
Control 
and Cybernetics 
VOL. 21 (1992) No. 3/4 

Design of multistep algorithms 

and local optimal input for 

dynamic system identification 

by 

A. Yastrebov 

Department of Numerical Mathematics and Cybernetics 

Nizhni Novgorod State University 

603600, Nizhni Novgorod, Gagarin Ave. 23, Russia 

M. Grzywaczewski 

Department of Automatic Control 

Technical V niversity of Kielce 

Al.lOOO-lecia Pari.stwa Polskiego 7, 

25-314 Kielce, Poland 

A problem of on-line identification of dynamic systems is ana
lyzed . For purposes of solution of this problem a certain class of mul
tistep adaptive methods is proposed. The sufficient convergence con
ditions with probability one for this class are obtained and supple
mented by results of computer analysis. The principle of the synthe
sis of multistep local optimal input design is given. 

Keywords Multistep algorithms, estimation, local input design, dynamic sys

tem identification. 



36 A. YASTREBOV, M. GRZYWACZEWSKI 

1. Introduction 

In solving of problems of parameter identification of controlled discrete dynamics 

models the recursive adaptive algorithms realized through computer techniques 

are often used [6]. The accuracy of identification of unknown parameters can be 

increased by using the knowledge about values of estimation in former iterations 

[1, 2]. It is important in synthesis of either control or estimation procedure 

to use the data concerning former time steps. The recursive methods of input 

design or identification which implement the above principle are called multistep 

algorithms or M -algorithms [3] . The principles of synthesis of M -algorithms of 

estimation and input design for dynamic system identification are given here. 

Convergence of these multistep algorithms is investigated for the parameter 

estimation of linear dynamic system. The results of numerical investigations 

with IDDOL package of M-algorithms are described. 

2. The recursive M -algorithms for identifica

tion 

The idea of using former values of estimated or optimized quantity in building 

the actual estimation may be realized in two basic forms: 

• the introductory filtration of residuals (or their squares) of the output 

s.ignals of the model and the object with mean values obtained; 

• the use of mean values in the number of points given a priori, the pseudo 

gradients for iterating over the identification quality functional. 

Let us describe those two approaches to construction of M -algorithms in 

parameter identification of the following dynamic object and forecasting model: 

(1) 

(2) 

where Xn = [X~ , X~, ... ,x:f, Q* = [Ql , Qz, . .. ,Qmf, ~n - statisti

cal disturbance sequences, Yn - measurable output signals, X~ (i = 1, ... , m) 

- partly measurable generalized inputs (for example, X~ - Yn-i or Un-i (mea

surable input) or ~n-i), iJ - output of the mode!, Xn =[X~ , x~, ... , x:JT-
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generalized estimated inputs of model , Q is the estimation of Q* which corre

sponds to minimization of the functional : 

J ( Q) --+ min 
' Q 

(3) 

The criterion J( Q) of identification of Q* leading to multistep methods can 

be presented in one of the following forms : 

- filtration of the residuals 

J(Q) EN [(e~)/2], 

H( z - 1 )en, 

- filtration of the squares of residuals 

J(Q) 

(4) 

Yn - Yn (the residual) , 

(5) 

- mean value in a number of finite points given a priori the pseudo gradients of 

J(Q) [1, 2, 3, 8]: 

(6a) 

(6b) 

Sn = gradq(e~/2) (the gradient in the point Qn - d , 

where A0 , An, Pn - known matrices, 'Y~ > 0- the scalar sequence ( 'Y~ --+ 0 if n --+ 

oo) , {f; , dj} - are known coefficients , 

( ) 
_ { E( ) - the expectation operator 

EN -
~( ) / N - the empirical mean operation. 

The multistep pseudo gradient identification algorithms (M -algorithms) with 

( 4)- (6) can be presented in the following form : 

(7a) 
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(7b) 

where- Wn- stochastic gradient of J(Q) in (4)-(6), G,A,Bn- matrices of a 

given order, 'Y~ > 0- numerical sequence, <I>(z- 1 ) = K(z- 1 )/ L(z- 1) -stable 

filter. In the M -algorithm (7) the form (7a) describes a model of algorithm 

estimation and (7b) is a certain filter, which produces directions for iteration 

{Qn}· 
The object (1) is here assumed to have the structure of 

(8) 

where A( z- 1 ), B(z- 1 ) are polynomials in the backward shift opern.tor z- 1 : 

A(z- 1) = 1+a1z-1+ .. . ~amz-m, B(z- 1) = hz- 1+hz- 2+ ... +b ~-=:- 1 ,(m 2: 
1), Y-n = 0 (n 2: 0), {~n} is white noise, Q* = [a1 , a2, ... , am, b1, b2, ... , bzf 
-is a vector of unknown parameters, X;;'= [-Yn-1, -Yn-2, ... , -Yn-m, Un-1, 

Un _ 2, ... , Un -1f is a vector of measured data. 

