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1. Introduction

Sequential quadratic programming (SQP) methods are very efficient algorithms
to solve nonlinear programming problems. These methods can be obtained
by applying Newton’s method to find a stationary point of the Lagrangian
function, and are therefore also referred to as the Lagrange-Newton method.
The theory of local convergence of SQP methods is fairly well developed for
finite dimensional optimization problems (compare Fletcher 1987, Stoer 1985).

The SQP method resulting from the Lagrange-Newton method can be easily
extended to infinite-dimensional optimization problems. For state constrained
optimal control problems this method has been successfully implemented by
Machielsen 1987. However, he does not give any results on convergence. For
aptimization problems in Hilbert spaces with convex constraints an extension
of Newton’s method can be found in Levitin, Polyak 1966. Kelley, Wright 1990,
analyzed an SQP method for equality constrained optimization problems in
Hilbert spaces. In this special case a stationary point of the Lagrange function
is defined by a system of equations only, and therefore the Lagrange-Newton
miethod is equivalent to the ordinary Newton method to solve this system.

For finite dimensional optimization problems the usual assumptions to show
local quadratic convergence of the Lagrange-Newton method are linear inde-
pendence of the gradients of binding constraints, a second-order sufficient op-
timality condition, and strict complementary slackness (compare Stoer 1985),
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where the last two assumptions can be replaced by a strong second—order op-
timality condition, Fletcher 1987. It is well-known (Stoer 1985) that these are
the standard assumptions for stability and sensitivity analysis of nonlinear pro-
gramming problems (compare Fiacco 1983). This indicates that there is close
relationship between stability of the problem to be solved and convergence of
the Lagrange-Newton method.

Instead of the original problem the Lagrange-Newton method solves a spe-
cial quadratic optimization problem, which is a second—order approximation of
the original problem and has the same solution as the original problem, if the
standard assumptions mentioned above are satisfied. If we call this problem the
reference problem, then the relationship to stability of optimization problems
under perturbations arises from the fact that the Lagrange—Newton iteration de-
fines a sequence of quadratic optimization problems, which can be interpreted
as perturbations of the reference problem. Therefore, suitable stability results
for perturbed optimization problems can be used to show local convergence
of the Lagrange-Newton method. It seems that the first result of this type
has been obtained in Robinson 1974, where a stability theorem for stationary
points is used in the finite dimensional case to obtain rates of convergence for
SQP methods. In Robinson 1980, Robinson proved a more general implicit—
function theorem for strongly regular generalized equations. Applications to a
Newton method for generalized equations can be found in Robinson 1983.

Following the approach of Robinson 1974, and using the implicit—function
theorem of Robinson 1980, local convergence of the Lagrange-Newton method
for infinite~dimensional optimization problems with nonlinear equality and in-
equality constraints has been invesitgated in Alt 1990. In Alt 1991, Alt 1992, the
convergence theory has been extended to more general classes of optimization
problems. This theory can ‘be applied to various optimization problems. For
finite dimensional problems one obtains the well-known convergence results (see
Section 3 of Alt 1990 and Example 6.1 of Alt 1992). For parameter estimation
problems the assumptions used in Ito, Kunisch 1992 to investigate stability of
solutions to such problems are sufficient to apply the convergence theory (see
Example 6.4 in Alt 1992).

In optimal control the convergence theory can only be applied to a restricted
class of problems, where the cost functional is quadratic and the constraints
are linear with respect to the control variable (see Section 5 of Alt 1990 and
Examples 5.5 and 6.6 of Alt 1992). The reason is that, typically, optimal con-
trol problems nonlinear in the control variable are differentiable in the L*-
norm, while the required second-order optimality condition holds only in the
weaker L2-norm. This fact is known as two-norm discrepancy (see e.g. Maurer
1981). Two-norm discrepancy creates serious difficulties in stability analysis
of infinite dimensional optimization problems. We refer to Malanowski 19938,
Malanowski 1994, Malanowski 1993 A, where stability results for such problems
can be found. In the particular situation of optimal control problems with no
state constraints two-norm discrepancy can be compensated for by regularity
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results associated with the necessary conditions and the solution for the opti-
mal control problem. The first results in this area were obtained by Hager 1990,
who analysed convergence for multiplier methods. Local convergence results for
the Lagrange-Newton method applied to nonlinear optimal control problems
subject to control constraints are derived in Alt, Malanowski 1993.

In Alt, Sontag, Troltzsch 1993 an SQP method for optimal control problems
governed by a weakly singular Hammerstein integral equation is considered. The
convergence theory for these problems requires even a four-norm technique.

