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Nonsmooth optimal control problem is considered. To study
it a smooth approximation is proposed. Stability and convergence to
the original problem using field theory and dynamic programming
is investigated.

1. Introduction

We consider the optimal control problem

Minimize g(z(1)) (1.1)
subject to

z(t) € F(t, (1)) a.e., (1.2)

..'r:(U) =g (13)

expressed in terms of:

— a nonempty subset  C [0,1] x X, X — a Hilbert space with the norm || ||

— function F(-,-) with domain  which takes as values subsets of X,

— a point z¢g € X and

- a function ¢(') : {z : (1,2) € Q} — R.

An absolutely continuous function 2 : I — X where I is a subinterval of [0, 1]
with right end 1 which satisfies (1.2) and has its graph in € is an admissible
trajectory.

The basic hypotheses (H1) we assume are the following:

(1) g is lower semicontinuous in X;




230 A. NOWAKOWSKI

(ii) F(-,-) takes as values nonempty weakly compact subset of X and is con-
tinuous in the sense that

dist(F(t',z"), F(t,2)) = 0 if (¢',z')— (t,z) in Q;
(iii) there exists a constant k such that for any ¢, 2, 2’
dist(F(t,2'), F(t,z)) < k||z’' —"=||
whenever the left-hand side is defined (dist(A, B) — the Hausdorff dis-
tance)
(iv) there exists a constant r such that

|F(t,z)| =sup{||v|| : v € F(t,z)} <r forall (t,z)eq.
We define the Hamiltonian function H : Q2 x X — R

H(t,z,p) = max{(p,v); v € F(t,z)} (1.4)

where (-, ') is a scalar product in X; we identify X with its dual. Under our
hypotheses (z,p) — H(t, z,p) is locally Lipschitzian, for each ¢, on its domain
of definition.

In order to motivate what follows we state here conditions which in many
cases are considered as first order necessary optimality conditions (see e.g.
Clarke, Vinter 1983).

We say that an admissible trajectory z(t) satisfies the first order necessary
conditions if there exist an absolutely continuous function y(¢) with values in X
and a number —1 < y® < 0 such that

(—y(t), m(t)) € 0H(t,z(t), y(t)) a.e. in [0, 1], (1.5)

(=y(1),3°) is normal to epi g at the point (z(1), g(=(1))),
y° + |y(1)] is nonzero,

where @H refers to the generalized gradient of (z,y) — H(t, z,y) for each fixed ¢
(see Clarke 1983), epi ¢ means the epigraph of g.

From (1.4) we see that, in general, H(Z,-,-) cannot be more smooth than it
is indicated. To study our problem by more refined method we need H to be
more smooth. This is why we propose to approximate H by a better function
e.g. by such a function for which we are able to solve corresponding equation of
type (1.5) directly or numerically. What we then need is to prove stability of our
approximation and its convergence. Thus we take a smooth function near H, we
write for it equations (1.5) and next we show that under additional geometric
assumptions on a family of solutions of that equations we find trajectories which
approximate a solution of problem (1.1)—(1.3).

Therefore let H(t,z,y, h) be a family of real functions defined in 2 x X x W,
where W is a set of parameters h, such that H(t,, -, h) is at least of C? in the
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set of its definition for all t € [0,1], h € W, t — H(t,z,y, h) is measurable for
T,y e X! h € W!

sup |H(t,z,y) — H(t,z,y, k)| <e(h), te€0,1], heW (1.6)
T,y "

and let g(z,h) : X x W — R be such that g(-, k) is of C?,
lg(z) — g(z, k)| <e(h), z€X, heW (1.7)

where (h) are positive real numbers, such that if h tends to zero in any sense,
then e(h) — 0.

Of course, we could first approximate our problem (1.1)—(1.3) and then re-
quire that the corresponding Hamiltonian (1.4) be a smooth function, however,
from the practical point of view, it seems to us that our approach is more con-
venient.

Further, we shall study the solutions of the equations

—y(t) = Hy(t,z(2),y(t),h)  ae, (1.8)

i(t) = Hy(t,z(t), y(t),h)  ae., (1.9)

y(1) = 4792 (2(1), h) (1.10)

H(t, z(t), y(t), h) = y(t)Hy (¢, 2(t), y(t), h). (1.11)

On the basis of Nowakowski (1988), we describe a dual approach to the field
of extremal and Hilbert integral for equations (1.8)—(1.11) and we show that
some members of the field approximate a minimum of our problem (1.1)-(1.3).
In the last section we describe dynamic programming approach to the same
problem.

2. General notions

An admissible trajectory «(t) defined in the appropriate subinterval of [0, 1]
with right end at 1 will be termed a line of flight (briefly 1.f.), if there exist
along z(t) a conjugate function y(t), absolutely continuous in ¢ with values in
X, and a number-—1 < y® < 0 such that ||y(¢)|| + |¥°| is nonvanishing and the
trio z(t), y(t), y° satisfies (1.8)—(1.11).