We shall state the following assumptions: 

APl: the system (7a) is asymptotically stable; 

AP2: the polynomials A(z- 1 ), B(z- 1 ) have no common factors; 

AP3: the coefficients in B(z- 1 ) are not equal to zero; 

AP4: input sequence Un (may be deterministic or stationary ergodic stochastic) 

is uniformly bounded and is persistently exciting of required (2: m+ 1) order; 

AP5: ~n is sequence of mutually independent random variables with mean zero 

(independent of { Un}) with parameters E(~n) 2 2 G\' E(~n)4 
::::: c2, where ci > 

0 ( i = 1, 2) are constants. 

The convergence properties of the algorithm (7a)-(7b) for Wn = Sn and 'Y~ = 

'Y~ = 'Yn can now be summarized in the following results. 

THEOREM 1 Let the sequence {Qn, Zn} be given by (7a)-(7b) with G =I, A= 

0, Bn = 0, Pn =I, conditions AP1-AP5 hold and suppose also that: 

1) L(z- 1) have all zeros strictly outside of the unit circle in the complex z- 1 

plane and K(l)/ L(l) > 0; 

2} 'Yn---> 0 (n---+ =), 2::=0 'Yn = =, 2::=0 'Y~ < =· 
Then 

lim Qn = Q* (w.p.l). 
n __,eo 

The proof is given in [8] . 
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THEOREM 2 Let the sequence Qn, Zn be given by ('la)-('lb) with <I>(z- 1) 1 

conditions APJ-APS hold and: 

1) A has all its eigenvalues inside the unit circle; 

2) exist a 1 > 0 such that for all n, N 1 > 0 

3) 

k+Nl k+Nl 

2: [G- (I - A)- 1 GA] PnXnX~ 2: a 1 * 2: XnX~. 
n=k n=k 

II Bnll ~ B < oo, II Pn ll ~ P < oo, 'Yn ~ 0 (n ~ oo), 

CXl 

2: 'Yn = oo, 
n=O 

Then 

CXl 

2: "(~ < 00. 

n=O 

lim Qn = Q* (w.p.l). 
n --+ oo 

The proof is given in [8]. 

The local optimal input design for dynamic system identification. 

The approach to building multistep local optimal input design for linear param

eter discrete systems is based on the following local optimum principle: 

where: 

is a part of an informative Fisher matrix of the system shown which depends 

only on input signal or parameters of the deterministic part of the object (1), 

1¥( ) scalar convex function (for example logdet ( ) , tr( )), U -the set of time 

constraints for the input. A series of solutions of the problem (9) (k = 1) for 

linear or bilinear variants (one or multi dimensional types) of dynamic processes 

and function 1¥( ) can be found, for example, in [4, 5, 6, 7]. 

Consider a discrete-time linear system of type (1) modeled by the following 

difference equations (SISO model): 

(10) 
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(11) 

Yn = Xn + 1Jn , (12) 

where C(z- 1) = 1 + c1z - 1 + . .. + ck 1z-k 1, D(z1) = 1 + d1z1 + ... + dk 2 z - k2 , 

(k1 2: k2 ), ~n EN(O , u 2 ). The set of constraints U is given in the form: 

1) U1 ={an::; Un::; f3n, n = 0, 1, ... ) N}; 

2) U2 = {2::;;~ 0 uz::; lin, n = 0, 1, .. . , N}. 

Then the solution of the problem (9) (k = 1) for model (10)-(12) and func

tion w( ) = logdet( ) (local optimal inputs signals - LOS) is given in the 

following theorem. 

THEOREM 3 Let the conditions AP2 - AP3 hold and A(z- 1, C(z- 1) have all ze

ros strictly outside of the unit circle in the complex z- 1 plane. 

Then LOS is given by 

gpn-1 , Fn-1 2: 0 

g1n-1, Fn-1 < 0, 

1) for U 1
- gpn -1 = f3n - 1, gln-1 = D'n - 1; 

2) for U2 - gpn - 1 = (lin-1 - =7:/ uz), gln -1 = ~ (lin - 1 - =7:/ ul)112, 

where 

(13) 

Fn-1 (2Zn - 1 *gn - 1 +Cl'n - 1 +fJn - 1)/(fJn-1 - O'n_i) - An-1 *hn - 1, 

Zn-1 [u~_z , .. . , u~-1> -x~-1> ... , -x~-mf , 

[p1,2 p1,m+1]T 
gn-1 n-1 > · · · > n-1 > 

Xn 

p1,1 
n- 1> 

m+k2 k2 

L </!;u~- i - 1 - LCjUn- j -1 , 
i = 1 j =1 

D(z- 1)A(z- 1) = 1 + </J 1z-1 + .. . + <Pm+kZZ- (m+kZ) , 

B(z- 1)A- 1(z- 1)un, u~ D - 1(z- 1)un, 

D - 1(z - 1 )xn, 

Pn - 1 - Pn - dnf'/: Pn - d(u + f'/: Pn-dn), 

[u~_ 1 , ... , u~_ 1 , -x~_ 1 , . .. , -x~-mf· 

The proof is given in [8]. 
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3. Numerical example 

In this section the example of the work package IDDOL [8] for the following 

process ARM AX type of (1) are reported: 

(14) 

• Q* = [al,a2,bl,clf = [-0.9,0.2,1.0,0 .5jT, en E N(O,cr); 
~ ~ T 

• Xn = [-Yn- 1 ,-Yn - 2,Un-l,~n-d ; 
~ _ ' T ~ _ ~ T . 