In the present paper we investigate the same class of optimization problems
as in Alt, Malanowski 1993. In Section 2 we prove local convergence of the
Lagrange-Newton method adapting the implicit—function theorem of Robin-
son 1980 to the special situation considered here. In this way we can derive an
explicit bound for the radius of convergence of the method. In Section 3 this
result is applied to a class of control problems with nonlinear cost, linear state
equation and convex control constraints. Possible applications to perturbed and
discretized control problems are indicated.

Notation: The Fréchet derivative of a map f is denoted by f’, the partial
Fréchet derivative with respect to the variable ¢ is denoted by a subscript z,
e.g. fz. By Bx(z,r) we denote the closed ball with radius r around z in the
space X. Bx denotes the closed unit ball in the normed space X, and Ox
denotes the zero element of X. For two Banach spaces Z and Y, L(Z,Y) will
denote the space of linear continuous mappings from Z into Y supplied with
the usual norm denoted by || - ||z—v -

2. The Lagrange-Newton method

We consider optimization problems in Banach spaces which can formally be
described as follows. Let Z, ¥ be Banach spaces, 0 an open subset of Z,
C C Z, K CY closed convex sets. Further let f:Q2 — R, g:Q — Y. Then we
consider the optimization problem

(P)  Minimize f(z) subject to z€C, g(z) €K.

Let V C Z* and A C Y* be subspaces with dense and continuous embeddings,
. and denote

X:=VxY, |(v,y)llx :=max{|lv]lv,||lyllv},
W:=2ZxA, |l(zA)llw =max{||zlz,[|Alla}.

We assume that

(A1) There exists a (local) solution Z of (P).

(A2) The mappings f, g are two times Fréchet differentiable on Q and
fl(x)eV, Ag'(z) eV,
f'(z) € L(Z,V), Ag"(z) € L(Z,V)
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for all z € © and all A € A. Moreover, there exist constants r; > 0 and
er, > 0 such that °

£/ (21) = f'(22)llv < erllzr — 22]|z

I(F"(21) — f"(22))(2)llv < erllz1 — zallz]|z]|z ,

lg’(21) — 9'(22)l|lz—v < erllz1 — 22|z,

1A’ (21) — g’ (z2))llv < ecl[Mlallzr — z2|iz )

IA(g"(21) — 9" (22))lliz—v < cr [|A||allz1 — 22|z,

1A = A2)(g"(2))llz—v < erl|Ar = A2fla
for all z, 21,22 € Bz(Z,r1) and all A, A, A3 € A.

REMARK. If Z and Y are Hilbert spaces, V = Z*, and A = Y*, then Assumption
(A2) is satisfied, if f" and ¢” are Lipschitz on Bz(Z,r).

A continuous linear functional A € Y™ is called a Lagrange multiplier for
z€Z,if

(F'(z) = Ag'(2))(e—2) 20 forall ceC,
My—g(2))>0 forall ye K.

For z € Z, A € Y* the Lagrangian function is defined by

L(z,2) = f(2) = A9(2)) -

The following sequential quadratic programming method is a straightforward
extension of Wilson’s method (see Robinson 1974, Wilson 1963) to the infinite—
dimensional Problem (P).

(LINM): Having (zx, Ax), compute zgy1 to be the solution the quadratic opti-
mization problem

(QP)k Min,e¢z f’(zk)(z - z;.,) + %ﬁu (z;n, )i;,_.)(z —Zp,Z— zk)
subject to 2 € C, g(zx)+ ¢'(2r)(z — =) €K,

and let Ag41 be an associated Lagrange multiplier.

This sequential quadratic programming method can be obtained by applying
Newton’s method to find a stationary point of the Lagrangian function, and is
therefore referred to as the Lagrange-Newion method (compare Fletcher 1987,
Alt 1990).

In the following we want to give sufficient conditions such that the Lagrange--
Newton method is locally well-defined and that the sequence of iterates (zx, Ax),
k=1,2,..., converges locally to (7, 1), where X is a Lagrange multiplier associ-
ated with Z. As in Robinson 1974 and Alt 1990 we consider the Problems (QP)x
as perturbed optimization problems depending on the parameter (zx, Ax), and
we use stability results for such problems in the convergence analysis.
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Let w = (zw,Aw) € W. Then we get a family of perturbed quadratic
optimization problems
Q) Mimez F(2,0) = F/(2)(z — 2) + as (W) — 20,2 = )
subject to z€C, G(z,w) = g(zw) + ¢'(2u)(z — 20) E K,
with @ = (Z, A) defining the reference problem. Now define w; = (zk,Ax). Then

the Problems (QP)z and (QP),, are identical. Therefore, the Problems (QP)g
can be interpreted as special perturbations of the Problem (QP)y.

