pewnej 

klasy macierzowych r6wnan r6zniczkowych 

Riccatiego 

W pracy rozwaza si~ niesymetryczne macierzowe r6wnania r6zniczkowe ,Ricca­

tiego, kt6rych wsp6lczynniki zaleict: od rzeczywistego parametru. Podano wa­

runki, przy kt6rych otrzymuje si~ rozwi<}zanie analityczne, stabilne wzgl~dem 

zaburzen wsp6lczynnik6w. 
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YcTo:AquBoe auanuTuqecKoe perneuue AJI.H neKoTo­

poro KJiacca MaTpuqnhiX An«<»«<»epeuu.uanhHhiX ypa­

BHeuuu PnKKaTu 

B pa6oTe paccMaTpHBaiOTCH HecHMMeTpH'IHbie MaTpH'IHbie ,IJ.HcpcpepeHn;HaJib­

Hbie ypaBHHeHHH' PHKKaTH, KoacpcpHn;HeHTbi KOTOpbiX &aBHCHT oT ,u.eitcTBH­

TeJibHoro rrapaMeTpa. IlpHBe,IJ.eHbl ycJIOBHH IlpH KOTOpbiX IIOJiy'!aeM aHaJIH­

TH'IeCKOe peiiieHHe, ycTOit'IHBOe IlpH H3MeHHIOID;HXCH K09cpcpHD;HeHTaX. 