• en - Yn -XnQn - l,Yn - XnQn -1 , 

• U = {- 1 :S: Un :S: 1 , n = 1 , 2, ... , N} ; 
• input signal Un is LOS in (13) for (14), 

where Qn is the estimation of Q* in t ime n with parameters of M - algorithm 

(6b): A= 0, Bn = 0, ~~ = 0, ~~ = 1, G = 1 (unit matrix), 

Po = I, Qo = O (n = 1,2, ... ,N) 

The following quantities are reported in Figs. 1-4: 

• Un , Yn , ~n and Yn together with ~n (Fig .1); 

• Wn = II Qn - Q* II /IIQo- Q* ll, Dn = II Qnll, E~ = [(Yn- Yn)/YnJ2, 
E~ = (Yn- y)/Yn (Fig .2); 

• Un,Yn , Yn and Yn together with Yn (Fig.3); 

• QN,Qo,Po,N, M-algorithm (Fig.4) . 

4. Conclusions 

For on- line identification of dynamic systems a certain class of multistep adap

tive algorithms (7) have been proposed. The sufficient convergence conditions 

for these m ethods (7) are obtained for ARX models of type (1) . The recursive 

method (9) is proposed to obtain local optimal input signals (LOS) for dynamic 

system identification . A solution of the problem (9) for linear models of (1) with 

w(-) = log det(-) can be described. The results of numerical investigations with 

package ID DOL of M- algorithms are described. A convergence comparison of 

multistep methods (7) with one-step algorithms is also provided and it is shown 
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that proposed methods may be better than the one-step methods [4, 5, 8]. The 

simulation examination shows that LOS are quite effective for identification of 

systems of ARX and ARM AX type of(1) [4, 5, 8]. 
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Projektowanie wielokrokowych algorytmow i lo

kalnie optymalnych sterowait w identyfikacji sys

temow dynamicznych 

W pracy analiz]lje si~ zagadnienia identyfikacji system6w dynamicznych na bie

Z<):CO. Dla rozwi<j:zania tego zagadnienia proponuje si~ pewn<j: klas~ wielokro

kowych metod adaptacyjnych. Podaje si~ warunek zbieznosci metody z praw

dopodobienstwem 1. Rozwazania S<): wsparte wynikami analizy komputerowej. 

Formuluje si~ zasad~ syntezy wielokrokowej sterowan lokalnie optymalnych. 

fipoeKTHpOBRHHe MHOrornarOBbiX aJirOpHTMOB H JIO

KRJihHO OllTHMRJihHhiX ynpaBJieHHH B HAeHTHci»HKa

~HH AHHRMHqeCKHX CHCTeM 

B pa6oTe aHaJIM3MpyeTc.ll Borrpoc TeKyiii,e:lt M)I.eHTM<l>MKaU:MM )I.MHaMMl.J:ecKMX 

CMCTeM. )Jj1.11 pellieHM.II 3TOI'O BOIIpoca npe)I.JiaraeTC.II HeKOTOpbi:lt KJiaCC MHO

I'Olliai'OBI:.IX a)I.aiiTHBHI:.IX MeTO)I.OB. flpHBO)I.MTC.II YCJIOBMe CXO)I.HMOCTH Me

TO)I.a c Bepo.IITHOCTI:.IO 1. PaccMoTpeHHe )I.OIIOJIH.IIeTC.II pe3yJII:.TaTaMH KOM

III:.IOTepHoro ail:aJIM3a. <l>opMyJIHpyeTC.II IIpMHD;MII CMHTe3a MHOI'OtiJ:ai'OBI:.IX 

JIOKaJII:.HO OIITHMaJII:.HI:.IX yrrpaBJieHM:lt. 
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Fig. 1. 1 - Local optimal output signal (inO) 

2 - Output signal in time ( outO) 

3 - Disturbantes in output (CT = 0.05) (nois) 
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4 - Comparison of useful signal and disturbances (outO , nois) 
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Fig. 2. 1 - Quality criterion of identification process 

w = IIQ(n)- QII / II Q(o) - Qll 
2 - Estimation criterion of model quality 

E1(n) = (y(n) - Ym(n)) 2 /(y(n)) 2 

3 - Estimation criterion of identification process quality 

D(n) = IIQ(n)ll 
4 - Estimation criterion of model quality 

E2(n) = (y(n) - Ym(n))/(y(n)) 

45 
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Fig. 3. 1 -Local optimal output signal (inO) 

2- Output signal in time (outO) 

3 - Output signal in the model (out M) 

4 - Comparison of output signals from the structure 

and the model (thick line) (outO, outM) 
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