REMARK. Let w = (zy,Ay) € W. Suppose Z, is a solution to (QP),. Then a
continuous linear functional A € Y™ is a Lagrange multiplier for z,, if -

(J"(2w) + Lo2(2w, A )(Zw — 2w) — A9 (2w))(c — 2u) > 0 (2.1)
for all ¢ € C, and
Ay — 9(zw) — gr(zw)(gw —2y)) 20 (2.2)

for all y € K. The pair (Zy, ) is called a Kuhn-Tucker point for (QP),,.

It is known from results of Robinson 1980, Robinson 1987 (compare also Alt
1990, Malanowski 1992) that the stability of solutions and Lagrange multipliers
of the Problems (QP), with respect to the parameter w is closely related to
stability with respect to the parameter p = (a,b) € X of the linear-quadratic
optimization problem

(QS)p Min;ez F(z,®)—a(z— %)
subject to z € C, G(z,2) —be K.

We now in‘roduce the assumptions required for the convergence analysis. The
first assumption concerns constraint regularity (see Robinson 1976).
(A3) The local solution Z is a regular point of the system
zel, y¢g(z)eK,
ie,0cint{g(2)+¢'(2)(z—2)—y|zeC, ye K}.
Assumption (A3) implies the existence of a Lagrange multiplier A € Y* associ-
ated with z. We assume higher regularity of X, namely
(A4) AeA. :
As in Alt 1990, Alt 1991 and Malanowski 1992, Malanowski 1993B, our re-
sults are based on an implicit-function theorem for generalized equations (The-
orem 2.1 of Robinson 1980). This: theorem requires Lipschitz continuity with
respect to the parameter p of the solutions z, and the Lagrange multipliers A,
of the Problems (QS),. Therefore, we assume . _
(A5) There exist a ball Bx(0,0) of radius ¢. > 0 around 0-and a constant
¢g > 0 such that for any p € Bx (0, @) Problem (QS), has a unique solu-
tion z, and a unique associated Lagrange multiplier A, with (25, X,) € W
and
llzp — zgllz , [|Ap — Aqlla < eqllp —gllx
for all p,q € Bx(0,0).
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REMARK. Assumption (A5) especially requires, that zp = Z is the unique solu-
tion of (QS), and Ag = A is the unique associated Lagrange multiplier. More-
over, Assumption (Ab) requires higher regularity of the Lagrange multipliers,
since it assumes that the multipliers belong the space A.

By Assumption (A5) we can define a Lipschitz continuous function of p
Sq:Bx(0,0) = W, p—(2,2p),

where 2, is the unique solution of (QS), and X, is the unique associated Lagrange
multiplier.

Define Wy = Q x A. In the same way as in the proof of Theorem 2.1 in
Robinson 1980, for w = (2, Aw), £ = (2,A) € X we define the function

EWo x Wo— X, L€ w)=(4(éw),b(Ew),
where

&(€, w) = f'(2) = Ag'(2) + L:a(0)(z - 2)
_f’(zw)+'\g}(zw)—£zz(w)(z_“zw):
£(&, w) = g(20) + ¢'(20)(2 — 2) = 9(2) — ¢'(2)(2 — 2) .

Analogous to Lemma 3.2 of Alt 1990 we show
LEMMA 2.1 Suppose Assumption (A2) holds, and define

ce = 3+ Alla).- (2.3)
Then
(160, w)|x < et llw— Bl|Z (2.4)

for all w = (2w, Aw) with 2z, € Bz(Z,71) and Ay € A.

PROOF. Let w = (zy,Aw) € W with 2, € Bz(Z,7) and A, € A. By the
definition of £ we have

b (@, w) = f'(2) = f'(20) = f"(20)(F — 20) + (v — Ng" (z)(Z = zu)
= A(g'(2) — ¢'(2w) — 9" (20)(Z — 20)) -

By Assumption (A2) we therefore obtain
5 CL X % 4 5
143 (@, w)llv < (1 + IMMIEZ = 20llz + ezl = Aulla 12 - 2ullz
< el — wlfiy -
Again by the definition of £ we have

Lo(B, w) = —g(2) + 9(2w) + g'(2w)(Z = 2u),
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By Assumption (A2) we therefore obtain
= CL = .
1e2(, w)lly < 7112 = 2ull7 < cell®— wlfiy -
This proves the assertion of the lemma. |

Based on Assumption (A2) we further show analogous to Lemma 4.4 of Alt
1992

LEMMA 2.2 Suppose Assumption (A2) holds, and define

' . 20 3
Py = mm{l,rl, (m) } . (2.5)

Then
16, wllx < o (2.6)
for all w = (24, Aw),€ = (2,) € Bw (,ra).