We introduce a new coordinate z° = g(z(1)) where z(1) is a value of an
admissible trajectory at 1. For a given Lf. z(t), 2° = g(z(1),h) and we put
z(t) = (=2° z(t)) and p(t) = (3°,y(t)) for the corresponding conjugate func-
tion y(t) the number y°. Then the pair z(t), p(t) will be called canonical pair
(compare Nowakowski 1988, p. 736), (briefly c.p.).

Further, denote by P C R? x X a set covered by graphs of p(t) such that
z(t),p(t) is a c.p., which in the sequel may be reduced to a smaller one; let
T C R x X denote a set covered by graphs of corresponding 1.f. z(t).

If (1o, po) € P, then we write V(ig, po) for the value of

(—zo(to), ¥o(to)) + ¥69(zo(1), h) = (—20(to), Po(to)) (2.1)
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where zo(t) = (—29, 2o(t)), po(t) = (8, vo(t)) is a c.p. such that po(te) = po.
Of course, the map (¢,p) — V(t,p) in P might be a multifunction and this is
why we assume the following hypothesis:

(H2) the set P is such that the map (¢,p) — V (¢, p) is single-valued in P.

For each (to,z0) € T, P(to, zo) denote the set of values of all those p(t) at £
for which z(t) = (—z° z(t)), p(t) is some c.p. and z(tp) = zo. It is natural
to expect that P(t,z), (f,2) € T, may not be single-valued. This is why by
p(t,z) € P(t,z), (t,z) € T', will be denoted single-valued selections of P(t, z).
Let us fix h € W and set £ = ¢(h),

f(t,z,y) = Hy(t, z,y, h), (t,z) €, ye X, (2.2)
L(t,z,y) = yf(t,z,y) — H(t,z,y,h), (t,x)EQ, y€X. (2.3)

To study any family of arcs of ¢.p. depending on a parameter o, let us define
on an open set G C Y, Y is another Hilbert space, a pair of continuous functions
t=(0), t*(e), 0 <t () < t*(0) < 1, 0 € G. We assume that t*(c) is C* in
(. We further suppose that GG is a projection of a certain set G C M, M is a
metric space, whose elements will be denoted by (o, p). G does not have to be
necessarily open; instead of that, we assume that the operation of the projection
is standard. The operation of projecting G onto G is standard if the following
condition is satisfied (see Young 1969, p. 266):

given any point (o, po) € G, and any small enough curve ¥ C G which
issues from oyp, there exists on v a continuous function p(c) such that
pleg) = po and that all points of the form (e, p(c)) for o € v lie in G.

Let S~ = {(t,0) :t=1t"(0) >0, 0 € G}, S={(t,0):t (o) <t <t*(0), o€
G}, 8* = {(t,o) :t =1*(6) < 1, 0 € G}, [S] = S~ USUS*. Similarly,
we denote by S*~, S*, S** the sets of (t,a, p) for which ¢ satisfies the same
conditions as in S~, S, St respectively, and (0,p) € G; [S*] = S*~US*US*T,

3. Canonical spray

First of all, we shall construct a family ¥ of arcs of ¢.p. depending on
parameters (o, p) described by functions

z(t,0), p(t, o, p), (t,o) € S, (t,o,p)E S

for which the study of this family is the nearest to the classical considerations.
The definition of the functions z(t, o), p(t, o, p) will be supposed extended to
the sets [S], [S*], respectively. The sets of pairs (t,z) where z = z(t,0) with
(t,0) belonging to S~, S, St,[S] will be denoted by E~, E, E*,[E], respec-
tively; E*~, E*, E*t [E*] will denote the sets of values of pairs (t,p(t,0,p))
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with (¢,0,p) in §*~,S*,S*%,[S*], whereas those of pairs (1, z(t, o)) with (¢, )
in S-, 5, S*,[S] will be D=, D, D*,[D].
Finally, we write (when (¢, 0, p) € [S*])

L(t,0,p), f(t,0,p), V(o)

for the expressions

L(t,z(t, 0),y(t, 0, p), f(t,z(t, ), 4(t, 0,p)), V(t* (0), p(t*(0), 0, p(2))).

We assume the following hypotheses on the family :

(H3) The function z(t,0) is C* in [S]. For given (og,po) in G and any small
neighbourhood Gy C G of oy, there exists in Go a function p(o) such
that p(cq) = po, all points (o, p(c)) for o € Gy lie in G, and p(t, o) =
p(t,o,p(0)) is Ct in F(ag,p0) = {({,0) : 1= (o) <t < tH(0), 0 € Go}.

(H4) For each (o0,p0) € G the functions L(t,0) = L(t,o,p(0)), f(t,0) =
[(t,o,p(0)) are continuous in F(aq, po) and they have continuous deriva-
tives Ly, fs there.

(H5) The maps S~ — D™, § — D defined by (t,0) — (¢,2(t,0)) have the
following property: given any arc C, C D~ (or C, C D) with the de-
scription 13 € 7 < 1y, (—z° z(7)) where z(7) is an arc of the admissible
trajectory z(t), z° = g(z(1)), issuing from (t1,z(t1,01)), there exists a
rectifiable curve I' C 5~ (or I' C S) issuing from (¢, o)) such that every
small arc of C, issuing from (1, 2(t1,01)) is the image under the map
(t,0) — (t,2(1,0)) of a small arc of T issuing from (¢1, o1).