PROOF. Let w = (2w, ), = (2,A) € Bw(w,r2) be given. By the definition
of £ we have

6(&w) = f1(2) - f(zw) = " (20)(Z — 20) + (F(2) — " (2w)) (z — 2)
= 2(g'(2) — 9'(zw) — ¢"(20)(Z — 2u))
A(g"(20) = 9"(2) (20 — D) + (A= X) ¢"()2u
+X(0"(2) = 9" (D) (2 — 2) + (Mo = 1) 0"(20)(z = 7).
By Assumption (A2) we therefore obtain
1616, w)llv < ZEI1Z = 2ullf + ellZ = zullz 1z — Zllz
3c
SN lIE = 2ol + ezllA ='Alla l1Z = zullz
+erlMallz - 2ullz |12 = zullz + eLlhw = Mla 12 — 2olz -
Since ||z — 2y || < 272 and ||A||a < 1+ ||A]|a, we further obtain
(¢, w)llv < 10+ TA|a)r3 < o
Again by the definition of £ we have
£(6,w) = g(2w) — 9(2) — ¢'() (2w — 2) + (9 (20) — ¢'(3)(2 — 20).
By Assumption (A2) we therefore obtain

(€, w)lly < El|zw — 213 + cllzw — Fllz |2 = 2ullz -
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Since ||z — zy||z < 2r; we further obtain
oe
llea(e, wlly < 73 <o
This proves the assertion of the lemma. |
Finally, again based on Assumption (A2) we obtain
LEMMA 2.3 Suppose Assumption (A2) holds, and define
; 2
rs =min{ 1,7y, - : (2.7)
3(4+ [|Alla)ereq
Then
2
[1€(61, w) — £(&2, w)||x < %Ilfl = &llw (2.8)

Jor all & = (21,M1),62 = (23,X2) € W with 21,29 € Bz(z,r1) and for all
w = (zy, Aw) € Bw (W, r3).

Proor. Let & = (21,.*1),62 = (ZQ,AQ) € W with 21,29 € Bz(z,?‘l) and
w = (2w, Aw) € Bw (W, r3) be given. By the definition of £ we have

G, w) = &6, w) = (F(2) = f"(2w)) (21 — 22) + (M1 = X2) (¢'(2) — ¢'(2))
+ (A = D" (2) + Aal9"(20) = 6" (2))) (21 - 22).
By Assumption (A2) we therefore obtain

l1€1(61, w) — &a(&2, w)llv < eLl|Z — 2|z [|21 — 22|z + cL]|Z = 2wz [|A1 — A2l
+erl|Aw = Alla [|21 — 222

+ ez (A1l +1) I = 20llz o1 — 2|z
< cr (4+11) 75 lés — Eallw
2
< — — g
= 3cq||£1 &llw
Again by the definition of £ we have
661, w) = £(&2, w) = (¢'(2w) — ¢'(2)(21 — 22) .
By Assumption (A2) we therefore obtain

[1€2(&1, w) — £2(62, w)lly < crllzw — 2|z ||21 — 22]|2
< erraflzr — 22|z

< 53-{;“51 —&ollw -

This proves the assertion of the lemma. m
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By Lemma 2.2, Sq(£(€, w)) is well-defined for all w = (24, Aw),€ = (2,A) €
Bw (w,r3). Hence, for w € By (W, ry) we can define a mapping

Swi Bw (W,r2) = W, & So(4(§,w)).

REMARK. Since £(w,%w) = 0x we have Sg(@) = Sg(0x) = W, i.e., w is a fixed
point of Sg.

Following the argument in the proof of Theorem 2.1 in Robinson 1980 we
show

THEOREM 2.4 Suppose Assumptions (Ai)—(AS) are satisfied. Choose

. 1
r4 = min {?’2, r3, } . (2.9)

3eecq

 Then there ezists a single-valued function S: By (W, r4) — Bw (W, r4) such that
for each w € Bw (W, r4), S(w) is the unique fized point in Bw (1, r4) of Sy, and

1S(w) — @llw < 3cq |1€(D, w)llx < 3eqer ||lw — B[y - (2.10)

ProoF. Define 6 = %CQ, and choose any w € By (w,rs). By Lemma 2.1 and
the definition of r4 we have

- 1
co ||4(w, w)||x < (:Qc;_ri < Em; =(1—cqb)ry. (2.11)

Let & = (21, A1),&2 = (22, A2) € Bw (W, r4) be given. By Lemma 2.2, Assump-
tion (Ab) and Lemma 2.3 it follows that

|Sw(€1) = Sw(&)llw = [|Sq(4(é:, w)) — So(€(€2, w))|lw
cq (&1, w) — £(&2, w)||x

2 s — ol (212)

IA A

Hence, S, is strongly contractive on Bw (@,r4). Since © = Sg(l(w,w)) =
Sq(0x) and Sy (@) = Sq(€(w, w)) we have by (2.11)

% & & 1
IS (@) — Bllw < cq [l6(, w)llx < 374,

and therefore for any £ € Bw (@, 74) by (2.12)
18w (&) — Bllw < [[Sw(§) — Su(@)llw + [|Sw (@) — @llw
< %ii-f—ﬁ||w+%f4$?'4,

so that S, is a self-map on Bw(w, r4). By the contraction principle, §,, has a
unique fixed point S(w) € Bw (@, r4). Thus, we have established the existence




96 W. ALT

of the function §: Bw (,rs) — Bw(w,r4). In addition, by the contraction
principle for each ¢ € Bw (1, r4) one has the bound

18(w) = Ellw < (1 - c8) 7 ISuw(€) — Ellw =318 (@) —€llw . (2.13)
To obtain the bound (2.10), we take any w € Bw (W, r4), and apply (2.13) with
& = = S§(d) to get
18(w) = S(@)l|w < 3[|Sw (@) — S(@)||w -
If we now recall that £(w, @) = 0x, (@) = S3(S(w)) and employ the bound
|8w (@) — Sa(@)llw = [|Se(&(®, w)) — Sq(&(@, ))|lw
< cq ||€(w, w) — £(w, w)||w ,

we immediately obtain the first inequality of (2.10). The second inequality
follows from (2.4). ]

A simple computation shows that £ = (z,A) is a fixed point of 8y, i.e.,
£ = Sq(l(€, w)), iff (2.1) and (2.2) are satisfied, i.e., iff the pair (z, A) is a Kuhn-
Tucker point for (QP),. Theorem 2.4 therefore shows that for w € Bw (@, r4)
there exists a unique Kuhn-Tucker point S(w) = {Ew,iw) € Bw(w,rs) of
(QP)y . Since we are interested in solutions of (QP), we additionally assume

(A6) A sufficient optimality condition is satisfied such that if w € Bw (@, rs)

then S(w) = (Zy, Aw) defines a global solution z, of (QP),,.
By Theorem 2.4 we get
THEOREM 2.5 Suppose Assumptions (A1)—(A6) are salisfied. Choose
pP= min{m, 7'5} 3 (214)

Then for each w € Bw (1, p) there exist a unigue solution z, of (QP), and a
unique associated Lagrange multiplier Ay, and

12, Aa) — (& Dllw < 3cq 14D, w)llx < 3eqeelw—lfy.  (2.15)
In the same way as Theorem 3.3 in Alt 1990 we can now prove the following

result on local quadratic convergence of the Lagrange-Newton method (LNM).

THEOREM 2.6 Suppose that Assumptions (A1)-(A6) are satisfied. Choose
}s

Then § := 3eqeyy < 1, and for any starting point wy € Bw (W, v6) the Lagrange-
Newton method generates a unique sequence {wi}, wp = (2k,Ax) convergent
to w. Moreo=er, z is a global solution of Problem (QP)k, Ax is the unique
associated Lagrange multiplier and

& 3
7 < min{p, S

-~ h-_.
lwe — dllw < vy62 1,

for k > 2.
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ProoF. For k = 1 we get from Theorem 2.5
lwy = @llw = [|S(wo) — S(&)||w
< 3cqee [[wo — Bl < Beqee(y6)? =76 =587 L.

Since 63 < § we get wy € Bw(w,76), and since wy = S(wp), w; is uniquely
determined. This proves the assertion for £ = 1. Now, it follows by induction

llwi+1 — wollw = [|S(ws) — S(@)||lw < 3eqee ||lwr — B[
< 3cqcee y262F -2 = 4 2"t
Since 6271 < § we get wpy1 € Bw (10, 7v6), and since wi41 = S(wg), w41 1s
uniquely determined. This completes the proof.

REMARK. Assumptions (A5) and (A6) are formulated here in a very general
form. In each application they have to be verified, which is the most difficult
step in the application of Theorem 2.6. Conditions under which (A5) and (A6)
are satisfied involve stronger constraint qualifications and strengthened second-
order sufficient optimality conditions. They are discussed e.g., in Alt 1990, Alt
1991, Alt 1992, Hager 1990, Malanowski 1992, Malanowski 1993B, Malanowski
1994, Malanowski 1993A.