(H6) For each fixed (o,p) € G and for & = z(¢,0) we have: for each t' €
(t~(¢),t* (o)) and each vector (o,8) € RxY,B €Y, a®+ |82 =1,
there exists a function a(t) of bounded variation, defined in [/, ¢+ ()] with
values o(t') = a, o(t) € R for t € (t',t*(c)), a(tt(s)) = t7 ()8, such
that

o, 2081 <~ ( 3¢ ) (@ + e, )PY@@)? +lea(t, )81 2

for almost all ¢ in [t',17(c0)]. (We assumne that the derivative on the right—
hand side of the last inequality exists.)

The hypothesis (H6) is used to approximate our original problem (1.1)-(1.3).
Notice that, in view of (1.6), (1.9), (1.11) and (2.2) and Theorem 2.2 from
Ekeland (1974), hypothesis (H6) is notr essentially strong. It is formulated in
that form for our convenience in calculations.

If hypotheses (H3)-(H6) together with those on t~(o),t*(0), G, G are sat-
isfied, the family ¥ is called canonical spray.

For (t,z) € [E] let Pg(t,z) denote the sets of values of p(t,0) at those
(t,0) € S for which z(t,0) = z.
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REMARK 3.1 Let C, denote any small arc contained in D~ or D, with the
description t1 < 7 < t3, (—2%,z(7)) where z(t), t € [0,1], is an admissible
trajectory with z(0) = zg, 2° = g(x(1)), issuing from (1,2(¢1,01)). We also
represent C, in terms of ils arc length s as t = i(s), z = z(s) = (—z°, z(s)),
s €[0,s¢.]- Let further I' denole a rectifiable curve in S~ or S such that small
arc of C, issuing from (ty,z(ty,01)) are, in accordance with (H5), the images
under the map (t,0) — (t,z(t,0)) of small arcs of T' issuing from (t1,01). We
represent I' in terms of its arc length A by functions #()),5()), so that the
point (1, 01) corresponds to A = 0. We can then define a continuous increasing
function s(A) having its inverse A(s), which satisfies the relation

t(s(N) =1(2),  z(s() = 2(t(2), ().

In turn, let C, be the image under the map (t,0) — (t,p(t,0)) of T issuing
from

(t1,p(t1,01)) = (t1,p1) = (b1, 97, 11)

where p(t,a) = p(t, o, p(o)) with p(o) suitably chosen in accordance with (H3).
We easily see that to small arcs of T' issuing from (11, 01) there correspond small
ares of Cp issuing from (t1,p1). Thus we can express the final points of the small
arcs of Cp as a function of s (1(s),p(s)). Denote by (t2,p2) the terminal point
of Cp which corresponds to that of C; (t2,—2°, z(ts)).

To simplify further considerations we assume, for this section only , the
following hypothesis.

(Hs3) We are given any point (09, p0) € S*t and any sufficiently small curve
v C G which issues from oy with the description a(A), A € [0,v]; o(}) is
a Lipschitz function, o(0) = 69, 0 is the point of approximate continuity
of o(A). Then

(P (t*(0), 70), 20 (t* (0), 70)oa(0)):| < e((1 + [ (t (00), 00)I|):
(tF(90)02(0))? + [lzo (t+(00), 70)ra (0)[|*) /2.

LEmMA 3.1 Let C;,Cy be one of the arcs described in Remark 3.1. Then,
along Cp, V(t,p) 1s bounded. There exists along C, Borel measurable func-
tion px(t,z) €

Ps(t,z). Moreover, the functions px(t,z), f(t,z,ys(t,x)) are bounded along
C,.

ProoF. By the definition of Cy, it is the image under the map (¢, o) — (¢,p(t, o))
of some ' C [S]. Therefore we can treat V (1, p) as a function V (¢, p(t, o)) along I'
which by (H3) is continuous. The graph of I' is a compact set in [0, 1] x Y. Hence
V(t,p) is bounded along Cp. Applying the measurable selection theorem from
Castaing, Valadier (1977) to the multifunction (¢,z) — {(t,0) € T : z(t,0) = z}
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defined on z(7), t; < 7 < 13, and putting this selection into p(t, ) we obtain
the function px(t,z) as it is required in the assertion of the lemma. The proof
of the last assertion is analogous to the first one.

LEMMA 3.2 Let I' denote any small rectifiable curve in [S] with (to,00) as the

inttial point and (i1,01) as the terminal one. Then there exist a sel Gy C G
and p(c) in Go (see (H3)) such that

Jr qitz(t, @), B(t, 0)):dt + F2(2(t, 0), p(t, 0))sdo =
= V(tg,f.i(io,{fo)) - V(tisﬁ(tl:gl))
where (z,p). = —z°y° + (z,y) and p(t, o) = p(t, 0, p(0)).
The proof follows directly from the definition of the function V (¢, p).
LEMMA 3.3 On each arc of the canonical pair of ¥ we have: for each i’ €
(t=(0),t*(0)) and each vector (a,8) € R x Y, a® + ||B||? = 1, there czists a

function a(t) of bounded variation, defined in [t',t*(0)], with values a(t') = «,
at) € R fort € (U',t%(a)), a(tt(c) = t}(c)pB, such that

‘ (37) (p(t,0,p), 20(t, 0)B)

< ¢ () @+ It oPEOP +lzot, DA (3.1)

<

for almost all t i [t t*(0)].

Proor. Let (t/,¢’,p') be any point of S* and 2/(t) = (—=z%2'(t)), p'(t) =
(¥°,¥/(t)) the corresponding values of the functions z(t,0"), p(t,o’,p),
t € [t',t*(c)). By performing indifferent orders to the operations of integra-
tion in ¢ and differentiation in o on relation (1.9) and taking notation (2.2), we
get the following relation

g?za(t,a) =f. (3.2)

calculated at the point (t,0',p'), t € [t'/,t*(s)). From (1.8) we obtain at
(t,0',p') for almost all ¢ in [t',t*(c)) and F€ Y

6 ! ! ]
(a;y (), z4(t,0)B) = —(¥' (), Ho(1, 2'(2), y'(l))ma(t: o)p), (3.3)
and by the definition of y°, we have at this point
a a i
—gyf’ 23(a)B =0, -amg(a)ﬁyﬂ =0 (3.4)
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We add both sides of the last three equalities with (3.2) multiplied by y/(t). As
a result we obtain at the same (¢, 0, p')

9

3 Pt 0, p), 20(t,0)B): = Lo(t,0)8.

Taking into account hypothesis (H6), we obtain (3.1).

COROLLARY 3.1 Let any point (09, po) € S* and any a € [—1,1] be given. Let
v C G be any sufficiently small curve which issues from oy, with the description
a(X), A € [0,v], and such that o(}) is a Lipschitz function o(0) = og, 0 is the
point of approzimate continuity of oA(A) and a? + ||oa(0)||2 = 1. Then

[{p(t, 00, p0), (1, 70)7s(0)):| < €((1 + [|ze(t, o0)[|*)ar* +
+ ||z (2, 00)aa(0)[|7)1/2 (3.5)

for allt in (t~(00),t1(00)).

ProoF. Let t' € (t~(00),t%(00)) be arbitrarily fixed and let 8 = oA(0). Inte-
grating (3.1) and using (Hss) we find (3.5).

THEOREM 3.1 Let C, and C, be as described in Remark 3.1. Then the following
relation

[V(t1,p1) —V(l2,p2) — (e(ta2), y2) + (e(t1), y1) + %8 — 2]
= fC, (yg(t, 1’): f('lf, T, yE(tv x)))dt - (pz(f, x)v dz>z| (3'6)
e i (L[| 2dt

holds for some px(t, ), (1, z) € [E].
PROOF. Let e(s) = (4, 42) stand for the direction of the tangent to C, defined
for a.e. s in [0,s¢,]. Let so be any point in [0, s¢,] such that e(s) and p(s)
are approximately continuous at it. We set 15 = t(s0), zo = z(s0), €0 = e(s0),
to = di(so)/ds, 20 = dz(so)/ds. Let po = (y3, yo) be any admissible vector from
the set P(to, o) such that p(to, o0) = po for any (to, 00) belonging to the graph
of . We also put fo = f(to, 20, y0) and let Ay be such that o9 = (o).

Denote by v a sufficiently small arc [ issuing from (fg,09) defined in the
interval I = [Ag, As] of values of ), i.e. the functions #()), 5()) are restricted
now to the interval I. Denote by AV the difference in V(¢,p) at the ends of
a small arc C}, issuing from ({g, po) and being the image of v, and by As the
corresponding difference in s. By Corollary 3.1 and taking into account Remark
3.1 we obtain

| 0, 7)ede]| < € [0+ 2GRN, s ONIDNEAO))?
+ ||z (F(N), #(A)FA(N)]|2)2dA.
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Using Lemma 3.2 we further infer

AV 4 (a(02)), ¥T02), 5(32), 2@ ) — (a(t2), 1) = 2°8°(5(2a), 22 (12))
#2838+ [ [0, 700, /o), TGN, 0N o (37)
— (BN, 5(N), disz)z] ds(A}I < eAs.

Since p(t, o, p(0)) = p(t,0), (p(c) being suitably chosen), f(t,o) are con-
tinuous on v we deduce that they are bounded on I. This, along with the last
inequality, imply the uniform boundedness of the ratio AV/As for all sufficiently
small As. Thus s — V (t(s), p(s)) is locally Lipschitz. If we show that

[, 1Yo~ (7, 22 |d53) = (w0, follo — (po, 20}, (3.)

%8s )y
then (3.6) will follow from (3.7). But to prove (3.8) it is enough to repeat the
argumentation from the proof of Lemma 25.3 in Young 1969, vol. II, p. 274.

In order to be able to take into consideration more than one spray of c.p.

we need one more hypothesis: .