3. Optimal control problems with convex control
constraints

In this section we apply the convergence theory of Section 2 to a class of non-
linear optimal control problems. For sake of simplicity, we only consider control
problems with linear state equation and convex control constraints, but with
nonlinear cost. A slightly more general class of control problems has been in-
vestigated in Alt, Malanowski 1993.

All needed stability results for the quadratic control problems defined by
the Lagrange-Newton méthod are taken from Hager’s paper, Hager 1990, where
they were used for the convergence analysis of multiplier methods.

The following notation will be used:

R™ is the n-dimensional Euclidean space with the inner product denoted by
(z,y) and the norm |z| = (z,z)7.
L%(0,T;R") is the Hilbert space of square integrable vector functions, with the

inner product
T

@0)= [ @O0,
and the norm .
l|zll2 = (z, 2)7.
L*>(0,T;R") is the Banach space of essentially bounded vector functions with
the norm .
||z||co = max esssup |z"(t)].

€0, 7]




98 W. ALT

WLP(0,T;R™) are the Sobolev spaces of absolutely continuous functions with
derivatives in L?(0,T;R"), p = 2, co.
In W42(0, T; R™) there is defined the inner product

(z,9)1,2 = (2(0), ¥(0)) + (2, 9),
which induces the norm
L
”m”l.ﬂ = (.’.I:', 3)?,2'!
whereas the norm in W'*°(0, T; R") is given by
llzl1,00 = max {|2(0)], [|&|o0} -

The inner product (-,-) will be extended by continuity to L*(0,T;R") x
(L*(0, T; R™)*, or to WL*>(0, T;R™) x (W1 (0, T;R™))".
Let the space Z = Z; x Z3 be defined by

Zy = L%(0,T;R™), Zy=Wh*(0,T;R"). (3.16)

We consider the following optimal control problem:

5 4
©)  Mingoezsz fwa)= [ ou),a0)d
subject to
(t) = A(t)z(t) + Bt)u(t) Y'te[0,T),
z(0) = zo,
uEi] el Ytelo,T],
where fO(,) : R™ x R® —» R, A € L*(0,T;R**"), B € L®(0,T;R™*"),

I/ ¢ R™ is nonempty, closed and convex, and xg is the given initial state.
In order to put Problem (O) in the general framework of Section 2, we further
define

Y = L®(0,T;R"),
C={(u,z) € Z | z(0) =z, u(t) U fora.a. t € (0,7},

and g:Z — Y by

g(u,z) =& — Az — Bu.
Along with the spaces Z and Y we define Z = Z; x Z; and ¥ by

Zy = L¥0,T;R™), Z,=wY"%0,T;R"), Y =L*0,T;R*). (3.17)
The spaces V and A introduced in Section 2 are defined as follows:

V = L®(0,T;R™) x L*®(0,T;R"), A=Wh""(0,T;R").

It is assumed that:
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(B1) There exists a (local) solution (&, &) of (O).
(B2) f°(.,:) is two times Fréchet differentiable in all arguments, and the re-
spective derivatives are locally Lipschitz continuous.

Certainly, by (B1) and the linearity of the state equation, Assumption (A1) of
Section 2 is satisfied. It is easy to see that, by the definition of the spaces V
and A and by (B2), Assumption (A2) holds for arbitrary r; > 0, where ¢y of
course depends on the choice of ri. In view of the definition of r, and r5 we
choose ry = 1.

We are going to introduce some regularity conditions. Let us start with the
constraint qualifications. Let us put

w=(u,z,\) EW=2xA,
Further, we define subspaces Zo C Z and Zy C Z by
Zo={(u,z)€Z|z(0)=0}, Zo={(u,z)€Z|2(0)=0},
and the mapping S € L(Zo,Y) N L(Zo, ff) by
$(e,6) = € ~ A(@)§ ~ B(d)o.

It is well-known that the mapping S is surjective (see e.g. Girsanov 1972).
Hence, in particular Assumption (A3) of Section 2 is satisfied.
Let us define the Lagrangian associated with (O):

L:ZxY*—>R,
L(u,z,A) = f(u,z,h)+ (A, & — Az — Bu) .