(H7) The map S*~ — E*~ defined by (¢, 0, p) — (t,p(t, 0, p)) is descriptive in
the following sense: given any sufficiently small rectifiable curve C C E*~
issuing from (%o, p(to, 00, po)), there exists a sufficiently small rectifiable
curve I' C S~ issuing from (tg, o) such that every small arc of C issuing
from (tg, p(to, o0, po)) is the image under the map (t,0) — (¢, p(t, o, p(7)))
of a small arc of I' issuing from (%o, 09) where p(o) is as in (H3).

For (t,p) € [E*], let Zx(t,p) stand for the set of values of z(¢, o) at those

(t,e, p) € [S*] for which p(t,0,p) = p. Similarly as Lemma 3.1 we obtain the

following lemma.

LeMMA 3.4 Let C be a rectifiable curve lying, together with its terminal points,
in E*~  Then, along C, V(t,p) is bounded ond there ezists along it a Borel
measurable function zx(l,p) € Zx(t,p). Moreover, the functions zx(t,p), f(t,
zx(t,p),y) are bounded along it.

We put V(s) = V(¢(s),p(s)) along any rectifiable curve C.in E*~, with the
arc length description t = t(s), p=p(s), 0 < s < s¢.

THEOREM 3.2 The function V(s) is absolutely continuous along C and, for
almost all s in [0, s¢],

L (5) + (w(s), £, 25(0(6), ), (o) 55 + (am(t.0), 2

<e (3.9)

for each single-valued selection zx(t,p) of Zx(t,p).
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Proor. The proof is similar to the proof of Theorem 3.1 (see also the proof of
Theorem 1’ in Nowakowski 1988). Thus we only sketch it. For convenience, we
assume that 0 is a point of approximate continuity of the derivative (-3—:, %f—) of
the function (t(s), p(s)). Denote by I' a rectifiable curve in S such that small
arcs of C' issuing from (¢(0), p(0)) are, in accordance with (HT), the images under
the map (t,0) — (¢,p(t,0)) of small arcs v of I issuing from (¢(0), og), where
o9 is such that p(¢(0),00) = p(0). Let now ¢ = i(v), ¢ = &(v), v € [0,v,], be
the arc length parametric description of 7, such that the point (¢(0), o) should
correspond to the value of 0. Define a continuous increasing function s = s(v),
v € [0, v,], such that s(0) = 0 which satisfies in [0, s,] the relations

t(s(v)) = t(v), p(s(v)) = p(t(v), 7(v)). (3.10)

Denote by As and AV the corresponding difference in s and in V(s) at the
ends of a small arc of C issuing from (#(0), p(0)), being the image of y. By
Corollary 3.1

[(B(t(v), 7(v)), 20 (H(v), &(v)) Fu(v)): | < e((1+ [lz:(E(v), F()II*) (B (v))*+
Hlzo(E(v), 5(@)Fu (I, v [0, 2]

Hence, and from Lemma 3.2, we conclude, taking account of (3.10), that
d d
|8V + [ 25(0,0),500,0))sdt + 5 (a(0,0), 7t ).
5 di do

_/(ﬁ(trf"),za(i,v)da)‘ < eAs

~

and further
v+ fo (((f(v),ﬂvhp(&(v))),f(f(v)a5(”)”3—:

< eAs.

+ (=(l(v), 5(0), o )) ds(v)

Proceeding quite analogously as in the corresponding part of Theorem 3.1,
we find the assertion of the theorem.

4. A chain of c.p.

In the preceding section we described and discussed a fixed spray of c.p. X.
However, the family of 1.f. defined in Section 2 may consist of a greater number
of sprays of c.p. satisfying conditions (H3)—(HT), whose graphs of trajectories
are contained in 7.

We recall (see Young 1969, vol. I, §27) that a finite or countable sequence
of sprays of c.p.

B By By
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will be termed a chain of c.p. if, for ¢« = 1,2,...,N,..., they fit together
in the inverse order so that the set Ef~ corresponding to X; contains E':_;_"l
corresponding to X;yq.

Now, we are in position to prove that in a given chain of c¢.p. hypothesis
Hgs is satisfied in each S;*,i=1,2,....

LEMMA 4.1 In each S}* (p,2,,); =0.

PROOF. Be the definition of c.p. and (1.10) y(1, 01, p1) = ¥°(a1, p1)9z(2(1, 01),
h). If we multiply the last equality by z,,(1,0,), then we obtain the assertion
of the lemma.

LEMMA 4.2 We are given any point (o'g,pg) € S;'I' and any sufficiently small
curve ¥ C Gy which issues from o with description o3(v), v € [0,v,]; 02(v)
is a Lipschitz function, 04(0) = o3, 0 is the point of approzimate continuity of
o9(v). Then

[{p(t*(03), 73, p2), 20s (17 (02), 03) 020 (0)):| <
< e((1+ ||z (t*(3), 03)|*(t3, (05) 020 (0))* + (4.1)
Hlzo (t+(08), 03)o2 (0)[1)1/2).

Proor. By (H3) there exists G0 D v and pa(02) in Ggp such that pa(e3) = p)
and p(t,03) = p(t, 02, pa(02)). Let C be the image of v in E5* under the map
(t,3) — (t,p(t,o2)) with ends (to,po), (t1,p1). Since E5T C E}~ therefore C
is a rectifiable curve lying, together with its terminal points, in E7~. This is
why wé can apply to it Theorem 3.2. Integrating (3.9) along C' we get for any
single-valued selection zg, (t,p) of Zx, (¢, p), (t,p) € E*~

lv(thpl)_v(tﬂsfﬂ) +/C(y,f(t,wzl(£,p),y))dt+(ZEl(f,p),dp)z <el, (42)

where [ is the length of C'. Taking into account that C is the image of v and

z4(t,03) = f(t,03) we further find from (4.2)

<

S (B(t, 02), 20,(t, 02)dos)

< [T+ @) @I P+ @)

Hlza, (tF (02(0)), (02(v)) 720 (v)[2)/ *dv.

Dividing both sides of (4.3) by v, and contracting v to the initial point o5(0)
we obtain (4.1).

Using the induction from Lemmas 4.1, 4.2 and Corollary 3.1 we infer the
following proposition.

ProrosITION 4.1 For each S:"", i=1,2,...,N ..., of a given chain of c.p. the
assertions of hypothesis Hsa are satisfied.
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5. A concourse of c.p.

The concept of a concourse of ¢.p. originates from L.C. Young (1969), vol. II,
§28 where there are many details on it. Here we only give a sketch of this theory
to formulate further results.

Denote by T,,, n = 1,2, ..., a finite or countable system of disjoint subsets
of T whose union is T and such that each T}, should be a subset of some E; or
F~ of a chain or a subset of a few such sets of different chains. Let N be the
family of all arcs of admissible trajectories z(t), ¢ € [0, 1] such that z(0) = zo
and their graphs are contained in 7. An arc from N will be called a fragment
if its interior portion lies in some T},. The class of such fragments is denoted by
Ng. We need a form of an addition of fragments — the fusion of curves C; and
C'y from Ny: if the final point of C; is the initial point of Cy, we term fusion
of C1, Cy a curve C made up of two adjucent arcs, consisting of C; and Cs, in
that order. If the class N can be derived from Ny by a finite fusion, then the
set T" will be termed the unimpaired union of the sets 7},.

A concourse of c.p. is a finite or countable infinite system of chains of c.p.
such that 7 is the unimpaired union of the sets of the type E, E; of these
chains,

Suppose that a concourse of ¢.p. exists. Let C, denote any arc of an ad-
missible trajectory z(t), t € [0,1], such that z(0) = zo and the graph of z(t)
is contained in 7. We assume C, defined in [t1,15] C [0,1] and for z(t) we set
2% = g(x(1)). Define C, as an arc with the description ¢; <t < to, (—z° z(t)).
By hypothesis, there is a decomposition of 1" into disjoint subsets T}, each of
which is a subset of some sets of the type E;, E; of the chains of c.p. of our
concourse. We define the families N and Ny as above. Of course; our C, belongs
to N. Denote further by C, a subarc of C; defined in [f;, ;] which belongs to
No: C, is a subarc of C, corresponding to C,. Let ¥ be any spray of c.p. of
one of our chains such that C; meets either the set £~ or the set E of £, i.e.
C. lies in some T,, wholly contained in E~ or in E. In accordance with (H5)
and Remark 3.1, there is a rectifiable curve C, corresponding to the arc C,
contained in the set E*~ or E* of ¥, with ends (¢1,51), ({2,P2). Hence, by
Theorem 3.1, we have equality (3.6) for C;, Cp. The arc C, is a finite fusion
of members of Np, thus there is a rectifiable curve C}, corresponding to C, with
ends (t1,p1) = (t1,9%, %), (t2,p2) = (12,93, y2) and for which (3.6) still holds.
In this manner we have proved the following theorem.

THEOREM 5.1 With the above hypothesis and notations, the relation

‘ V(t1, p1) — V(t2,p2) — (z(t2), v2) + (x(t1), 1) + z°y3 — 2% —

- / C (Wt 2(0), (8, 2(8), 9t 2)) — (Wt 2(0), 2O dt| < (5.1)

ty

<e [ "L+ [J()]?) 2




Stability and convergence in nonlinear control 241

holds for some single-valued selection p(t,z) of P(t,z), (t,z) € T.

Denote by G(0, zo) the set of values of g(z(1), h) for all L.f. of a concourse
of ¢.p.

THEOREM 5.2 Suppose that a concourse of c.p. exists and thal there exisis c.p.
z:(1),pe(t), t € [0,1], 2(0) = zo being a member of our concourse of c.p. and
z? = g(ze(1),h) = minG(0, o). Let K(zo) be the set of those x(1) for which
the graph of admissible trajectories x(t), ©(0) = x¢ are contained in. T. Then

—y2(g(2e(1)) — g(2(1)) < (3 + /0 (1+ IIi‘:(t)!lz)”"’dt)
<e(3+Vitr) (5.2)
for all z(1) in K(zo).