It is also well-known (see e.g. Girsanov 1972) that there exists a unique La-
grange multiplier

X e Wh(0, T; R™) (3.18)
associated with (i, Z) such that the following stationarity conditions hold:
M)+ AWTXE) - 12 @), 50) =0, A1) =0,
and for a.a. t € [0,7]
(#2 (@0, 20) - BOTA®)) (w—a(t) 20 VueU.
Note that (A4) is satisfied by E3.18).
For the sake of simplicity let us denote
L= L(4,& N,
and introduce for w = (u,z,A) € W the Hamiltonian
H(w(t)) = f° (u(t), z(t)) — (M), A(t)z(t) + B(t)u(t)) -

According to Assumption (8) in Hager 1990, in addition to (B1)-(B2) we assume
the following coercitivity condition:
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(B3) There exists a; > 0 such that

(b o 2] [1)
= [ e [t el it

> a ([Jull3 +ll=l1? ) | (3.19)
i (3.20)
for all pairs (u,z) € Z satisfying
u=u; —u; forsome uy,us €U,
z(t) = A(t)z(t) + B(t)u(t) Y'tel[0,T],
z(0)=0

REMARK. Because of the linearity of the state equation we have

Huu(B(t)) Huz(D(t) )] [fuu(w ) fae w(r))]
Hou(6(t)) Hzz(B(t)) (@) f2.(w(t))

To apply the Lagrange-Newton method to (O) we construct the following
linear-quadratic optimal control problems depending on the parameter w =
(t%w, Tw, Aw) corresponding to problem (QP), of Section 2:

(0Q)w Min(ur,)ezlxz: f(u, z,w)= A fs(‘u(i), I(t), w) dt

subject to
2(t) = A()(2(t) — 2w (1)) + B(t)(u(t) — uu(t)) Vi€ [0,T],
I(U) =1Ip,

u(t) eU VY'tel0,T],

where

FO((t), u(t), w(t)) =
= (f2(uw (1), 2w (1)), u(t) — wu(t)) + (f7 (uu (1), 2w (1)), 2(t) — zu(t))

T
L1 u(t) —uu(t)| [flu(w(®) fiz(w(®))||u(t) - uu(?)
2 |z(t) — 2w ()| [fou(w() fo(w®)]|z(t) - zu(t)]
By (#y,Ty) we denote a solution to (OQ)y. It is easy to see that by Assump-
tion (B3) we have

(ﬁlﬁ) 5'17) = (ﬁ: ‘i‘)
In the Lagrange—Newton iterative procedure we put in (0Q),, w := wy, com-

pute the solution (ur41, zk4+1) of (OQ)w, as well as the corresponding Lagrange
multiplier Ak-j-l and pllt W41 = (ﬂk+1,$k+1,Ak+l)-
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For a given value of the parameter p = (ay,as,0) € X =V « Y we define
the auxiliary linear-quadratic optimal control problem (OS), corresponding to
(QS), of Section 2:

~ T -~
(Os)p Miﬂ(u,x)ez, ®Zq I(“: ﬁ-",P) = L [fo(u(t)a z(t): ﬁ:’) =
— (au(t), u(t) — (t)) — (a2(t), 2(t) — 3(2))] dt

subject to
(t) = A(t)(=(t) — £(t)) + B()(u(?) — 4(2)) - b(t) V't € [0,T],
z(0) = =0,

u(t)eU Yte[0,T].
It is easy to see that by Assumption (B3) Problem (OS), has the unique solution
(@, &).
Let p; = (ai,ai,b;) € X, i = 1,2, be given, and denote by (u;, z;, \;),
i = 1,2 the corresponding solutions and Lagrange multipliers. In order to

estimate ||u; — uz||z we apply Lemma 1 of Hager 1990 regarding the state as an
affine function of the control. Let z = L(y) be the unique solution to

t=Az+y, z(0)=0,

and denote by &p the unique solution to
¢ =Az, =z(0)=12;.

Then the unique solution to the state equation of Problem (OS), for p = p; is
z=L(—AZ + B(u; — %) — b)) + o .

The Problems (0OS), are special cases of Problem (13) in Hager 1990. Therefore,
in the same way as in Hager 1990 we obtain

allur —uslla < || (f2, (%, &) + BTLT £2,(, )) (b1 — b2)
+BTLT(a} — a2) +a} — d2||2. (3.21)

From this, the state equation and the adjoint equation we then obtain by stan-
dard proof techniques the following result (see e.g. Hager 1990).

LeMMA 3.1 Suppose Assumptions (B1)—(B3) are satisfied. Then there is a con-
stant e; > 0 such that

luz — uillz + [|z2 — z1ll1,2 + [|A2 = Arfl1,2 :
< oi'er (llal — a2ll2 + |la} — a2ll2 + ||b2 — b1]l2) (3.22)

for all p; = (a,ai,b;) € X,i=1,2.




102 W. ALT

REMARK. By (3.21) the constant c; only depends on f2,(%,%), f2,(%,%), B
and L. More precisely,

e1 = ex ([|fuz (@, 2)lloo, [1£22(E, &)lleo, [| Blleo, | Llloo) »

where |||[oc denotes the operator norm for these mappings regarded as operators
from L? to L2, respectively to W2, Moreover, by Assumption (B2) c; is a
Lipschitz continuous function of its arguments.