Proor. We apply Theorem 5.1. Let z(2), t € [0, 1], (0) = zo, (1) € K(z0) be
given. Put 2% = g((1)), C, is the arc (—z° z(t)), t € [0,1], Cp corresponding
to it rectifiable curve in P with ends p:(0), p2 = (43, y2). From (5.1) we obtain
for our case

—zlyg + 2 (0)ge (0) + g(z(1), R)y3 — =(1)y2 + z(1)y2 — 2(0)y: (0) — 2% +

+a:°y.?+/u ((y(t, 2(2)), £, 2(2), u(t, 2(2))) — (y(t, (1)), 2(1)))dt  (5.3)

<e ] (1 + [l ()17 /2dt.

By (1.4), (1.6) and (1.11) the integral in (5.3) is greater or equal to —¢,
by (1.7) |g(z(1), h) — 2°| < e. Thus from (5.3) we get

oo (1), 1) = 9(e(1))) < e@+ [ (4t

and since |g(z:(1), h) — g(z-(1))| < € we obtain (5.2).

6. The dynamic programming approach

Let all assumptions written down in Section 1 be fulfilled. In addition suppose
Q to be an open set. Let z(t), t € [0, 1], 2(0) = 2o, be an admissible trajectory.
A result customarily associated with the name of Carathéodory, but which has
appeared 1n a variety of guises virtually from the inception of the calculus of
variations (see Young 1969, Chapt. 1) provides a sufficient condition that z(t)
be optimal, expressed in terms of a solution to the Hamilton—-Jacobi equation

Gy(t, z) + H(t, 2, —Ga(t, )) = 0 (6.1)
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with boundary condition

G(1,2) = g(=). (62

The sufficient condition (applied under suitable conditions on F(,-)) is that
there exists a continuously differentiable function G(:, -) which satisfies (6.1) for
all (¢,z) € Q and (6.2) for all z belonging to the projection of Q onto X, and is
such that

G(0, zo) = g(2(1)).

The question arises: how widely applicable is the Carathéodory condition? If
we consider the condition essentially as stated above then the answer is disap-
pointing. It is easy to construct examples of problems in modern control theory
whose solutions cannot be characterized in this way. The main reason is that
the function H(t,-,-) is merely Lipschitz continuous and so solutions to (6.1) are
often at most Lipschitz continuous. This is why in the last case the nonsmooth
analysis appears to be very fruitful (see e.g. Clarke, Vinter 1983). However, one
question remains far to be solved: how to find a solution to the generalization
of equation (6.1) :
(a,ﬂ)lgalg(:,z){a+ eel}l(lf,lr)“e‘ﬁ)}} =0
(The last equation is studied in Clarke, Vinter 1983.)
We propose a different approach. First, we propose to study the equation

Gi(t,z)— H(t,z,—~G(t,z),h) =0, (t,z)€Q (6.3)
with boundary condition
G(1,z) = g(z, h). (6.4)

H(t,a,y,h) is a smooth function of (x,y) described in Section 1 and we can
choose it in such a way that we are able to solve (6.3), (6.4) directly or at least
to assert that G(-,) is of C? or that there exists a numerical solution of (6.3),
(6.4) (see e.g. Fleming 1969). Next, using (1.6), we easily check that this G
satisfies the following inequality (with original H(t, z, y)!)

—e(h) < Gi(t,x) — H(t, z,—Gy(t,2)) < e(h), (t,z) € Q. (6.5)
Define now a new function

Ge(t,z) = G(t,z) +e(h)(1 —1). (6.6)
Then it satisfies

—2¢(h) < Get(t,2) — H(t, 2, —Geo(t, 2)) <0, (t,z) € Q. (6.7)
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It turns out (see Proposition 6.2) that G.(t,z) is an e-value function in Q i.e.
it satisfies

S(t,2) < Gelt,x) < S(t,2) +3¢(h), () €D, (6.8)
g(z) —e(h) < Ge(1,2) < g(z) +e(h),  (L,z)€Q, (6.9)

where S(t, z) = inf{g(z(1)) : (r), 7 € [t, 1], admissible trajectory, z(t) = z} is
the value function. If we find an admissible trajectory z.(t), ¢ € [0, 1], z:(0) = zo
satisfying

Ge(0,z0) 2 g(2e(1)), (6.10)

then we call it e—optimal trajectory associated with G.(t, z).

Therefore the above simple procedure allows us to find an approximate so-
lution to our problem (1.1)—(1.3).

We begin with the reformulation, in terms of e-functions, of known propo-
sitions from dynamic programming (see e.g. Fleming, Rishel 1975).

PRroPoOSITION 6.1 Let K(t,x) be any real-valued function defined in Q such that
K(1,2) = g(z,h). Let (to,zo) € ) be a given initial condition, and suppose that
for each admissible trajectory z(t), t € [to, 1], z(to) = 2°, K(t,z) is finite in
[tn, 1] and

K(t1,z1) < K(t2, z2) + 2¢(h) (6.11)

for each to <ty <ty < 1. If an admissible trajectory z2(t), ¢t € [0,1], z°(0) = zo
1s such that

K(0,20) > g(2%(1)) (6.12)
and

K(t,z2(t)) < g(=2(1)) +3e(h), 0<t<1, (6.13)
then z2(t) is an optimal trajectory for Ge(t,z) = K(t, ).
Proovr. Let z(t), t € [0,1], 2(0) = zg be any admissible trajectory. Then

K (0, 20) < 9(2(1)) + 3¢(h).

Thus K(0,z0) < S(0,z0) + 3e(h). For z2(t), K(0,z0) > g(22(1)), so z2(t) is an
e-optimal trajectory for G.(t,z) = K(1,z).

PROPOSITION 6.2 Let K(t,z), (t,z) € Q be a C' solution to the following in-
equality

—2(h) < Ki(t,2) — H(t,z,—K.(t,z)) <0,  (t,z) €, (6.14)
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which satisfies the boundary condition

K(1,z) = g(z,h), (1,z) e Q.
If ze(t), t € [0,1], (0) = @0 is an admissible pair such that

—2¢e(h) < Ki(t,z:(1)) — H(t, 2 (1), - Kz(t,2:(t))) <0, t€[0,1], (6.15)
then z.(t) is an optimal trajectory for the e-value function G.(t,z) = K(t, ).

PROOF. By (6.14) and (1.4) for an admissible trajectory z(t)

(%) K(t,z(t)) = Ki(t, 2(t)) + (Kx(t, 2(t)), 2(t)) > —2¢(h). (6.16)

Integrating (6.13) in [t1,?;] we obtain (6.11) and along z.(f) in [0,1] we get
(6.12) and (6.13). Thus z,(t) is an e-optimal trajectory for G.(t,z) = K(t, z).

7. Stability and convergence

In Sections 2-6 we described two procedures of calculating an approximate
solution to problem (1.1)-(1.3). The question which appears in natural way is
how the solutions behave when e(h) — 0 as h tends to zero. This is just the
problem of stability of our approximations.

Let W be any topological space containing zero and such that convergence
to zero of elements of W makes sense. We assume H(t,z,y,0) = H(t,z,y),
(H(t,z,y,h) and H(t,z,y) are those from Section 1) and e(h) — 0 as h — 0.
Then condition (1.6) means that H(t,z,y,h) — H(t,z,y) as h — 0 uniformly
with respect to (f,z,y). For each H(t,x,y, h) satisfying (1.6) by each of two
procedures we can calculate an e-optimal trajectory x)(%).

We say that our approximation is stable if for each € > 0 there exists M > 0
such that for each H(t,z,y, h1), H(t, z,y, ha) satisfying (1.6) with e(h) = ¢ and
corresponding to them @.(n,)(t), Ze(n,)(t)

|g(xz(h1)(1)) - g(xs(hz)(l))l < Me. (71)

It turns out that what we have proved in Theorem 5.2 and Proposition 6.2
(see also (6.7)) is just the stability of approximation (1.6). In the first case we
assume for our convenience that y? = —1 in (5.2).

ProrosiTION 7.1 The procedures described in Sections 2-5 and Seclion 6 are
stable.

PROOF. Let z.(4,)(t) and z.(s,)(t) be two e-optimal trajectories as stated in
Theorem 5.2 or Proposition 6.2 that correspond to H (¢, z,y, h1) and H(t, z, y, ha)
and which satisfy (1.6) with (h) = €. By (5.2) and (6.8)

- 1
glaem(D) < inf g(=(1)) + 5 Me,
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: 1
9(ze(na)(1)) < ;J(I},f,,) 9(2(1)) + 5 Me,

for some M > 0. These imply (7.1).

The next problem is a convergence of these approximations to a solution of

(1.1)~(1.3).

THEOREM 7.1 Assume g to be weakly lower semicontinuous in X and in (i),
Section 1, ' — =z weakly or X = R". Let {z.(n)}2, be a sequence of
e-optimal trajectories corresponding to the approzimation {H(t, z,y, h;)}$2, with
e(hi) = 0, hi — 0 as i — oo satisfying (1.6). Then there exists a subsequence of
{zen )52, which we denote again by {ze(n,)}i2; converging weakly, in the space
of absolutely continuous function A%2(X) with & € L?(0,T; X), to a solution of
(1.1)-(1.3).

ProoF. Since all z.;,)(t) satisfy (1.2) and we assumed basic hypotheses
therefore {z.(x,)(-)}{2, is bounded in L*(0,T;X) and in L*(0,T; X). Hence

{zen,)(-)}£2, is bounded in A?(X) and there exists a subsequence of it weakly
convergent in A?(X) to an # € A%(X). By (5.2) or (6.8)

g(eery() < inf g(a(1)) +Me(h),  i=12...,
for some M > 0 independent from h;. By the assumption on g or X
z(1)) < inf g(z(1)).
o(ED) < inf o(=(D)

From the basic assumption we infer that Z(2) satisfies (1.2) and (1.3), i.e. Z(t)
is a solution of (1.1)~(1.3).
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