Inequality (3.22) is too weak to obtain Assumption (A5) of Section 2. Ac-
cording to (15) in Hager 1990 we therefore assume in addition to (B3):

(B4) There exists ay > 0 independent of ¢ such that

(u, Huu(B(8))u) = (u, fo, (@(t), E(t)) u) > oz |uf?
for all u = u; — uy with uy,us € U, and all ¢ € [0, 7.

In the same way as in Hager 1990 we obtain from Assumption (B4)

LEMMA 3.2 Suppose Assumptions (B1)-(B4) are satisfied. Then there is a con-
stant ¢y > 0 such that

luz(t) — ws(t)] < @z'ea (|ag(t) — af(t)] + lag(t) — aZ(t)] + [ba(t) — b1 (1))
forallp; = (a\,at,b;) € X, i=1,2.
REMARK. Again by (3.21) and Assumption (B2)

ca = ca ([1fiz(@, 2)lloo, [1£22 (%, &)lloo, 1| Blleo, | lleo)

1s a Lipschitz continuous function of its arguments.

Finally, from Lemmas 3.1 and 3.2 we obtain in the same way as in Hager
1990

LEMMA 3.3 Suppose Assumptions (B1)-(B4) are satisfied. Then there is a con-
stant c,

¢ = ¢ (I1f22(@ &)lloo, 122 (%, &)lloo, 1| Blloos | Zlleo)
which 1s a Lipschitz continuous function of its arguments such that

[lug — u1l|oo + ||22 — 211,00 + ||A2 = A1]]1,00
< ojlaz'e(llay — alllo +[laz — @lloo + [|b2 — b1loo)

for all p; = (a,al,b;) € X, i=1,2.
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By Lemma 3.3, Assumption (A5) of Section 2 is satisfied with

1aglc) (3.23)

cQ = oy
and o > 0 arbitrary. Let ¢; be defined by (2.3), i.e.,

co = 23+ Alla)

Then ¢; is a Lipschitz continuous function of ||A||s. The radius r; is defined by
(2.5). Since ¢ > 0 is arbitrary and r; = 1 we can choose r5 = 1. Then by (2.7)
r3 is defined by

rg = minK 1, .2 .
3(4+[|Mla)ezeq
The radius r4 defined by (2.9) is therefore given by

2 1
rq = min{ 1, = ; ;
3(4+ [IMlla)ereq 3cecq

In order to apply Theorem 2.6 we still have to verify Assumption (A6). But
it follows from Lemma 5 in Hager 1990 (see also Lemma 5.3 in Malanowski
1993B) that the sufficient optimality condition (3.20) is satisfied for all w in
some neighborhood of @. Hence, if (B1)-(B4) are satisfied, then all assumptions
of Theorem 2.6 hold, and by this theorem we obtain the following result on local
quadratic convergence of the Lagrange-Newton method.

THEOREM 3.4 Suppose thal Assumptions (B1)—(B4) are satisfied. Choose

p < min{ry,rs},
and

v < min{p, L} :

3chg
Then § := 3cqepy < 1, and for any starting point wy € Bw (w, y6) the Lagrange-
Newton method generates a unique sequence {wg}, wi = (ug, Tk, Ax) convergent
to w. Moreover, (uk,zy) 15 a global solution of Problem (QP)y, Ax is the unique
associated Lagrange mulisplier and
o~ k—
l|wr — Bflw <7871,

fork > 2.
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REMARK. Theorem 3.4 gives an explicit estimate of the radius of convergence
for the Lagrange-Newton method. However, we want to emphasize that for
concrete optimal control problems it is unlikely that this theoretical bound can
be explicitly computed. Nevertheless, the result is very usefull if we replace
the original control problem (O) by a discretized problem or by a perturbed
problem. Since the constant ¢ of Lemma 3.3 is a Lipschitz continuous function
of its arguments, the constant cq defined by (3.23) is a Lipschitz continuous
function of the same arguments. Since c; is a Lipschitz continuous function of
| Alla, it follows that

ra = ra (125 (@ )lloo, 112 (i, £)lloo, 1 Blleos | Ellos 13114

is a Lipschitz continuous function of its arguments. This fact can be used to
show, that for suitable discretizations or sufficiently smooth perturbations of the
original problem, the radius of convergence v for the Lagrange—Newton method
to compute the solution of the discretized or the perturbed problem changes
Lipschitz continuously with the discretization or perturbation parameter.
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